Instructor : Tony Smith November 22, 2005
T.A. : Carolina Silva

Course : Econ 510a (Macroeconomics)

Term : Fall 2005, second half

Suggested Solutions : Problem Set 4

1. (a) Given the equivalence of competitive equilibrium and central planning problem here,
we can conjecture the transition function of aggregate state as k' = sAk®. Now we
can define a recursive competitive equilibrium for this economy explicitly.

A Recursive Competitive Equilibrium for this economy is a set of functions:

price function r (l_c) , W (l_c)

policy function : k' :g( E)

value function : (k l_c)
transition function : k' = sAk®

such that:
(DK =g (k, l_s) and v (k, l_g) solves consumer’s problem:
v(k,k) = maxIn(c)+ Bv (K, l_c')

{e.k"}
s.t.

C—}—kI:T(/_ﬂ)k-l-w(l_ﬁ)
k= sAk®

(2) Price is competitively determined:

r (l_ﬁ) = F (l_ﬂ,l) = aAk®!
w(k) = F(k1)=(1-a)Ak"
(3) Consistency:
sAk* = g (k, k)

We solve for the recursive competitive equilibrium by the “guess and verify” method.
We conjecture that the value function is of the following form:

v (k,k) = a+bln(k + dk) + eln(k)

Now we start to solve for the solution by plugging in our conjecture. Bellman equation
becomes

v (k, k) = max In (@Ak* 'k + (1 — @) Ak® — k') + B (a + bIn(k' + dk') + eln(k"))

s.t. k' = sAk®
or

v (k, k) = rggicln (adk* 'k + (1 — a) Ak® — k') +8 (a + bIn(k' + dsAk®) + eIn(sAk?))



Take F.O.C. with respect to k', we have

L — Py ds AR = Bb (AR E 4 (1 — o) AR — K)

aAke 1k + (1 —a) Ak — k' k' + dsAk>
Bb o1 fb(1—a)—ds -
K = ARk 4+ ————————— Ak”
R T R T
Plug back into Bellman equation, we have
- 1 _—— (1-a)+ds -
= 1 ARk + S — Ak®
v (k, k) n(1+ﬂba + Tt 8o )
Bb o1 Bb(l—a+ds) - -
1 Ak — CAK® In(sAk®
+ﬂ(a+bn(1+ﬂba Kk + 17 5b k%) + eln(s Ak®)
A
= [(1 + Bb)In (1 ‘i ﬁb> + Ba + BbIn(Bb) + Be ln(sA)] +

(1+ Bb)In (k + W%) +[(1 + Bb) (@ — 1) + aBe]In (k)

Since the LHS = a + bIn(k + dk) + eln(k), we have the following equations:

(a = (1+8b) (%) + Ba + BbIn(Bb) + Beln(sA)
@b = (1+6b)

@a = 1Z0*D

e = (1+8b)(a—1)+afe

Solve for these four equations, we get the solutions

1 B ) (a-1)p
a = — |lIn(aA(1— + B1n + In(sA
g [meaa =+ om (25 ) + G0 me
1
b = m
d - l-a
a—s
e — a—1
(I—-ap)(1-p)
This gives us the form of value function. Plug these coefficients into F.O.C., we get
Bb - Bb(1—a)—ds -
= AR e+ T AkC
K 1+ 8" LT
_ 1— — _
= apakek 4 CL)(_O‘f *) ake

Therefore, we have our value function and policy function as

v(k,k) = a+bln(k+ dk)+eln(k)
gk, k) = afAE* 'k + (1= ‘2(_0‘5 %) o

with coefficients as defined above.



