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Question 1

a) The problem of the new generation when they’re born at time t can be written as:

max u(cit) + Bu(Ca1)
{Cit,.Cat+1.,5t}

s.t.

Wt(l—‘L') = Cq1t + St

Cot+1 = Rer1St + Wi
We substitute in for cqt and ¢4 and take the f.0.c. w.r.t. s:
—u'(Wi(1-17) —st) + Bu’'(R1St + TWii1)Rr = 0

Assuming that prices are competitively determined, that we have log utility, that s; = K1
and that f(k.1) = k3n'-2, we have (after normalizing n = 1):
_ 1 n pak i

(I-7)(1-a)kf —ku1  akiikes +7(1—a)kd,

Bakii(1-1)(1 - a)k? - fakiikus = (a+ (1 -a)ky;

pakii(l-1)(1-a)k? - paky, = (a+7(l-a)ki; &
pakii(l-7)(1-a)k? = (fa+a+z(l-a)ki,

(Pa+a+t(l-a)kys = pa(l-7)(1-a)k} <

Ker — pa(l-7)(1-a) ka
"I Bata+r(l-a)

and thus the steady state level of capital is:

?f (ﬂa(l—r)(l—a) )ﬁ

“\para+r(l-a)

b) If there was no social security (z = 0), then the law of motion would be given by:



kt+1 = _ﬂ(l — a) k?

and the steady state is equal to :

[N
-

—a

- (4

We need to show that:

pal-7)1-a) _ pd-a)
(Pa+a+t(l-a)) 1+p

a(l-1) 1
Bata+rt(l-a)y ~1+p °

al-7)(1+p) < pa+a+7(l—-a) &
a+af-ra-raf< fa+a+r—-ra <

—-taf <t
which is true since 0 < 7,3, < 1.
¢) In a world with full depreciation the golden rule level of capital (in the steady state) is

given by:
max f(k) -k = f' (k) =1
I3

A steady state is therefore dynamically efficient if:

f(k)>1e

ak®'>1

Setting 7 = 0 and substituting in for the steady state level of capital we found in part a), we
have:

TN 1+ 1 74 7
P =aq—p = 23m.33 —9 <!

and therefore for these parameter values the steady state is not dynamically efficient.

d) We need:



pa+a+r(l-a)

Cd-ni-a

1 @A)+ A8+ 13
4 GIAE)(L-1)34)

@M +1+3c

(314)(1 - 7)(3/4)

%+l+31=%(1—1’)©
%+3T=%—%T¢>
dr-1o

Thus by setting 7 = 2—21 the government can push the economy to the golden rule level of

capital, which is dynamically efficient.

Question 2

a) If we multiply both sides of the government budget constraint by p:, we get:

PtTt + PtQibt = Pibt + Pige

which holds for every t. Therefore if we sum up over all t’s we have:

o0

Z PtTt + Z PeOiby1 = Z pibr + Z Ptgt
t=0

t=0 t=0 t=0

Using the fact that p:q: = pwa (no-arbitrage condition), the above equation becomes:

Z Pttt + Z Ptr1ba = Z pibe + Z PtQt
t=0 t=0 t=0 t=0

Finally, since b = 0, it will be the case that Z:e Pt1bta = Zzo pib¢ (notice that the only
difference between the two sums is that the first sum starts from p1b;, whereas the second also
includes pobo. But since by = 0, the sums are equal). Therefore we get:

Z ptzt = Z PtQt
t=0 t=0

b) Substituting in the that in equilibrium there is no excess demand for government debt

(at = by for all t), we can write consumer’s lifetime budget constraint as:



Z ptCt + Z Ptk + Z Piqibea = Z pe(re + 1 —d)ke + Z PtWt + Z pib + Z PtTt
t=0 =0 t=0 t=0 t=0 t=0 t=0

Again using the no-arbitrage condition piq: = pt1 We can write:

Z ptCt + Z Ptk + Z P1btr = Z pe(re + 1 — 8)ke + Z ptwt + Z pibt + Z Pttt
t=0 =0 t=0 t=0 =0 =0 t=0

As we saw however in part a), it is the case that Zio Ptr1b1 = Zio pibt, so the two
cancel out:

Z PtCt + Z Ptk = Z pe(re + 1 — o)k + Z Ptwi + Z Pty
=0 0 t=0 =0 =0

Finally substituting in for Zio p:zt+ from the government consolidated budget constraint
which we derived in part a), we have:

Z pt(Ct + kt+1 + gt) = Z pt((rt +1- 5)kt + Wt)
t=0 t=0

Thus the way in which the government finances its expenditure stream is irrelevant to the
consumer’s optimization problem. This is an important result and it implies that for example a
tax cut is unable to boost consumer demand.

Note: The arbitrage condition condition p:q: = pt1 sSimply says that the price of the bond
of bond today (q:) is equal to what it pays next period relative to today (% - 1). If the price
was anything different and the inequality didn’t hold, then there would be room fo arbitrage,
since the either the bond would be too cheap compared to what it is really worth, or too
expensive.



