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Solutions for Homework #2

Question 1

(a) The state variable for the planner’s problem will be each period’s capital stock K. The
decision variables will be K;, L; and K¢, Lc. Given however the total labor supply L and the
periods capital stock K, the decision variables reduce to one of the two pairs, here we will
assume w.l.o.g. that they are K; and L;. Therefore the planners problem can be written as:

V(K) =max {u(F(K - Kj,L-Lj))+ pV(K")}
Ki,Li

where:

K'= (1-6)K+G(Ki,Lj)

(b) The first-order conditions for this problem are given by:
u'(F(Ke,Le))Fk(Ke, Le) = BVk(K)Gk(Ki,Li)
U'(F(Ke,Lo))FL(Ke, Le) = BVk(KDGL(K, Li)

Using the 2 equations above we easily get that:

FK(KCaLC) _ FL(K01LC)
Gk(Ki,Li) — Gu(Ki,Lj)

and the envelope condition is:
Vk(K) = U'(F(Kc,Le))Fk(Ke,Le) + (1 - 8)BVk(K")

(c) In the steady state we have that K = K’ = K. Substituting this into the envelope
condition we get that:

VK(K) = u/(F(KC! Lc))FK(Kc, Lc) + (1 —5)ﬂVK(K) &
u/(F(KCaLc))FK(Kc,Lc)
1-(1-90)p

Substituting the above into the first FOC we get:

Vi(K) =



u'(F(Ke,Le))Fr(Ke,

u'(F(Ke,Le))Fr(Ke,Le) = B Le) Gk(Ki,Li) &

1-(1-9)p
L~ BGk(KiL)
1-(1-6)p

and from the second FOC we get:

u'(F(Ke, Le))Fr(Ke,
1-(1-9)p
BFk(Ke, Lo)GL(Ki, Li)
1-(1-9)p
For the case of F(K¢L.) = K&L{ 2 and F = G, we have that:
FK(KC;LC) _ FL(KCaLC)
Gk (Ki,Li) GL(Kj,Li)
akaLl?  (1-a)K&L?
aK& Ll (1-a)KiL®
Lo~ K¢ L-L; K -K;

u'(F(Ke,Le))FL(Ke, Le) = B Le) GL(Kj,Li)

FL(KC, Lc) =

LK~ L K7
Li(K-K;j) = LiK - LiK; &
L= K
K

The expression we got for the first FOC above, becomes:

1= L(i}—{ié)ﬂ(%)a_l

and substituting in for L; this becomes:

1= 1—(f—a—5)ﬁ(%)al @

K=

and we if we normalize L = 1, we have:

K:[l—(fié‘)ﬂJﬁ

(d) We have already derived one of the equations needed:



FK(KC|LC) . FL(KCch)
Gk(Ki,Li) ~ GL(Ki,Li)

Now we’re going to derive the other one. Using the first-order condition we can solve for
VK(KI) .

u'(c)Fk
BGk(Ki,Li)

Plugging this into the envelope condition gives us:

Vk(K') =

u'(c)Fk
BGk(Ki,Li)

- U(F(Ke LIFKe Lo 1+ (- 8) gk

Vi(K) = U'(F(K¢, Le))Fr(Ke, Le) + (1 - 68)p

We update what we found by one period:
Vi(K') = u'(F(KL, LL)F(Ks L) 1+ (1 -8)—L1 —
k(K") = U (F(K¢, Le))Fr(Ke c)( + ( )GK(K;,L;))
Now we can replace Vk(K') in the first-order condition which now becomes:
U'(F(Ke, Le))Fk(Ke, Le) = ﬁGK(Ki,Li)U’(F(K’c,Lé))FK(Ké,Lé)(l+ (1—5)%) <
Gk (Ki, Li)

OxlL) (Gy(kiLh +1-6)

u'(F(Ke, Le))Fk(Ke, Le) = ﬁu’(F(K’c,L’c))FK(K’c,Lé)m

(e) Now we are going to write the two equations in terms of the state variable, namely K. If
the decision rules are given by:

Ki = h(K)
Li = I(K)
we have:

Fk(K—h(K),L-1(K)) _ FL(K-h(K),L-1(K))
Gk(h(K),I(K)) GL(h(K),I(K))

and:



u'(F(K —h(K),L - I(K)))Fk(K - h(K),L - I(K)) =

BU'(F(K' = h(K'),L = 1I(K')))Fx (K’ = h(K'), L - I(K')) g;((hrz(}f; :Eﬁ)))) (Gr((K')I(K)) +1-08) &

u'(F(K = h(K), L = I(K)))Fk (K = h(K),L - I(K)) =
Bu' (F((1 - 8)K + G(h(K),I(K)) — h((1 - §)K + G(h(K),I(K))),L = 1((1 = )K + G(h(K), I(K)))) -
Fr((1 = 8)K+ G(h(K)) —h((1 - 6)K+ G(h(K)))),L = I((1 - 5K + G(h(K)))) -

G(h(K), I(K)) ,
Gx(N(@ - &K+ G(h(K))), I - 5)K + G((K))))

(Gk(h((1 - 8)K + G(h(K))),I((1 - 6)K + G(h(K)))) +1-9)

Differentiating these equations with respect to K and evaluating the derivatives at the
steady state, yields 2 equations with 2 unknowns, h'(K) and I'(K).

