Econ 510a (second half)
Yale University

Fall 2006

Prof. Tony Smith

HOMEWORK #2

This homework assignment is due at 5PM on Friday, November 10 in Marnix Amand’s mailboz.

1. Consider a consumer with the following sequence of budget constraints:
Ct—l—at-i-l :Rtat+wt, t:0,1,2,...,

where w; > 0 is the consumer’s labor income in period ¢. The consumer’s consumption

cannot be negative. The period-¢ gross interest rate R; is greater than 1 for all ¢.

(a) Find the no-Ponzi-game restriction and use it to derive a consolidated, or in-
tertemportal, budget constraint for the consumer. Interpret your answer.

(b) Suppose that w; = w > 0 and R; = R > 1 for all t. Show that the nPg restriction
is equivalent to imposing a constraint that the consumer’s asset holdings never fall
below a fixed amount B, where B is allowed to be negative. In other words, show
that there is a borrowing limit B such that the set of feasible consumption levels
defined by the sequential budget constraints and the nPg restriction is identical to
the set of feasible consumption levels defined by the sequential budget constraints
and the borrowing constraint a;.; > B for all ¢. Express B in terms of R and w.
(Hint: Imagine a consumer who has zero consumption and whose asset holdings
do not change over time.)

(c) Suppose again that w; and R, are time-varying. What would the borrowing
constraint have to look like in order to obtain a result like the one in part (b)?

Solution (a) Let’s use the budget constraints iteratively:
a1 = Rag+w — ¢

ay = Ray+w—c; = ay = R(Rag+w—cy)+w—c; = R*ag+ Rw— Rey+w—c;

a3 = Ray +w—cy = a3=R(R%ap+ Rw— Rcy+w —c1) +w— ¢
= R%ay + R*w — R*co + Rw — Rey + w — ¢



thus, following this steps we will get to:

a; = Rlag+w(R™+ R+ ... +1)— (R o+ R + ...+ i)

then,
a R
L _ -

Rt-1 Rag + ; Ri - Ri
Taking limits we get

t—1

¢ Rw a;
2 g = Rt oy i g

. ag
tlir& Rt-1 — 0
and then, we have that
= ¢ Rw
L <R kbt
LR =TT R

Consider first an agent with zero consumption and such that a; = a V¢, then the
budget constraints imply that:

w
a=Ra+w = a=-——==B
1-R
Let’s prove now that
a
> B 1 >
ag = tigloRt_l_O

e Note that

. ag .
a>B = lim > lim
b= t—oo Rt=1 — t—oo Rt-1

=0 (R>1)

e Suppose dn such that a, < B, then 39 > 0 such that a,, = B — §. Let’s see
what the BC imply:

i1 = Ra, +w —c,
< Ra, +w (cn, >0)
=R(B-9)+w
w



Unt2 = Rapi1 +w — Cppa
< R(B — R8) +w
=B—R%

thus, we can see that a,.; = B — R', and then

. An4t . B ) - )
}E?O Rn+t—1 < }Eﬁg |:Rn+t—1 - Rn—1:| =0- Rn—1 <0
Summarizing, we have
>B = lim—— >0
% = P Rt-1 —
and
a, < B for somen = tlirgo 71 <0
and then,
. ag
> >
a, > B < tlggoRtfl—O

2. Consider a consumer with the following optimization problem:

o
max Z Bru(ey), given ag > 0,
{en am}i2e 150

subject to the sequence of budget constraints in the first problem and a no-Ponzi-

game restriction. The felicity function wu is strictly increasing, strictly concave, twice
continuously differentiable, and satisfies the Inada condition lim. o u'(¢) = oc.

(a) Find the transversality condition for this problem. Show that the nPg restriction
is met if the transversality condition and the Euler equation are both satisfied.

(b) Modify the proof of Proposition 3.4 on p. 23 of the lecture notes by Per Krusell
to prove that a sequence {a;}°, that satisfies the transversality condition and
the Euler equation maximizes the consumer’s objective, subject to the sequence
of budget constraints and the nPg restriction. (Note that the proposition in
the lecture notes imposes the requirement that the consumer’s asset holdings be
nonnegative in each period; in this problem, we are imposing instead the nPg
restriction.) Before considering the general case in which labor income and the
interest vary over time, you might want to study the special case in which they
are constant.



