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1. (a) A sequential competitive equilibrium for the economy is a sequence {cf,a;, ¢} }i>0
such that

(1) {c¢f,a;f}i>0 solves the consumer’s problem:

_ l1-0 _
maxz ,Bt (Ct )\Ct—l) 1

1—0
>0

st. ¢+ q;*atﬂ = ws + ag Vi >0

t
J— . 3 >'.<
ay=0, nPg: tlg&atﬂ qu >0
=0
(2)markets clearing

Assets market: af =0 Vt > 0.
Goods market: ¢f =w; Vt > 0.

(b) The dynamic programming problem faced by the consumer is (under the conjecture
of ¢ = q Vit):
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(c) Let’s derive the Euler equation for the consumer’s problem. Let u(cy, ;1) = (ee=Aer=1) 771

then the FOC with respect to az41 is: v 7
w1 (ct, 1) + Boa(arr, e, gwi)q = Boi(assr, cr, gwr) (1)
and the envelope conditions,
at : vi(ag, ci—1,wy) = ur(cs, ce—1) + Bva(as1, ¢, gwe) (2)
c—1:  valay, cp—1,w) = us(cy, ct-1) 3)
Egs. (2) and (3) imply
v1(ag, ct—1,wy) = ui(et, ci—1) + Puz(crir, ct) (4)
and finally, replacing eqs. (3) and (4) in (1), we get the following Euler eq.
ur(ct, ct-1)q + Baua(cry1, a) = Bui(crr, ¢r) + ﬂ2u2(Ct+27 Ct+1) (5)

and using the particular functional form for u we get

q (et = Acr—1)77 = BA(ct41 — Act) %) = Blers — Aer) ™7 + B2 A(cra2 — Acps1) ™



(d)

From the Euler eq. we get that
_ Bletrr — Aet) ™7 + B2M(er+2 — Ac1) ™7
(et = Acg—1)77 = BA(cq1 — Ae)™°

Now, in equilibrium we must have ¢; = wy, imposing this in (6) we get that the
equilibrium bond price is

(6)

‘= Blgwitr — Aw) ™7 + BENgPwigo — Agwip1) ™ _ By
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which is in fact independent of t, thus our conjecture was correct. The effects of the
different parameters are:

1T B =1 q: more patience will lead to a higher demand for savings, and thus to a
higher bond price.

1 g =} q: the higher the rate of growth of endowment, the less the need for savings,
the lower the asset price.

1 o =] ¢: the higher the coefficient of risk aversion, the lower the bond price.

Changes in A\ does not affect ¢, this is only due to the special utility function used
here.

Yes, markets are complete in this economy. As the number if linearly independent
d,

— 2
1 dy ] = R“, agents

returns is equal to the number of possible states, ie, span[
are able to trade in all goods independently.

A competitive equilibrium for this economy if composed by {co,cF, ¢, ¢ ¢/, s,a}
such that,
(1){co,cF, et s,a} solve
max u(co) + B(ru(ct) + (1 — m)u(cl))
st ¢+ qtrees + qrfa =1+ qtree

c{{ =a+dgs

cf =a+dps
where a are the holdings of the risk free bond, and s, the holdings of trees.

(2) market clearing;:
good market: ¢cg =1 and ¢} =d; fori =L, H.
asset market: s =1 and a = 0.

The FOCs of the consumer problem are:
st —u(co)q" + B! (ef )dy + (1 — m)u! (cF)dp = 0 (1)
a: —u'(co)qd"’ + B () + B(1 — m)u' () = 0 (2)
Using the clearing market conditions of the good market we get:

giree = Bmu(dn)du + B(1 — m)u'(dy)dy

1n = (1)

and

it = Bru'(dr) + B(1 — m)u'(dr)

@ = w(1)



(c) Now the market for trees is shut down, and thus markets are no longer complete. So
a competitive equilibrium for this economy is {co, clL, cfl ,q,a} such that

(1){co,cF, et a} solve
maxu(co) + B(rulcl) + (1 — m)u(ch))
st. cg+qa=1
c{{ =a+dg
c{‘ =a+dg,

(2) market clearing: _
good market: co =1and ¢} =d; fori =L, H.
asset market: a = 0.

The FOC of the consumer problem is:
a: —u'(c)g+ Bru' () + (1 —m)u' () =0
and using the equilibrium conditions we get

¢ = Bru’(dr) + B(1 — m)u'(dr)
u/(1)

which is exactly the price of the risk bond, ¢"/, obtained in part (b). Usually prices
change when going from complete to incomplete markets, but as here (and in last
part) no assets are actually trade in equilibrium, the prices needed to induce this
absence of trade, are the same.

