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Problem Set 2 : Suggested Solutions

(a) In this case, the capital accumulation equation becomes:
Koy + Krry = (1= 8)Ker + (1= 0)Kr + G(Kr, (L — Leyg))

So the dynamic programming problem is :

V(Kc, Kry) = max {u(Cy) + BV (K 141y, K1,041)) }
{CtaLt7KC‘,(t+1)aKI,(t+l)}fi0
s.t.
Cy = F(Kcgy, Ley)
Koy + Krgry = (1=90)Key+(1—0)Kr: +G(Kpy, (L — L))

Substituting in the constraints:

V(Ko K1) = max o {
{Lt,Kc,(Hl)}t:o

Our state variables are: K¢ ¢, K1+
Our choice (control) variables are: Loy, Io

w(F(Kcy, Loyg))+ }
BV(Kc 141y, (1 =0)Kcos + (1 = 6)Kr s + G(Krt, (L — Loy)) — Koyi41))

(b) First order conditions
With respect to L¢ s :
Fy(Key, Loy)
Ga(Kr1t, (L — Lc))

u'(Cy) = BVa(Kc,t41), Kr,(141))

With respect to K¢ (141) :

Vl(KC,(t+1)a KI,(t+1)) = ‘@(KC,(t+1), KI,(t+1))

And hence: /
W (Cy)  Fa(Kcu,Ley)

K K = .
‘/1( C,(tJrl)? I,(t+1)) B GQ(KI,t, (L _ LC7t))

Envelope Theorem:
Vi(Kew, Kri) = ' (Co)Fi(Key, Log) + BVi(Ke,i41), Kr,(41)) (1 = 0)
Va(Kow, K1) = BVa(Ke,41), Kr,41))(1 =6 + G1(Kr4, (L — Loy, )))
Update one period:

Vi(Ke, 41y, Krg41y) = 6 (Cop1)Fi(Ke 41y Lo,asy) + BVa (Ko 42y, K1 42)) (1 — )
V2(Kc,(t+1)» KI,(t+1)) = 5‘/2(Kc,(t+2)» KI,(t+2))(1 -6+ Gl(KI,(t+1)a (L - LC,(t+1))))



(c) The set of equations to determine the steady state values of capital and labor in each sector (i.e.,
KC) LC? KI7 LI):
The Euler equations are:

Fo (Ko, (i+1): Lo, (t+1))
G2(Kr1,t+1):(L—Lo,t41)))

W' (Cyy1) G2(Kr, (L — Ley))

1 = B——=~" [ F1(Kc,a41), Leg)) +(1—-9)
C ’ ' Fy(Key, L __ I (Ke,Lo)
u ( t) 2( C,ts C,t) G2(K1(L—Lc.t)
"(Coir) f’z(Kc,quz)vLc,wl)) -
U (Ct41) Ga2(Ky (441),(L—Leo,(t41)
1L =5 u'(Cy) Fzerc,t,Lc,t) [(1=0) + G1 (K7, 41) (L = Leyer))]

At the steady state:

Fy (Ko, Le)
G2(K7,(L-LY))
Fo (K5, LE)
G2(K7,(L—-LE)

Go(K7, (L = L))

+(1-96
Fy(K¢s L) (1-9)

Fl(KéHLE')

Go(K7, (L — Lt))

1 _ * * GQ(K*7(L_L*C))
3 = Fi(K¢, Le) F2éKé,L*C) +(1-9)

And

Fo(K2,L5)
u'(C*) Gz(;;,(CLfi*c))
u’(C*) Fy(KE,LY)
G (K7 (L—L%))

Bl(1—0)+ Gy(K}, (L — LY))]
= = (1-0)+Gi(K},(L-Ly))

1 =g [(1=0) + Gu(Kf, (L= Lg))]

™|~

Therefore we have:

Go(K7, (L= Lg))

F (K}, L} 1-— = (1- K7, (L—- L}
(K¢, Le) Fo(Kp,Lo) +(1-9) (1—0)+ Gi(K7,( o))
Fi(KeLn)  _ Fy(Kg L)
G1(K7, (L —Lg)) G2 (K7, (L —Lg))
Additionally we have:
Va(Ke, K7) = BVa(Ke, KT)(1 =64 Gi(KT, (L - Lg,)))

G1<K}<><L_L*Ca)) = ﬁil_(l_é)'
Finall we have the law of motion for capital:

Ky +K; = (1-0)K&+ (1—0)Kf +G(Kj,(L—LE))
i(Ko+Kp) = G(Kp, (L—Lg)).



