Econ 510a (second half)
Yale University

Fall 2006

Prof. Tony Smith

HOMEWORK #4

This homework assignment is due at 5PM on Friday, December 1 in Marniz Amand’s mailboz.

1. Consider a two-period exchange economy with two types of consumers of equal measure.
Each consumer maximizes u(ch) + BE[u(c})], where ¢}, i = 1,2, is the consumption of a
type-i consumer in period ¢. In period 0, type-i consumers are endowed with w{ units
of the (nonstorable) consumption good. Endowments in period 1 are random: with
probability 7;, j = 1,2, a type-i consumer receives WL’ units of the consumption good
in period 1. In period 0, consumers trade Arrow securities whose payoffs depend on
the state of the world in period 1.

(a) Carefully define a competitive equilibrium for this economy. Are markets com-
plete? Explain why or why not.

(b) Suppose that wy = w11 = wya, where @y = Z?Zl wp and @wy; = Zle wzij. Prove
an aggregation theorem for this economy: that is, show that redistributions of
the period-0 endowments do not affect the equilibrium prices of the Arrow securi-
ties. (Note that a redistribution leaves the aggregate endowment unchanged.) In
addition, characterize the equilibrium consumption allocation as much as possible.

(c) Now suppose that wy # w11 # wia. Prove an aggregation theorem for this economy
under the assumption that u has a constant elasticity of intertemporal substitution
equal to o1, In addition, characterize the equilibrium consumption allocation as

much as possible.

(d) Now suppose that in period 0 consumers cannot trade Arrow securities but instead
can trade only a riskfree bond (i.e., a sure claim to one unit of the consumption
good in period 1). Carefully define a competitive equilibrium for this economy.

(e) For the economy in part (d), set wh = Wi, wi; = Wi, wiy = W, and T = T = 1/2,
but do not assume a functional form for u. Find the equilibrium consumption
allocation and the equilibrium bond price. How does the bond price compare to
the one in part (c¢)? Explain.

Solution (a) As full set of Arrow securities are traded, markets are complete. A competitive
equilibrium for this economy is defined by {cf, ¢}, ¢;, a}}ij=1,2 where



(1)For each 4, {cf, c};, a%}j—1 solve

max u(co) + BE[u(c})]

c’ij :a§+w§j 7=12
(2) market clearing:
good market: cj + ¢§ = wy + w§ and ¢j; = wi; + wy; for j = 1,2.
asset market: aj +aj =0 for j =1,2.

We assume here that aggregate endowment is constant across time and states :
W = 1wy = w11 = wi2. The FOCs for the consumer i’s problem are:

al  —u'(ch)q + pmu’(chy) =0
ay : —u'(cy)qz + B’ (¢ly) = 0
and then
prju’(ci;)
1 = I 7 =1,2
( ) QJ U/(Cé) or 1,7 ’
But using the concavity of u, we get that i,((cjij)) = 1fori,j7 =1,2. In fact, suppose
0

there is some j for which
u/(C%j> UI(C%j)
w(cy)  w(cf)

Then, given the concavity of w, it would imply that c%j < ¢} and C%j < ¢, and

> 1

thus at equilibrium we would have,
_ 1 2 1,2 -
Wyj = ¢y + ¢y < ¢+ ¢y = W

which is a contradiction (given that aggregate endowments are equal). Therefore
the Arrow securities prices are defined by

qg; = pr; for j=1,2

and so they are in fact independent of individual endowments.



(c) Now aggregate endowments are not equal but the felicity function is a CES.

Replacing this functional form in equation (1) obtained in part (a) we get that

_ Brjler)™” _ Byled) "

q~ = — =
T () ( 6)”
then, the second equality implies that = = Cch for 7 = 1,2. Imposing the
equilibrium conditions in this equality, we Jget that for each j
- 2 2
Wo — 0 2 Wo o
(2) a2 a2 = Q=0

Replacing this in the equation for the Arrow securities prices we get that
g = T (w_)
Do) T \wy

and thus the Arrow securities prices only depend on the aggregate endowment.
Also, using (2) and the FOCs we get

Now there are no Arrow securities available, consumers can only trade a risk free
bond. A competitive equilibrium for this economy is composed of {cf, ¢} i a'}ije12
where

(1)For each i, {cf, ¢};, a'} =12 solve
max u(co) + BE[u(c})]

s.t. ¢y +qa’ = w,

cﬁj:ai—kwij 7=12

(2) market clearing:

good market: ¢y + ¢§ = wj +w§ and cf; = wy; +wi; for j =1,2.

asset market: a' +a? =0 for j =1, 2.