(a) As full set of Arrow securities are traded, markets are complete. A competitive
equilibrium for this economy is defined by {cf, ¢! o qj,a;-}i,j:m where

(1)For each 1, {cf),czij,a;'-}j:lg solve

max u(cp) + BE[u(ct)]

2
s.t. cf) + Z qjaé- = wé
j=1
dj=d +wl; j=1,2
(2) market clearing:
good market: ¢§ + 2 = w§ + w? and c%j = w%j + w%j for j =1,2.
asset market: a} + a? =0forj=1,2.
(b) We assume here that aggregate endowment is constant across time and states : W =
wo = w11 = wi2. The FOCs for the consumer i’s problem are:

ail - u'(cf))ql + ﬂmu'(cin) =0
aly i —u'(ch)qa + B/ (cly) =0
and then ,
miu'(c
fmjid () for i,j=1,2 (1)



ul(cqij)
u'(ch)
U'(C%j) _ UI(C%j)
w(cy)  u'(cp)
Then, given the concavity of u, it would imply that c%j < c(l) and c%j < cg, and thus
at equilibrium we would have,

But using the concavity of u, we get that

=1 for i,j = 1,2. In fact, suppose
there is some j for which

W1 =c%j+c%j <c(1)—|—c(2) = Wy
which is a contradiction (given that aggregate endowments are equal). Therefore the
Arrow securities prices are defined by
q; = ﬂﬂ'j for ] = 1,2

and so they are in fact independent of individual endowments.

Now aggregate endowments are not equal but the felicity function is a CES. Replacing
this functional form in equation (1) obtained in part (a) we get that

¢ = Brj(cl;) 7 B pri(ci;) 7
j = = -
()™ (c5)™
1 2
then, the second equality implies that —- = 2 for j = 1,2. Imposing the equilibrium

1j 1j
conditions in this equality, we get that for each j
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Replacing this in the equation for the Arrow securities prices we get that
¢ = Bri(cl;) 7 B (u‘Jo )U
§ = Twg 2\ P\ ="
(@et) W1,

and thus the Arrow securities prices only depend on the aggregate endowment. Also,
using (2) and the FOCs we get

Now there are no Arrow securities available, consumers can only trade a risk free
bond. A competitive equilibrium for this economy is composed of {c}, ¢ 245 a'}ij—1,2
where

(1)For each i, {cj, cj;,a'}j=1,2 solve

max u(cg) + BE[u(ch)]
s.t. cf) +qa' = w(i)
cij =ai—|—w’ij j=1,2

(2) market clearing:
good market: ¢§ + c2 = w§ +w and c%j = w%j + w%j for j =1,2.
asset market: a' +a% =0 for j = 1,2.



(e) We now have an economy as the one in part (d) with no functional form for v and
1_ 2 1 _ 2 — 12— - —
where wy = wj = wg, wy; = Wiy, = Wi, Wiy, = wi; = we and m = w2 = 0.5. The

consumer i’s FOC is given by:
. red 1 U 1 redoN
a; :  —u(cp)g+ §5U (c11) + §ﬂu (cl2) =0
which implies ' ‘
ul(czll) + 1.1”(6112) (3)
20/(c)

Given the symmetry in endowments and probabilities, we make the following guess:

q=27

C(l) = C% =wo, ¢ =cfp and ¢ =cf
First, plugging this guess in the budget constraints, we get that a' = a? = 0. Then,
we need that ¢}, = 2, = wy and ¢}, = ¢, = ws (ie, everybody consumes his own
endowment). Finally we also need both FOCs to be satisfied, and thus, we need the
RHS of (3) to be independent of i. Replacing our guess in (3) we get

for i =1, (3) éq:ﬂu’(wl)‘i‘u’(’uﬂ)

2u (wp)
. ) + ()
. u(w2) + u (W
ori=2 () %q=
and thus the FOCs are satisfied. Summarizing, we have that the equilibrium alloca-
tions are

1_ 2 1 2 1 2
cp=Cp=wp, €] =C¢cC]p=w; and cjy=c]] =ws

and the bond price is given by

u'(we) + u'(wq)
2u'(wo)

q=2_

and thus it is the sum of the Arrow securities prices found in part (c), using the fact
that m = w9 = 0.5 (no arbitrage condition!).