(d) We have F(Kc, Log) = K@, LY, Y and G(Kpy, Lig) = K7 ,LY7.
And so:

* (a—1)
K
F(KL L) = a( 5)
LC

RKe1E) = (-a(52)

* (v=1)
GI(K}KJ (L - L*C')) = 7 ((LKng)>

Galtii (L= 12) = (=) (25 )

From

Gi(K[,(L—Lg,) = 671 —(1-9)

y < K}k )(71)
(L - Lt)

= (1-4)

1

(L= Lg) g
Plugging these back into

Go(KF, (L - Lg)
Gi(K7, (L= Lg)

-0 () a-o(5E)

) _
)

Ki _ v (1-a) <Kc>
(L—Lg) (1=7) o \lg
Kt _ (1-7) «a ((ﬂl—u—s))
Lt v (1-a v

K; ((6‘1—(1—5))>“”

1
) -0



Finally, plugging these results into the budget constraint

o(Ko + K7) = G(K, (L - L))
0(K:+Kp) = (Kp) (L— L)t
5((KE+K}‘)> _ ( Ki )”
(L - Lg) (L—Lg)
K& Li _ 1( K7 )7_ K7
Iy (L-Ly) — S\I-Ip)) @T-Lp)
1( K; )”_ K;
Ly RN 7 (L—L%
C-Lz) K

Le

=

(57 -0-0)\ T _ (5 —a-9)\ T
Y v

1

() o (=0T
v (1-o) ¥

() ()

1
(1_’7) o (ﬁ*l—(l—é)) (v—1)
vy (1-a) ¥

7 (A-a) 1 -0-9))
(I=v) o |0 gl

v (-a) (1 ((B7=0-9)) 4
(1-7) « 0 ¥
L} L.

(e [ () )

7 (-a) |1 (B -0-9))
AT [5( 3 ) 1]

So

If we let




We have

A
Ly = —2
© (A+1)
1
11— -1 1—-9§ (v=1)
Ky = U= o ((F7-0-9) L
v (- gl
Li = L-Lk
1
- I
(A+1)
1
-1 =1
—(1-9¢
Kt = ((& ( >)> L
v
2. (a) We start with the first period’s budget constraint:
cot+gbt = bytw
b1 = qil (bo +w — Co) .
For ¢t = 1 we have:
c1+qgby = bi+w
by = ¢ '(hi+w—c)

g ! (q_1 (bo+w—rcp) +w— cl)
q_2b0 + q_2w + q_lw — q_260 — q_lcl.

For t = 2 we have:

Co —+ qbg = bg + w
bg = qil (bg +W702)
= ¢ ' (¢ Pbho+q w+qg 'w—q co—q T +w—rcs)

= ¢ bh+qtwtqg wtqg lw—qg Pl —q % —q e

And so on, until we have:

barny = @ bt we Y 4t g) = (¢ Ve g e+ g e
q(”l)b(tﬂ) = bot+w(l+..+¢")— (co+ger+ ... +d'e)
¢ ¢
= bo+w Z qkf Z chk.
k=0 k=0

Taking the limit gives us:

thm ek )b(t+l) = bot+w hm Z ¢ — thm Z e
0 = bo+ i - Z g



where we used the no-Ponzi game condition on the LHS.
So the consumer’s consolidated (or lifetime) budget constraint is
w

o~ ¢
q'c = bg + .
t;) ' 1-q

The transversality condition is:

lim B/ (c})bf =0

t—o0
or,
tli{go Btu'(bt — qb(t+1) + W)bt =0.

The Euler equation is
qu’ (b — qbt1) +w) = 5ul(b(t+1) — qb(t42) + w).