Solution

(a) We have the following problem:

max Z Bru(cy)

Ct,a
{ct,at+1} 0

s.t ag given

ct+at+1:Rat+w thO

. Gy
lim — >0
t—oo Rt —

Then, the transversality condition (TC) for this problem is
Jim B (Ra; +w —aj,)Ra; =0 < Jim B (cf)Ra; = 0

Now we have to prove that the TC plus the Euler eq. imply the nPg restriction.
The Euler eq. is:

— B (e;1) + B4/ ()R =0 Vit >0

& ' (c_1) = BRU (¢4) Vit >0
(lLa) = u'(co) = BT R (c141) Vi>0
Gt41 1 u'(cri1)
= F = Rﬁt"' at+1 ul(co) \V/t Z 0
= lim 2L = . lim RB3" M a v/ (cipr) =0 (because of TC)
t—00 Rt UI(CO) t—00 + +
Therefore,
. Qg .. .
tll)rgo Rt~ 0, and thus the nPg restriction is met.

(b) We want to prove that a sequence {a;} that satisfies the TC and the Euler eq.

maximizes the problem stated in part (a). Thus, letting ¢; = Ra; +w — a4, this
sequence is such that:

(1) Jim ' (c}) Ra = 0
@ = () + 7 Rl (€f,0) = 0

Let {a;} be a feasible sequence (ie ag is the given one, it satisfies the budget
constraints every period, and it met the nPg restriction), defining ¢; as Ra; +w —
aiy1, we want to prove that

T—oo

lim Zﬁt[u(c;f) —u(e)] >0



Defining Ar = Y1, B'u(c}) — u(cy)], we have that:

(by concavity of u)

T
Ar >3 B () R(a; — ar) — ' (¢})(afyy — aren)]
t=0

@
= ="/ () (@) — arin)
(by (2))
= 5T+1RUI(C;+1)(_G*T+1 + aT+1)

T—-1
— ; BUar .y — arr) [—u'(c]) + BRU (ci )] +Ru' () (af — ag) — BT/ () (@yy — aryr)

Then,
i Ap > Jim 7RG ) (0 + or)

(by (1) = Jim 7Ry )are

. x  \OT+1

:jlgroloﬁT-l-lRT-Hu/(CT_H)R_;

. N
(by (L.a) of part (a)) = Jim o/(c;)
(because {a;} satisfies nPg) =0

which is what we wanted to show.

3. Consider an exchange economy with two consumers named A and B. The two con-
sumers have identical preferences: they each value consumption streams according to
Y oo B log(cy). Consumer i’s endowment of consumption goods is {w;;}52, i = A, B.
Consumption goods are perishable (i.e., they cannot be stored and used for consump-
tion in future periods).

(a) Carefully define a competitive equilibrium with date-0 trading for this economy.

(b) Suppose that wa; = 4 for all t and wp, = 1 for all t. Find the competitive
equilibrium allocations and prices.

(c) Suppose now that the endowments fluctuate deterministically: consumer A’s en-
dowment stream is {4,1,4,1,4,1,...} and consumer B’s endowment stream is
{1,4,1,4,1,4,...}. Find the competitive equilibrium allocations and prices.

(d) In parts (b) and (c) there is no variation in the aggregate endowment across
time. Suppose that, as in part (b), consumer A’s endowment is 4 in every



Solution

(f)

period but that consumer B’s endowment fluctuates: his endowment stream
is {1/2,2,1/2,2,1/2,2,...}. Find the competitive equilibrium allocations and
prices.

The social planning problem for this economy is:

max {aA Z B log(car) + of Z ok log(th)} )
t=0 t=0

{CAt}?io’ {CBt}?io

subject to the resource constraint ca; + cg; = war +wp; for all t. The numbers a?

and o are called Negishi weights. For each of the pairs of endowment streams in
parts (b), (c), and (d), show that the consumption allocation chosen by the plan-
ner coincides with the allocation that arises in competitive equilibrium, provided
that the weight o' is set equal to the inverse of consumer i’s marginal utility of
income in competitive equilibrium.

Carefully define a competitive equilibrium with sequential trading for this econ-
omy. Use your results from parts (b), (c¢), and (d) to determine the equilibrium
interest rates for each pair of endowment streams. In addition, for each case
determine how each consumer’s asset holdings vary over time (assume that each
consumer starts with zero assets in period 0).

1. A Competitive Equilibrium with date-0 trading for this economy is a vector of prices

{p+};2, and a vector of quantities {c,},~, for i = 1,2 such that

(1) Fori=A,B

o
{ci}io = argmax ) _ B'u(cir)
t=0

[e.e] [e.e]
s.t. Zptcit = Zpth't
t=0 t=0

(2) car + cpt = war + wpg for t =0,1,2...