(b) Imposing consistency condition, we have

G(k) = gk, k) = sAk® = afAE* 'k + (1- 0;)(_6!5 —8)

= (a—s)s=(a—s)af+(1—a)(af —s)
=52 (1+aB)s+af =0
=s1=af and so =1

Ak

Consider the context of this economic problem, obviously only s = af will be a so-
lution to this problem. Consequently the resulting recursive competitive equilibrium
is

= a+bln(k + dk) + eln(k)
, = afAE 'k
G(k) = aBAk”

with coefficients as

_ 1 B (a-1)p
a = 157 ln(aA(l—ﬁ))+ﬂln(1_ﬂ)+ 1 ap In(aBA)
y 1

= 13

1-a

)
e — a—1

- (1-af)(1-p)

Now let’s check whether G(k) solves the central planning problem.
The recursive formulation of central planning problem is

v (l_c) = max In (Al_ﬂo‘ - l_c') + Bu (l_s')

Guess that v (I_c) = a + blnk. Plug into Bellman equation, we have
v (l_c) = n}cz}xln (Al::o‘ — l::') + 05 (a +bln I_c')

F.0.C. is ) ) 85
e — il _l: A_a
el L Tl
Plug back into Bellman equation, we have
v (E) = n}c;}xln (Al_co‘ — I_c') +5 (a + bln E')
_ _ Bb - Bb -
Ink =1In [ Ak® — —— AkK“ In [ —— Ak“
= a+blnk n( k 1160 E*)+pBla+bln 11 6b k
= a4bnk=|(1+A)nA+In(—— ) +fBa+Bbn(-" )| +a(l+ 86 nF
“ - 1+46) "¢ 14407 "
Again since this is an identity, we have
a=(1+8)InA+In( —— )+ ga+Bbln(—20 )
N 1+ Bb 1+ Bb



and
b=a(l+ (b)

Solve for this, we get

a = ﬁ (1_1aﬂlnA+ln(1—aﬁ)+1fﬂaﬁlnaﬁ)
«

1—ap

Therefore, the solution for central planning problem is

Ink

- 1 1
v(k) = ﬂ<1_aﬂlnA+ln(1—aﬂ)+
¥ = aBAk“

af «a
1—aﬂlnaﬂ) + 1-ap

This is the same aggregate state evolution law as in the recursive competitive equi-
librium.

(c) Take derivative with respect to k, we have

9 (kB) = aBAR* "k > go (k. F) = aB (a0 —1) ARk <0

and
- = . - bd e
v(k,k)=a+bln(k—|—dk)—|—eln(k)=>Uz(k,k)=m+i
. a(l —a)(k —k)
= vy (k) = _ _
vz (k. F) (a(1=B)k+(1—a)k) (1 —aB)k
[ >0 ifk>k
=uvy(k,k)q =0 ifk=k
<0 ifk<k

Note that here we do not consider equilibrium behavior, therefore the sign is am-
biguous.

2. Define the function F as F(k,n, k) = Ak*n'~*k?, and then

f(k,n, k) = F(k,n, k) + (1 — 0)k

We will use this notation all through this question.



(a) A sequential competitive equilibrium for this economy is a sequence { R}, w}, cf, ki, 1, n} }s>0
such that
(1)Given { R}, w; }t>0, {¢f, kf 1, nf }t>0 solves the consumer’s problem:

{¢f, kiv1omi hizo = argmax Y Blu(c)
>0
st. ¢+ ki1 = kR +wing
ko given
ng<1l, Vt>0

. Kty
tllm t—+*
—00 Hj:O Rt

(2){k#,1,n} }4>0 solves the firm’s problem:

(kf,ny) = argmax F(ky,ne, ki) + (1 — 0)ky — Riky — wing Vit

kt,my

(3)Market clearing:
labor market: n; =1 Vi

good’s market: ¢; +kj = F(ki, 1,kf)+ (1 =90k Vt

(b) A Recursive Competitive Equilibrium for the economy is a set of functions:

price function : T (E) , W (E)

policy function : k' = g( l_c)

value function : (k I_c)
transition function : k' =G (k)

such that:
(WK =g (k, l_s) and v (k, l_g) solves consumer’s problem:

v(k, k) = maxu(c)+ pu(k', k")

{e,k"}

s.t.

c+ ¥ =7'(l?:)k+'w(l_c)
=G (F)

(2) Price is competitively determined:

T(E) = fl(l_ca
’U)(’:?) = f?(ka

k) = a AR 4 (1 - 6)
k) = (1 — @) Ak

(3) Consistency: . o
G(k) = g(k, k)



(¢) Solve for consumer’s problem in the normal way, we get the Euler equation:

Bu'(cr11)

- Bu' (ct+1) -1
R =1 e P AR 1) =1

u'(ct)

Imposing the equilibrium condition £ = k and n = 1, we get that aggregate con-
sumption in every period is equal to:

Ct = F(]_Ct, 1, ]_Ct) + (1 — (S)Z?t — Et—}-l

Since all agents are identical, in equilibrium it will be the case that ¢ = ¢; for
every t (you can think of this as each individual’s consumption will equal per capita
consumption).