We now have an economy as the one in part (d) with no functional form for u
and where w} = wi = wy, wi; = wi = wy, wi, = W = wy and T = T = 0.5.
The consumer i’s FOC is given by:

, 1 , 1 .
a;: —u'(cp)q+ 551/(0111) + 551/(0112) =0



which implies

“/(Czﬁ) + UI(Ciz)
2u'(cp)

(3) q=p

Given the symmetry in endowments and probabilities, we make the following
guess:

1 _ 2 _ 1 _ 2 1 _

First, plugging this guess in the budget constraints, we get that a! = a? = 0.
Then, we need that c}; = ¢2, = wy and ¢}, = ¢, = ws (ie, everybody consumes
his own endowment). Finally we also need both FOCs to be satisfied, and thus,
we need the RHS of (3) to be independent of i. Replacing our guess in (3) we get

u'(wy) + ' (wy)
2u/ (wp)

fori=1, 3)=q=0

and
u' (wsy) + ' (wy)

2u/ (wo)

and thus the FOCs are satisfied. Summarizing, we have that the equilibrium

fori=2, 3)=q=0

allocations are
1 2 _ _ 1 _ _
Cp=Cy =Wy, €] =Cp=w and cjy=c]; =Wy

and the bond price is given by

u (wq) + u/(wy)

4= 2u/ (wy)

and thus it is the sum of the Arrow securities prices found in part (c), using the
fact that m = m = 0.5 (no arbitrage condition!).

2. Consider an exchange economy with two (types of) consumers. Type-A consumers
comprise fraction A of the economy’s population and type-B consumers comprise frac-
tion 1 — X\ of the economy’s population. Each consumer has (constant) endowment w
in each period. A consumer of type i has preferences over consumption streams of the
form "7, At u(cy). Assume that 1 > 34 > B > 0: type-A consumers are more patient
than type-B consumers. Consumers trade a one-period riskfree bond in each period
There is no restriction on borrowing except for a no-Ponzi-game condition. Assume
that each consumer has zero bonds in period 0.

(a) Carefully define a sequential competitive equilibrium for this economy.



(b) Show that this economy has no steady state: in particular, show that the type-B
consumers become poorer and poorer over time and consume zero in the limit.

Solution (a) A sequential competitive equilibrium for the economy {u4,up,w}, is a sequence
{ci Yoo {0; t+1}t o0 14 }i2y (where ¢ means price of Arrow security) for i = A, B such
that

(1) Fori = A, B,

oo
{C:t> bé‘,t+1 }zo = argmax Z 5;“ (cit)
s.t.
Cit + @ bipy1 =biy +w

t
tlifglobi,t+1 (H%) >0
=0
bio=0,ci >0

(2) My + (1 =N =w fort=0,1,2...
(3) Ably sy + (1= A)bp, =0 fort=0,1,2...

(b) To solve this problem, we first get Euler equation. We have

xS B (e)

{eitbier1}iZ0 45

s.t.

Cit + qrbig1 = by +w

t
tliglobi,tﬂ (H%) >0
J=0
bio=0,ci >0

If we substitute in for ¢;; from the budget constraint we have:

t *
E bit+ +w —q/b;
{bs, r+1}t 0 6 ! % 7t+1>

By taking the derivative w.r.t. b; 41, we get the Euler equation:

ﬁiUI /(Cz',t—l-l) _ :
u (cit)



or equivalently,
' (cat1) _ BU/ (cBt+1)
uw (cat) u (cpy)

fBa

Now we can see that ¢;4+1 # ¢ (Vi,Vt). Suppose not, without loss of generality
let casr1 = cay. By feasibility condition, we know that cp:y1 = cp. Plug into the
equation we get B4 = (g, a contradiction. As a result, there cannot be any steady
state in this economy.