We want to show
lim ¢'b, = 0.
t—o0

Note that the Euler equation holds V¢ :

qu'(bp — gb1 +w) = Bu'(by — gbs + w)

qu'(by —gby +w) = pu'(by — qbs + w)
and

¢’ (by — qby + w) = B2/ (by — qbs + w).
So we have

q'u' (bo — qby + w) = B’ (b — gty +w).
Multiplying both sides by b; and taking limits:

Jim g/ (bo — gby + w)by = Jm B (b — abier1) + w)by
u' (bg — qby + w) flim ¢tby = 0 (using the transversality condition).
L — OO

And so

tlim q'by = 0.

We want to prove that a sequence {b; }22, = 0 that satisfies the transversality condition and the Euler
equation maximizes the consumer’s objective function, subject to the sequence of budget constraints
and the nPg condition.

Modified Proof:

Consider any alternative feasible sequence b = {b;}$2,. We want to show that for any such sequence,

T

Define r
Ap(b) = Zoﬁt {u(bf — qb(441) T w) —u(be — gbgr1) + w)} > 0.
t=



We will show that, as T goes to infinity Az (b) is bounded below by zero.
By concavity of u ,

Ar®) = 3 B [i 07— ey + @B ) — 0 0 = i) + )0y — i)

= [ 8001 by + 07 00| | 507~ ) + By~ )]

= W05 = T+ 05— b0+ 3 B0 — by + )0 0| -

:Z Blau' (0] — qbfps1) + @) (0fpi1) — b)) — BT qu' (07 — abir1) + @) (bpyry — b(T-H))]

= g — b+ w)0p — bo) + z B (b7 — qbz‘t+2>+w><bz‘t+l)buﬂ))] -

j;ol Brau’ (b7 = abfy1) + ) (bferr) = b)) = 87 g0 (0 = by + )by — b(T+1))]
N UI(bS —abi+w)( — bo) - BTqu/(b*T a qb)(kTJrl) + w)(bE‘T+1> B b(T+1)) +
::;01 B (Bear) = ban) [ B (Beer = WVfyay +w) = a (0] = @by + w)} .
Note that:

(b —bo) = 0= /(b5 — gb] +w) (b —by) =0
B (i1 — @b{p0) +w) — qu' (b — qbfy 41y +w) = 0 (Euler Equation).

And so we have

Ar(d) > —~BTqu (O — gy + ) Oy — bren)

= 5Tqul(b§" - CIb?:/t;-l) =+ W)(*bz‘T-i-l) + b(T+1))

= B'Bu'(b (T+1) — @b(r42) + W) (=b{ri1) + birt1))-
Taking limits we have

Tllmoo Ar(b) = Tlg%oﬁ Ty (b>(kT+1) - qb?T+2) + W)(*b?T-H) +bir+1))
Recalling that
q'u' (b — qbt +w) = B (b — qb{i1) +w)
* * Bt * *
u'(by — qb] +w) = Eu’(bt = qby1) + w),

tlim q'b, = 0.

and
Jim B’ (¢;)br =0



We have

Thj%o Ar(b) > Tlggo/BTH w (birs1) = @740y + W) (b r1) = bri1))

T41

= lim s q
T—o00 qT+1

T (b 41y — abr g2y + @berany — Jim BT (b ) —

= Tlim u' (b — abf +w)g” o)

= 0

Setting up the Lagrangian for consumer :

max 5 B cf) + N (z P — 5 ptc;')
{ lt}t 0 t=0 t=0

The F.O.C. for consumer i with respect to ¢} :
5tul (Cé) = )\ipt
The F.O.C. for consumer i with respect to ¢ :
BN (cy) = Ao

Which gives us:

pu’ (Ct+1) _ bty
u' (c}) Dy
Beli P
¢ Dt

Or . ‘
B (chyr) _ Pt+k

u’ (ci) Dt

Together with the budget constraints

Zptwt Zptct i = Ava
and the market clearing condition

cf‘—i—c?:wf‘—i—wf t=0,1,2,..,

qb>(kT+2) + W)bEFTH)

we can use two alternative approaches to solve for the competitive equilibrium. Omne option is to
solve for the system of simultaneous equations, which can be difficult. A second option is to guess

the equilibrium allocation and then check whether our conditions hold.

So let’s guess that the individuals consume their endowment in each period. That is, guess that

i i
c; = wy, V.