Question 2

(a) When A = Ay, the planner’s problem is given by the following value function:
Vu(K) =max {u(ApF(K) + (1 -8)K-K") + BVL(K")}
K"
when A = A the planner’s problem is going to be given by:
Vi(K) =max {u(ALF(K) + (1 -6)K-K") + BVu(K")}
K"
(b) Ifu(c) = logc, 6 = 1and F(K;) = K&, then the above value functions become:
Vu(K) =max {log(ApK2a —K") + BV (K"}
K"

VL(K) =max {log(ALK? — K') + BVh(K')}
o

We know guess that the value functions are of the form:
Vu = E+FlogK
VL =G +JlogK

In that case, the equation above for V becomes:

E + FlogK =max {log(AnK? - K") + B(G + JlogK")}
K"

The first-order conditions are:



1 +£—0

T A wa w! T Aad
ApK? — K K
B 1
K' ApK2 - K’
K' = AuBIK? - BIK' &
o PIALKE
gH(K) =K' = 1+ﬁ\]

Plugging the decision rule derived above back in the original equation:

_ | IAupKe JAnpKe Y
E+FI0gK—Iog(AHKa T )+,B(G+Jlog —— )_

= logAn +alogK —log(1 + 8J) + BG + pIlogJAnS — BIlog(1l + BJ) + plalogK

Therefore:

E =logAn — (1 + BJ)log(1 + BI) + BG + pJlog JAupS
and:
F=a+ pal
Similarly the value function when A = A, is given by:

G +JlogK =max {log(ALK? - K") + B(E + FlogK")}
K"
The first-order condition gives the following decision rule:

BFA_K?

00 =K'= T35F

Plugging the decision rule back into the equation above, we get:

BFALK? BFALK2 Y
1+LBF )+ﬁ(E+FIog 1+;F )_

= logAL + alogK - log(1 + BF) + BE + BFlog BFA_ + BFalogK — BFlog(1l + BF)

Therefore:

G+ JlogK = log(A_LK? —

G = logAL — (1 + BF)log(1 + BF) + BE + BFlog BFAL
and
J=a+ paF

combining the expression above for J with the one we found for F, gives us:



J=a+ pala+ paF) &
a+paz a(l+ pa) _a

=1 T @+pai-pa) _ 1-fa

and thus:

a_ =1

_ a_ _
F—a+ﬂa1_ﬁa =1 fa

Therefore the equation for E now becomes:

EzlogAH—(1+ pa )Iog(1+ pa )+,BG+ pa log A pa__ _

1-pa 1-pa 1-pa 1-pa
__ 1 pa pa 1 1
-1 7a logAn + BG + T-fa log T-fa  1-pa log - fpa

_ _ba pa 1 1 .
LetM = 1= log i~ T/ log T Then E becomes:

__1
E = - pa logAnw + G+ M

And similarly plugging in for E, in the equation above we had for G we have:

__1
G = 1-7a logAL + BE+M

Thus solving the above system of 2 equations and 2 unknowns, we get:
E=1-p"(1-pa) (logAn + BlogAL) + M + M)
G=(1-p5"(1-pa)"(logAL + BlogAn) + M + M)

Therefore the decision rule when A = Ay is given by:

gH(K) = BaAnK®
and when A = A_ is given by:

gu(K) = paA.K?

We will now show that there is a ”global convergence” to a “two-cycle” in which K;
oscillates between two values. These 2 values are:

Kn = faAnKf
Kn = (BaAn)Te

when A = Ay and similarly:



Ki = (BaAL)Ts

when A = A We will show that the assumptions of Question 2 of Homework #1 hold
indeed in this case and thus there is a global convergence to a "two-cycle”. We have:

gn(0) =gu(0) =0
- Moreover we have that: g, (K) = Ba?ApK® ! and g, (K) = Ba?A_ K3 and thus
gn(0) = cwand g, (0) = oo since a— 1 < 0. Therefore:

gn(0)gL(0) = > 1

- Furthermore:

gr(gL(K)) = paarApARK®

gh(gL(K)) = Bar3AARKa
and:

gi(gL(K))gL (K) = p*1a**3ALARKE 1 Ba?A KL =
_ 'Ba+2 a?®*SAy Aﬁ*l K a%+a-2

and since a® + a— 2 < 0 (remember 0 < a < 1) we have that:

lim gn(9u(K))gi(K) =0

K-
Similarly:
OL(GH(K))gh(K) = B*2a®SA AFLIK a2
and:

lim= g (gn(K))gn(K) = 0

K—o0

- Finally gy and g, are strictly increasing and strictly concave

Therefore as we saw in Question 2 of Homework #1, there is a global convergence to a
”two-cycle” in which K oscillates between the 2 values we derived above.