We start to prove the convergence property of consumption path. First, we want to
show that {ca}roy ({¢Bt}oy) is an increasing (decreasing) sequence. We already know
that casr1 # car (V). Now suppose that cas11 < cay for some t. By the feasibility
condition, we know that cp ;11 > cp,. From the strict concavity of felicity function, we

have
/ !
u /(CA,t-i—l) > 1> (4 ,(CB,t—H)
u (CA,t) u (CB,t)
! !
= g /(CA,t+1) U /(CB,t-&-l)
u' (ca) u' (cpt)

which contradicts Euler equation.

Since bounded monotone sequence has a limit, we have ¢4y — ¢ for t — oco. But we
have shown that the economy has no steady state, so c4; can converge to nowhere but

the boundary, i.e. ¢y — w and cg; — 0.

Alternatively some of you suggested doing the following:
From the first-order condition it will be the case that:

W (cpo) o (ca) (5_3 )

u' (cap) v (cpy) Ba

If we take the limit on both sides we have:

! ! t
lim w (cpo) W (car) = lim ﬂ—B &
t=ootu/ (cap) U (Cht) t=o0 \ fa
/ !/
v (cpyp) i (cat) 0
u (cap)t—ou (cpy)
since UIEZB’(); is a constant and G < B4. Therefore we conclude that:
A,0

lim —u’ (CA’t)

=0
t—oou/ (cpyt)



Solution

1.

For the above equation to hold it must be the case that either tlim u' (car) = 0 or that
tlim v (cpt) = oo (or both). The first case is impossible however, since that would
imply that tlim cat = 00, but we know that c4, is bounded by the total aggregate

endowment. Therefore, 1tlirn u (cpr) = 00 & 1tlim cgt+ = 0 (Inada condition).
— 00 — 00

. Consider an exchange economy with two infinitely-lived consumers with identical pref-

erences given by:
E (Z B log<ct>> :
t=0

Both of the consumers have random endowments that depend on an (exogenous) se-
quence of state variables {s;}:2,. The s,’s are statistically independent random vari-
ables with identical probability distributions. Specifically, for each ¢, s, = H with
probability m and s; = L with probability 1 — 7, where 7 does not depend on time or
on the previous realization of states. If s, = H, then the first consumer’s endowment
is 2 and the second consumer’s endowment is 1; if s; = L, then the first consumer’s
endowment is 1 and the second consumer’s endowment is 0. Markets are complete.

a) Carefully define a competitive equilibrium with date-0 trading for this economy.

y g Y

(Assume that consumers make decisions before observing the realization of the
state in period 0.)

(b) Determine the competitive equilibrium allocation in terms of primitives.
(c) Determine the prices of the Arrow securities in terms of primitives.

(d) Use your answer from part (c) to determine the average rate of return on a (one-
period) riskfree bond in this economy.

A Competitive Equilibrium with date-0 trading for this economy is a vector of prices
{p;},~, and a vector of quantities {Ci,j}zo for j = 1,2 and 7 = H, L such that

(1) {Ci,j}zo for solves

maXZﬁt [ﬁlog(c;H) +(1 - W)ZOQ(C;LH
=0

s.t.z Z pt,jci,j = Z Z ptij;j

t=0 j=H,L t=0 j=H,L



(2) Markets clear
D =D v
i=1,2 i=1,2
2. Agents 1 and 2 have expected incomes each period of resp. 7 + 1 and 7, with ex-
pected endowment at 2m + 1. Ex ante, they will split actual aggregate consumption
proportionably to their ratio of expected endowments:

= =1— = c? =1
H or+1  F or+1 " or+1  F o+ 1

1_37r+1 1 T+ 1 9 T 9 T

3. Write down the FOCs for the sequential trading problem. Notice that there a four
prices to be found (2 Arrow securities are for sale in each state).

If today is H
pag =70 pr=3(1-m7)p

If today is L
pg =1/3B1 pL=(1-p)n

4. An intuitive answer is ...1/8 ! If you want to go through the whole algebra, you can.
The price of a risk-free bond in each state is the price of two arrow securities. Then
by computing the average, you find the average riskless (gross) return.

4. Read the following writings by Robert E. Lucas, Jr. on the methodology of modern
macroeconomics:
(a) “What Economists Do” (available on the course web site).

(b) “Methods and Problems in Business Cycle Theory” (available on the course web
site).
(c) Sections 1-4 and 6-7 of “Econometric Policy Evaluation: A Critique” (handed

out in lecture).

Solution Do it !