2. The FOC for consumer 7 is

BIu (Cigeg) _ P g J
w (cit) pt |

This together with budget constraint and market clearing condition determines the
competitive equilibrium. Here there are two ways to solve for the equilibrium. One



way is to solve for the system of simultaneous equations; another way is to make a guess
of solution and check the feasibility for each equations. Due to the special structure of
the model, here it is easier to proceed with the second way. Now guess that ¢;; = ¢;
for Vt. Replacing into the FOC and normalizing py = 1, we get

pe=f"
Now, plugging into the budget constraint for each individual, we have

o x oo o
Zptcit = Zpth‘t = Z 6tCi = Z 6twi
t=0 t=0 t=0 t=0

= C; — W

It is easy to check that it satisfies the market clearing condition. Therefore, the com-
petitive equilibrium for this economy is

t
cny=wa=4, cgpp=wp=1 and p, =7

. Again guess that ¢;; = ¢; for Vt. Replacing these into the FOC and normalizing py = 1
we have

Ptzﬁt

Plugging into the budget constraint for each individual, we have

o o o o

¢ ¢
Zptcitzzptwit :>Zﬁ Cz‘225wz‘
t=0 t=0 t=0 t=0

SO I SR
t=0 t=0 t=0
1 p
= C; = wf + (,(),L-o
1+ 1+

where wf and w{ means w; in even and odd period, respectively.

It is easy to check that it satisfies the market clearing condition. Therefore, the com-
petitive equilibrium for this economy is
444 1+4p

Cat = ——, Cpt=
At 143 Bt 113

and  p, = 3



4. Now guess the equilibrium as

car = ¢4 fort odd
car = ¢ fort even
cpt = Cpy fort odd
cpe = cgfort even
pe = [ ip? for t odd
pe = [ fort even

Replacing into the FOC we get

5jul (Ci,tJrj) _ DPi+j N B’ (Cf) -
' (ciy) Dt ' (cf)

Our guess must satisfy the budget constraint, that is:

D G Y e =) i+ ) ey i=AB

t>0 t>0 t>0 t>0

which implies

1
(2) catpca=4(1+p°) and cp+pich = +2p°
and it also must satisfy the the market clearing conditions:
€ € 1 o (o}
(3) cA+cB:4+§ and ¢4 +cp=4+2
The system of the egs. in (2) and (3) does not have a unique solution, but we also
need
i _ Cp
(4) === (because of (1))

0 0
Ca CB

and this last equation pins down the unique solution, which is:

Py = Zﬁt for t odd
pe = [ for t even
d
o . 4+38 o 44+38
C = C = —
AT 1+ A7 31+
d
o . _ 11433 ., 21438
Cp == cp =<
B 9148 BT 3148



5. This is just a matter of checking. The algebra is straightforward.
The social planning problem for this economy is the following:

max sy Bulen) +ap Y fuley)
t=0 t=0

{c1t}e>0.{cat}i>0

St Cclpt+Coyp =wiy +wy VE>0

Now, from the FOC of the consumers’ problem (date-0 trading), we have that their
marginal utilities of wealth \; (ie, the lagrange multipliers) for ¢ = 1,2 are

B’ (cir)
2

A = = X =u(ci)/po = ¢y /o
and we know that the Pareto weights that deliver the competitive equilibrium allocation
are:

B 1/
IRVZYRS VOV
Then, for each pair of endowments these weights are:
for part (b),

Q;

1 4
=4 and MIg=1 = aA:g and &B:g
for part (c),
A+ 0 1+4p 1+4p 4+
g = —— d M= = = d =
A1y MY BT s U=5 s Y YBT3
and for part (d),
4+38 11438 1433 4+ 383
Aa = d Ag== = = d =2
ATy MY M TN s MT9 9 MY BT 499

6. A Competitive Equilibrium with sequential trading for the economy is a sequence
{er 2o, {aztﬂ}zo AR;}S, (where Ry means interest rate from ¢ to ¢t +1) for i = 1,2
such that

(1) Fori=A,B
{civaii }zo = argmax Z Blu (ci)
=0

*
st it + a1 = Ria;s + wyy

t+1
tliglo Qi 41 (Hle) >0

J=0



ajo=0,c; >0

(2) ¢y + ¢y = war +wpg for t =0,1,2...
(3) a*, +ap, =0fort=0,1,2..

Now we start to solve for equilibrium interest rate and asset holdings for different

examples. In each example, it is easy to see that

DPt—1
R = —
Di

Qi1 = Rai +wy —cy

We start with part (b). Plugging in the solution, we have
1

Ri=— and a,;=0 Vt>0
g
In part (c), we have
1
Rt — B
30
ap; = —ap = ——
Al BL= 103
In part (d), we have
4
R = —
3p
3
R = —
4p
;0 = 0
4 44303
a = wyo—Cao =4—
Al A0 — CA0 1+ 53

api1 = —Qaa;1