If we substitute this in the individual’s Euler equation we derived above, we get:
Bu'(e)

u'(¢)

(ARt 41-4)=1

Bu'(F (R, 1K) + (1~

)__
S T WERLE (L -0k —F

’; D (@ARot1 41— 5) =1

& Bu'(F(K,1,E) + (1 — 6)F — k") (A1 41— 8) = o/ (F(k,1,k) + (1 — 0)k — ')

which is a second-order difference equation that governs the evolution of the econ-
omy’s aggregates.
The recursive formulation of the planning problem is
v(k) = maxu(c)+ pv (k)
{c.k’}

s.t.
c+k = AT + (1 - 6)k

The Euler equation is

pu’ (@)

u' ()

(Afa+n kT +1-46) =1

If we compare the above Euler equation to the one we found in the competitive
equilibrium case we can see that they are different. Since planner’s problem gives
us the Pareto optimal allocation, the equilibrium in the competitive case cannot be
Pareto optimal. The intuition behind this result is that the firms in the competitive
equilibrium do not internalize the externality in the production, whereas the planner
is able to do so.

A Recursive Competitive Equilibrium for the economy with taxation is a set of
functions:

price function : r(k),w(k)

policy function : k' = g(k, k)

value function : v(k,k)
taxzation function : T(k)

transition function : k' = G(k)



such that:
(K =g (k, l_ﬁ) and v (k, l_c) solves consumer’s problem:

v(k, k) = maxu(c) + pu(K, k)

{c.k"}

s.t.

c+ (1 - 1)K — (1 - 0)k) = R(k)k + w(k) — T(k)
k' = G(k)

where R(k) = r(k) — (1 - 6).
(2) Prices are competitively determined:

rk) = fi(k,1,k) = aAk®T 1 + (1 —9)
wk) = folk,1,k) = (1 —a)AE*™7

(3) Government balances budget in each period:
T(k)=71(K—(1-06)k)
(3) Consistency of transition function:
G (k) = g (k. F)
(f) We can solve for F.O.C. in the normal way as
(1 —7)u' (c) = Bor (K, k')
Envelope condition gives us

vi(k, k) =u'(c)(R(k) + (1 — 7)(1 = §))

The Euler equation is
pu'(crv1) 1
u(e)) 1—71

(RE)+(1-1)(1-46)) =1

In steady state, we have

—— (@A +(1-7)(1-9)) =1

1—71
o adRT = (1- 7 (% e —5)>
o R = ((1” (iA(l‘s)))W

where k7 represents the steady-state aggregate capital stock in economy with taxa-
tion.



From the Euler equation of the planner’s problem we can find the steady state:

1
1 —
e 1 _ Z—144d\o1!

where k° represents the optimal steady-state aggregate capital stock.
Now set k7 = k°, we have

1

atr—1 1
- 1-7)(:-@a-0))\“"" 1_144\am1
K=k = (ﬂ ) (B~ "~

aA (a+7v)A
1—71 1
= =
a o+ 7y
=>T= Y
a—+y

Therefore, for 7 = avTv the competitive equilibrium steady-state aggregate capital
stock the same as the steady-state aggregate capital stock in the planning problem.

(a) A sequential competitive equilibrium for this economy is a sequence { R}, wy, ¢}, k}, 1,1} }+>0
such that
(1)Given { R}, wj }i1>0, {¢f, kf 1, nf }t>0 solves the consumer’s problem:

{c kii1,nitis0 = argmaxz Blu(cy, L — ny)
>0

s.t. ¢t + k?t_|_1 = ktRz( + wZ‘nt

ky given

ne < L WVt
k

lim t+1

t
t—o0 Hj: 0 R’tk
where L is the total endowment of time every period.

