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(a) We have the following problem:
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Then, the transversality condition (TC) for this problem is
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Now we have to prove that the TC plus the Euler eq. imply the nPg restriction. The
Euler eq. is:
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(b) We want to prove that a sequence {a;} that satisfies the TC and the Euler eq.
maximizes the problem stated in part (a). Thus, letting ¢; = Raj + w — aj,, this
sequence is such that:

Jim '/(¢f)Raj = 0 1)
B/ (c}) + B Rul (cfy) = 0 (2)

Let {a:} be a feasible sequence (ie a¢ is the given one, it satisfies the budget con-
straints every period, and it met the nPg restriction), defining ¢; as Ray + w — a1,
we want to prove that



Defining Ay = Z?:o Btu(cy) — u(e)], we have that:
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which is what we wanted to show.

Let’s compute the competitive equilibrium. The consumer’s problem is

max u(cy) + fu(cr)

€0,C1,b1
s.t. co+ qob1 = wo + 7o
co=w+b+m

which implies the FOC
u' (w1 + by +m1)

= ﬂu'(wo + mo — qob1)

The firm’s problem is now

max  f(ko,no) — wono — k1 + qo(f(k1,n1) —wing)

no,n1 ;kl

which has the following FOC: woy = fQ(k(), TL()), w, = fg(kl,nl) and qo = 1/f1(k1,n1).
Now, the market clearing conditions are ng = n; = 1 and b; = 0, and thus profits
are such that:

Wozf(ko,l)—wo—kl and 1 :f(kl,l)—wl
The consumer’s and firm’s FOC imply that

u'(wy + by +m) 1
w'(wo +m —qobr)  fi(ki,ma)

qo =



using the other FOCs of the firm, the market clearing conditions and the formulas
for the profits, this implies that

u(f(k,1) 1

(f(ko,1) — k1) fi(k1,1)

thus, the equation defined by the second equality defines implicitly the equilibrium
k7 and then ¢ = 1/ f1(k7,1).

Now, in the competitive equilibrium where capital is managed by consumers, the
problem they solve is

q = B
(7

H}caxu(roko +wo — k1) + Pu(riks + w1)
1

which implies the FOC
—ul(’r‘oko +wo — k1) + ﬂrlu'(rlkl +w;) =0

and as the production function exhibits CRS (and using clearing mkt. conditions),
this is equivalent to

u'(f(ko, 1) — k1) = Briu'(f(k1,1))

which is exactly the same equation we got in the first part (that consumption allo-
cations for both problems are the same is direct).

Now we have a market for shares, and the consumer’s problem becomes:

max u(cg) + fu(cy)
€0,€1,b1,81

s.t. cg+ q0b1 + poS1 = wg + po + 7o
c1 =wy + by + s1my

which implies the FOC’s

po = P wie) and qo= BUI(CI)
u/(cp) u'(co)

Note that then pg = gom1, which is a no arbitrage condition. In fact, suppose
po < gom then an agent could buy a share at a price of py, which entitles him to m
units of consumption good the next period, and then go to the bonds market and sell
this promise of 71 units of consumption good in the next period at a price of gymy,
which is larger than what he spent originally; thus, using this method agents can
easily get rich. What basically happens here is that the bonds and share markets are
offering the same finantial objects, and that is why, as we will see, the equilibrium is
the same if we have both or only one of these markets.

The firm’s problem has not changed, so we still have the first order condition ¢y =
1/ f1(k1,1), and thus in equilibrium we must have

u'(ep) _ 1
u'(co)  fi(ki,1)

and thus when replacing the equilibrium conditions s; = 1 and b; = 0, and the wages
determined by the firm’s FOCs, we get

u(fk,1) 1
u'(f(ko,1) — k1) fi(ki,1)

q =7




which is the same equation we found in part (a). Call k7 the solution to the second

equality, then
o = (D) = i 1)
fi(k1,1)

The competitive allocation is still going to be Pareto optimal. In this setting, con-
sumers take profits as given when solving their problem, thus the income tax is
equivalent to reduce the level of this exogenous variable, but as proceeds are re-
turned to consumers, in equilibrium the level of this variable is going to be same as
in part (a), and therefore optimal allocations are going to be same too.

A Competitive Equilibrium with date-0 trading for the economy {uq,us}, {wit}io,
is a vector of prices {p;};°, and a vector of quantities {cj;},°, for i = 1,2 such that

(1) Fori=1,2

o0
{ci}iZo = argmax ) fu (ci)
t=0

o0 o0
s.t. Zptcit = Zpth't
=0 =0

(2) 1t + co = wip +woy for t =0,1,2...

The FOC for consumer ¢ is

ol (. ;
B u, (Cz,t+J) _ Dy for Vt, j
u' (i) Dt

This together with budget constraint and market clearing condition determines the
competitive equilibrium. Here there are two ways to solve for the equilibrium. One
way is to solve for the system of simultaneous equations; another way is to make
a guess of solution and check the feasibility for each equations. Due to the special
structure of the model, here it is easier to proceed with the second way. Now guess
that ¢;; = ¢; for Vi. Replacing into the FOC and normalizing py = 1, we get

p =G

Now, plugging into the budget constraint for each individual, we have

o0 o0 o0 o0
¢ ¢
o= pwy = > Be=>
=0 =0 =0 =0
= G =W

It is easy to check that it satisfies the market clearing condition. Therefore, the
competitive equilibrium for this economy is

o o _ ot
cu=w1 =2, cpx=wr=1 and p=p

Again guess that ¢; = ¢; for Vt. Replacing these into the FOC and normalizing
po = 1 we have

p=p"



Plugging into the budget constraint for each individual, we have

[o.°] oo o0 oo
Zptcit = Zptwit = Z Blei = Zﬁtwi
t=0 t=0 t=0 t=0

o o o0
> Y fla=Y Bl 8 B
t=0 t=0 t=0
J— 1 e /3 o
=>c¢ = 1—|—ﬂwi + 1+ﬂwi

where w{ and w{ means w; in even and odd period, respectively.