[Note that we could have guessed ¢ = ci ;. However, since the consumers are each receiving an
unchanging constant stream of endowments, there will be no incentive to trade and so we expect
each consumer will consume their own endowment.]

So now we have

B (Wi+1)70i _ B2774 _ Bl1=os _ P41
@) T T T
Pt+1
ﬂ pu— —
Dt

Next, to determine relative prices, we normalize the price of period-0 consumption good to 1. That
is, choose pg = 1.

Then,
P1
— = p=p
Po
P2 D2
—_— = _— = ﬂ
p1 B
2
p2 = f
Similarly,
bt = 5t~
Verify the market clearing condition:
cflJrctB = warw? t=0,1,2,..
241 = 241
Verifying budget constraints:
oo . o0 .
dD.Pwp = D pic
=0 t=0

SR = S92 for A
t=0

i=0
o0 o0
S A1 = Y B for B.
t=0 t=0

So, the competitive equilibrium is:

cf = th =2

B = wP=1

bt = 5t~

To find the marginal utility of wealth A’, for each consumer we can use the FOC:
Btul (624) — )\Apt
t —0
a B
= 5
A= 270,



Similarly,
AP =178,

(b) In this case, since the consumers receive differing endowments in different periods we suspect they

may trade and so we guess that the competitive equilibrium allocation will be ¢} = ¢} ; = ¢'.
As we did above we can plug in our guess for consumption in the FOC | normalize pg = 1 and get

bt = 5t-
Plugging in our guess and the prices into the budget constraint for each individual, we have

00 i 00 .
D pici = ) piw;
=0 =0
00 X 00 i

SIS
=0 t=0

= Y=Y el By B
=0 =0 =0

o 1 iy B
¢ = w w
1+8 ¢ 1+p°°

where w{ and w; means w* in even and odd period, respectively.

It is straightforward to check that this allocation satisfies the market clearing condition. Therefore,
the competitive equilibrium for this economy is

A 2+p
¢ = —
1+5
5 1+28
Cy =
1+5
Pt = 5t~

To find the marginal utility of wealth A’, for each consumer we can use the FOC:
"’ (024) = Mp
t(248) 7"
o (55)
Bt
A = (M> e
1+4 '

g [(1+28 o
A _<1+6) '

(c) We want to show that the competitive equilibrium allocation is of the form

A =

Similarly,

‘2

d=0w, i=AB.

10



The FOC: o ‘
B (C§+k) _ Ptk

5tul (Ci) 2
Or
B’ (c}) P
w' (c5)  po
So we have

—a

Bt (Qi@t) o

(91’@0)70 Do

(@
py =3 (®0> .

Plugging back into the budget constraint, we have:

If we once again normalize py = 1, then

oo ) o0 .
d.Dic = D piw;
t=0 t=0

o' o t /- \1—0o 1 00 e
(@)™ t;) [ﬂ (@) ] T (@) tgo [ﬂ (@¢) wf]
o - %&%mﬁ%
> [8 @)
t=0

It is straightforward to check the market clearing conditions.

(d) In this case wi* = 2, V¢, and type-B consumers’ endowment stream is {1,2,1,2,1,2,...} .
From the previous section we know that:

d=0w, i=AB

11



where

01’ _ t=0

Note that
((Dt)e'uen = 3’
_ 2
-1 A _ 4
[(wt) Lven B
_ 1
(a)t) 1 UJB:| even - g
So
> 8% @) w
HA — t=0
2 Je]
3057 T 20-5%)
= 1
1-5)
_4+3p
6(1+ )
And

1 B8
30-5%) " 30-5%)

2438
6(14+5)

12



Therefore we have

4438

A—
o =0, :{ 0,
3(1+5)

2433
B B- 201+
¢ =070 :{ 2g2+§l)3)

if t even,
if ¢ odd.

if t even,
if ¢ odd.

3(1+p8)
with
_ (e
pe = B (Q())
B Bt if t even,
T3 iftodd
To find the marginal utility of wealth A’, for each consumer we can use the FOC:
Btu/ (024) — )\Apt
—1
o e
bt
P 2(1+B)
4438 °
Similarly
\B — 201+ 8)
2436
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