(2){k},1,n} }4>0 solves the firm’s problem:

(kf,ny) = argmax F'(ky,ng) + (1 — 8)ky — Riky — wing Vit

kt,mt

(3)Market clearing:
c; + ki, =F(ki,ng)+(1—-0)kf Vt

(b) A recursive competitive equilibrium for the neoclassical growth model with valued
leisure is a set of functions:

price function : v(k),w(k)

policy function : k' = gi(k,k),l = gk, k)
value function : v(k,k)

aggregate state : k' =G(k),l = 1(k)



such that:

(1) Given k' = G(k); k' = gi (k,k), | = g, (k,k) and v (k,k) solve the consumer’s
problem:

v(kE) = maxu(ed+Bv(K.F)
st
ek = r(R)k -+ w(R)(L ~ 1)
F =G

(2) Price is competitively determined:

r(k) = Fy(k,L—1(k))+(1-90)
w(k) = Fy(k,L-I(k))
(3) Consistency:
G (k) i (k, k)
(k) = g (k k)

Solve a typical consumer’s problem
v(k, k) = ?llgl); u(r(k)k +w(k)(L —1) — k',1) + Bu(K' k')

s.t.
¥ = G(k)

We get the F.O.C. as

{1} ui(e,Dw(k) = us(e, 1)
{E'} : ui(e,l) = Bur (K, K

Use the envelope condition
vi(k, k) = ui(c, )r(k)

In this way, we get the optimality conditions:

{} + wilen lw(ky) = ualer, ly)
{kea} : wilenl) = Bur(crrn, livr)r(ker)

Correspondingly, the functional F.O.C. is

{i} + wiler, gi(ke, ke))w(ke) = ua(cs, gi(ks, kr))
{kir1}y o wailer, gike, ko)) = Bur(crrr, gilkegr, kepr))r (G (ke))



where
cr = r(k)ke + w(ke) (L — gi(ke, k) — g (e, ke)

r(k) = Fy(k,L— 1) + (1 — ) = Fi(k, L — gi(k, k) + (1 — 6)
w(k) = Fy(k,L — 1) = Fy(k, L — gi(k, k)

Impose the equilibrium conditions k; = k¢, I; = I3, we have
) wm (Etal_t) F (Z?t,L - l_t) = u (étal_t) (1)
{kir1} s wa (@, 1) = Bur (g1, lig1) (FL (B, L—1) + (1—6)) (2)
where
& =F (b, L—1;) ke + (1 —08) by + Fo (ke, L — 1) (L —1t) — kyya
=F (kt, L —1I;) + (1 = 8) ks — kg (3)

which are identical to the first-order conditions associated with the planning problem
for this economy.

(d) Now we have to solve explicitly for the steady state values given the following func-
tional forms:

f(l_c,ﬁ) S A +(1 - (5)12 and wu(e,l) = Alog(c) + (1 — A) log(l)
F(k,n)

Let k,  and ¢ be the steady state values of capital, leisure and consumption, replacing
these values and the functional forms in egs.(1), (2) and (3) we get:

%(l—a)Ea(L—l_)*a _ 1;_A @

2 = R (L - D 41— 0) (5)

¢=kYL -1 -0k (6)
Defining C = (8~! + 8 — 1)/a, these equations imply that the steady state values
are,

Lo LA1- a)Ce/(@=1)
CC(l—aX) +6(A—1)

and then

[=L-C'0=

A final comment: in problems 2 and 3, we could have used instead the following consumer’s
budget constraint and firm’s objective function,

BC: et + Kip1 = re Ky + weng + (1 — 5)Kt

ObJ maXx AK?ntliaKt’y — Tth — Wnyg

This formulation is also correct and delivers the same sequential competitive equilibrium
(and thus if you used it you are going to receive full score too), but the one used in this
solution is more consistent with the way in which the setups in problems 2 and 3 are
described.