It is easy to check that it satisfies the market clearing condition. Therefore, the
competitive equilibrium for this economy is

2+

Cit = m, Cot

Now guess the equilibrium as

Cit

C1t

Cat

Cot
Dt
Dt

Replacing into the FOC we get

B (cigis) _ Pty

_1+28

_ At

¢f for t odd

c§ for t even

5 for t odd

c§ for t even

B 1p° for t odd
B¢ for ¢ even

LB

o' (cit) Dt

Our guess must satisfy the budget constraint, that is:

ZBthf n Zﬂwpoczq _

>0 >0

which implies

ci +p°c =2(1+p°)

and it also must satisfy the the market clearing conditions:

c§+c5=2

N (5
= p (—0) =p (C_O) =p (1)
1 2
Z B2wE + Z Bp°w? i=1,2
>0 >0
and 5+ p°cH =p° (2)
and ] +c5=3 (3)

The system of the egs. in (2) and (3) does not have a unique solution, but we also

need
f

€

0 0
1 G

(because of (1)) (4)

and this last equation pins down the unique solution, which is:

€ __
AT o

4(1+p°)

6(1+p°)
and C? = W



and

2p° 3p?
G grae M AT
which implies that
o ﬂ ﬁ a _ IB g a
PP=Ple) =73

So the equilibrium price is

P = 3 8 for t odd

pr =t for ¢ even

and replacing p° in the consumption allocations we get that

o _ 6(37+527)

4(3° 20
e _ 437+ 52°) and ¢f

€1

©2-3743B20 ©2-39 43820

and
5 = —ﬁQUH and ¢ = —3ﬁ20
27 2.30 3820 27 2.30 43820

The social planning problem for this economy is the following;:

o0 o
t t
max o B'ul(cr) + ao B'u(eo
{c1t}e>05{c2t} >0 ; ( t) ; ( t)

s.t. c1p+ o =wip +wop VE>0

Now, from the FOC of the consumers’ problem (date-0 trading), we have that their
marginal utilities of wealth ); (ie, the lagrange multipliers) for i = 1,2 are

_ ﬂtul(cit)
Dt

Ai Ai = u'(cio) /po = ¢i” /o
and we know that the Pareto weights that deliver the competitive equilibrium allo-
cation are:

/M
oy = —~ =71
1 / A +1 / Ao
Then, for each pair of endowments these weights are:
for part (b),

_ 1 279
AM=27 and Mh=1 = a1=1+2_0 and a2=1+2_0
for part (c),
C(2+B8\7° (142877
w=(Tg) e e=(155)
and then
1+28)7° 2 -0
= (1+26) and g = (2+5)

(1+28)=7+(2+8)~7 (1+28)=7+(2+8)77



and for part (d),

_ 4(30 + IBQU) -0 _ ﬂ20+1 -0
A= (2-30+3ﬂ20’> and A = (2-3”+3ﬂ20

and then
( /320"1‘1 ) —c
(B20F1) 77 + (4(37 + B27))
(f) A Competitive Equilibrium with sequential trading for the economy {u1,us}, {wit}1=,
is a sequence {c};};°, {a;‘,t 1 }Zo ,{R; 1}, (where Ry means interest rate from ¢ to
t+ 1) for i = 1,2 such that
(1) For i = 1,2

a1 = — Q2

o0
{ci W1 }:Zo = argmax Z Blu (cir)
t=0

%
s.t. cip + a1 = Ria; + wit

t+1
lim a; HR.—l >0
oo 3,t+1 L1 j =
]:

ajo = 0,¢it > 0

(2) ¢f; + b = wip +wy for t =0,1,2...

(3) aj; + a5 =0fort=0,1,2...

Now we start to solve for equilibrium interest rate and asset holdings for different
examples. In each example, it is easy to see that

Pt—1
R = —/—
Dt

aitr1 = Raip+ wi —cy

We start with part (b). Plugging in the solution, we have

1
Rt:— and ai,tZO thO

In part (c), we have
1
Rt = B
ai,() 0
aj1 = Wi — Cio
aio = Roa;1 +wii —cin = — (wio — cio) +wil — ¢t

B

Plugging in the equilibrium solution, we have

1
Rt = B

B
? = —af=—— f =1
aj as 115 ort ,3,5,

af = —a5=0 fort=0,2,4,..



In part (d), we have

1 2\ 771
Ro = E = (g) B fort:1,3,5,...
© (2\° 1
Re = @ = (g) B fOI't:2,4,6,...
aip = 0
ﬁ20+1
— — e __
I CT
ﬂ20+1
G = = g,
a2 = Riai1+win—c1=0
asp = —a12=0
ﬂ20+1
a3 = Rears+wio—ci2= 230 1 3520
ﬂ20+1
23 = —O13= 5o aaos 3590

Therefore, the equilibrium interest rate and asset holdings are

2\ 71
Ro: <3> E fort:1,3,5,...
2\7 1
Re: (g) E fort:2,4,6,...
20+1
G?ZQS;BUTW fort:1,3,5,...
ai =0 fort=0,2,4,...
620+1
e for t =1,3,5, ..
as 337 + 3520 or , 3,0,

as =0 for t =0,2,4,...