Question 3

(a) A Competitive Equilibrium with date-0 trading for the economy {ua,ug}, {wit}, iSa
vector of prices {p:}, and a vector of quantities {c;;}, for i = A, B such that
(1) Fori = A/B,



{ct v, = arg max Y Btu(ci)
=0
S.1.
ZptCit = Zptwit
t=0 t=0

(2) Cat + Cet = WAt + OBt fort = 0,1,2...
(b) The F.O.C. for consumer i is
B (Cini) _ P

= T for vt,j
u'(cit) Pt orvtl

This together with budget constraint and market clearing condition determines the
competitive equilibrium. Here there are two ways to solve for the equilibrium. One way is to
solve for the system of simultaneous equations; another way is to make a guess of solution and
check the feasibility for each equations. Due to the special structure of the model, here it is
easier to proceed with the second way. Now guess that ci; = ¢; for Vt. Plug into the F.O.C. and
normalize po = 1 we have

pt = B!

Plug into the budget constraint for each individual, we have
Z PiCit = Zptwit
t=0 t=0

o0 o0

= 2 plci = 2 ploi
t0 t0

= Cj = wj

t is easy to check that it satisfies the market clearing condition. Therefore, the competitive
equilibrium for this economy is

Cat = WA = 2
Cet =wp =1
pt = B
(c) Again guess that cj; = ¢; for Vt. Plug into the F.O.C. and normalize po = 1 we have
pt = B

Plug into the budget constraint for each individual, we have



ZptCit = Zptwit
t=0 =0

= 2 Bici = 2 floi
=0 =0

> 3 pe = 30t + fT 0

t=0 t=0

1 . B,

T+ T T+ g

where of and o means w; in even and odd period, respectively.

= Cj =

It is easy to check that it satisfies the market clearing condition. Therefore, the competitive
equilibrium for this economy is

Ca = 2+ P
AT T+B
c 1+2p
Bt — 1+p
pt = p!

(d) Now guess the equilibrium as

cat = ¢} fort odd
cat = Cj forteven
cgt = ¢} fortodd
Cst = Cg forteven
pt = B1p° for t odd
pt = B! for t even

Plug into the F.O.C. we get
ﬂju/(ci,tﬂ) _ P

1 for Vi,
u'(Cit) Pt J
(¢
LA
u'(cy)
pet 0
= =
c? P
Therefore, we have
o_pCh _ pCh _ pCA+CE _ sop+to _ 30
PP=Pey =FPeg =Pegveg “Pugval T 5

where the third equality comes from the market clearing condition. Moreover:



c? 5
So the equilibrium price is
Pt = %ﬂt for t odd
pt = Bt for t even

Plug p: into budget constraint, we have

o0 o0
Z PtCit = Z Ptait
t=0 =0

o0

= 3 pAct + %ZﬁZMC? =3 ot + % 3 pAH 0
=0 t=0 t=0 0
3p

:>c-e+Tc°=w?+%a)?
3[3 3p : cy 3)
O A0 — e L = 50 fd B
= 5c + 50 = of + £ (plug into oo 5
IR S50f + 3fwf

' 3(1+p)

—

o 10+ 6p
AT 315
5498
31+ p)

and so

~10+6p
~ 5(1+p)
5+9p
5(1+p)

(e) A Competitive Equilibrium with sequential trading for the economy {ua,us}, {it}
is a sequence {Cjt} o, {@it1 ) g {RT F 1o (Where Rf means interest rate from tto t + 1) for
i = A,B such that

(1) Fori = A/B,

cg =



o0
{Ci*t’ai*,t+l}:io = arg max ZﬂtU(Cit)
t=0

S.t.
Cit + dir1 = R{ait + wit
t+1
lim aie.a| [TR* | =0
t-oo j=0
aio =0,cig >0
(2) ch +Chi = war +wpe fort =0,1,2...
(3)axr +agy =0fort=0,1,2...

Now we start to solve for equilibrium interest rate and asset holdings for different
examples. In each example, it is easy to see that

_ Pt
Rt = o
ait1 = Rfait + oit — Cit

We start with part (b). Plug in the solution, we have

th%
ai,t=0

In part (c), we have

th%
ai,o=0

di1 = @io — Cip

ai2 = R3aj1 + wi1 — Ci1 = %(wio —Cip) + wi1 — Cit

Plug in the equilibrium solution, we have

th%

0 _ _Aa0 _ ﬁ _

a = —ag T+ 3 fort=1,3,5,...
ag =-ag =0 fort=0,2,4,...

In part (d), we have



RO

Re

aio

aa 1

a1 =

aaz2

as?2

dp3 =

fort =1,3,5,...

o
R[22

|
gllw  wlo
= ™

fort=2,4,6,...

4
apo —Cao = 2—0,%‘ = 5(1—_’%
___ 4
AL = TE )
Riaa1 + a1 —Ca1 =0
—aa2 = 0
4
aps = Roap2 + wa2 —Caz = 5(1—_{_3@
_ 4B
M= TET+ )

Therefore, the equilibrium interest rate and asset holdings are

RO_

Re
ax

aj

Q
wo

fort=1,3,5,...

vllw w|o
» ™

fort=2,4,6,...

B _
5(1—+ﬂ) fort =1,3,5,...

0 fort =0,2,4,...
_ B tort=135...

51+ p)
ag =0 fort=0,2,4,...



