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Chapter 1

Simple Representative Agent
Models

This chapter deals with the most simple kind of macroeconomic model,
which abstracts from all issues of heterogeneity and distribution among
economic agents. Here, we study an economy consisting of a represen-
tative firm and a representative consumer. As we will show, this is
equivalent, under some circumstances, to studying an economy with
many identical firms and many identical consumers. Here, as in all the
models we will study, economic agents optimize, i.e. they maximize
some objective subject to the constraints they face. The preferences of
consumers, the technology available to firms, and the endowments of
resources available to consumers and firms, combined with optimizing
behavior and some notion of equilibrium, allow us to use the model to
make predictions. Here, the equilibrium concept we will use is competi-
tive equilibrium, i.e. all economic agents are assumed to be price-takers.

1.1 A Static Model

1.1.1 Preferences, endowments, and technology

There is one period and N consumers, who each have preferences given
by the utility function u(c, ), where ¢ is consumption and /¢ is leisure.
Here, u(-, -) is strictly increasing in each argument, strictly concave, and
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2 CHAPTER 1. SIMPLE REPRESENTATIVE AGENT MODELS

twice differentiable. Also, assume that lim. .o ui(c,¢) = oo, £ > 0, and
limy_g us(c, £) = oo, ¢ > 0. Here, w;(c, ) is the partial derivative with
respect to argument ¢ of u(c, £). Each consumer is endowed with one
unit of time, which can be allocated between work and leisure. Each
consumer also owns % units of capital, which can be rented to firms.
There are M firms, which each have a technology for producing

consumption goods according to

Y= zf(k:,n),

where y is output, k is the capital input, n is the labor input, and z is
a parameter representing total factor productivity. Here, the function
f(-,+) is strictly increasing in both arguments, strictly quasiconcave,
twice differentiable, and homogeneous of degree one. That is, produc-
tion is constant returns to scale, so that

Ay = zf(Ak, An), (1.1)

for A > 0. Also, assume that limg_¢ f1(k,n) = 0o, limg_o f1(k,n) =0,
lim,, ¢ fo(k,n) = 0o, and lim,, . fo(k,n) = 0.

1.1.2 Optimization

In a competitive equilibrium, we can at most determine all relative
prices, so the price of one good can arbitrarily be set to 1 with no loss of
generality. We call this good the numeraire. We will follow convention
here by treating the consumption good as the numeraire. There are
markets in three objects, consumption, leisure, and the rental services
of capital. The price of leisure in units of consumption is w, and the
rental rate on capital (again, in units of consumption) is 7.

Consumer’s Problem

Each consumer treats w as being fixed, and maximizes utility subject
to his/her constraints. That is, each solves

Bzl d)



1.1. A STATIC MODEL 3

subject to
c<w(l—120)+rks (1.2)
ko
<k, <— 1.
0< k< (1.3)
0</r<1 (1.4)
c>0 (1.5)

Here, k; is the quantity of capital that the consumer rents to firms, (1.2)
is the budget constraint, (1.3) states that the quantity of capital rented
must be positive and cannot exceed what the consumer is endowed
with, (1.4) is a similar condition for leisure, and (1.5) is a nonnegativity
constraint on consumption.

Now, given that utility is increasing in consumption (more is pre-
ferred to less), we must have k, = %, and (1.2) will hold with equality.
Our restrictions on the utility function assure that the nonnegativity
constraints on consumption and leisure will not be binding, and in equi-
librium we will never have ¢ = 1, as then nothing would be produced,
so we can safely ignore this case. The optimization problem for the con-
sumer is therefore much simplified, and we can write down the following
Lagrangian for the problem.

Ezu(c,€)+u(w+r%—w€—0),

where p is a Lagrange multiplier. Our restrictions on the utility func-
tion assure that there is a unique optimum which is characterized by
the following first-order conditions.

oL

5o~ n=0

oL _

_af_U2 Hw =
oL ko -
a—yj—’w‘FT‘N—U)E—C—O

Here, u; is the partial derivative of u(-,-) with respect to argument i.
The above first-order conditions can be used to solve out for p and ¢
to obtain

k k
wug (w + TNO —wl, l) — ug(w + TNO —wl,l) =0, (1.6)
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which solves for the desired quantity of leisure, ¢, in terms of w, r, and
% Equation (1.6) can be rewritten as
U2
= = w,
U1
i.e. the marginal rate of substitution of leisure for consumption equals
the wage rate. Diagrammatically, in Figure 1.1, the consumer’s budget
constraint is ABD, and he/she maximizes utility at E, where the budget
constraint, which has slope —w, is tangent to the highest indifference
curve, where an indifference curve has slope —%f.

Firm’s Problem

Each firm chooses inputs of labor and capital to maximize profits, treat-
ing w and r as being fixed. That is, a firm solves

max|zf(k,n) — rk —wn),
and the first-order conditions for an optimum are the marginal product
conditions

2f1 =, (1.7)
z2fy = w, (1.8)

where f; denotes the partial derivative of f(-,-) with respect to argu-
ment 7. Now, given that the function f(-,-) is homogeneous of degree
one, Euler’s law holds. That is, differentiating (1.1) with respect to A,
and setting A = 1, we get

z2f(k,n) = zfik + z fon. (1.9)

Equations (1.7), (1.8), and (1.9) then imply that maximized profits
equal zero. This has two important consequences. The first is that we
do not need to be concerned with how the firm’s profits are distributed
(through shares owned by consumers, for example). Secondly, suppose
k* and n* are optimal choices for the factor inputs, then we must have

zf(k,n) —rk —wn =20 (1.10)
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Fioure 1.1

Figure 1.1:
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for k = k* and n = n*. But, since (1.10) also holds for k¥ = \k* and
n = An* for any A > 0, due to the constant returns to scale assumption,
the optimal scale of operation of the firm is indeterminate. It therefore
makes no difference for our analysis to simply consider the case M =1
(a single, representative firm), as the number of firms will be irrelevant
for determining the competitive equilibrium.

1.1.3 Competitive Equilibrium

A competitive equilibrium is a set of quantities, ¢, £, n, k, and prices
w and 7, which satisfy the following properties.

1. Each consumer chooses ¢ and ¢ optimally given w and r.
2. The representative firm chooses n and k optimally given w and r.

3. Markets clear.

Here, there are three markets: the labor market, the market for
consumption goods, and the market for rental services of capital. In a
competitive equilibrium, given (3), the following conditions then hold.

N1-¥¢)=n (1.11)
y= Nc (1.12)
ko = k (1.13)

That is, supply equals demand in each market given prices. Now, the
total value of excess demand across markets is

Ne—y+wn—NA—-20)]+r(k— k),

but from the consumer’s budget constraint, and the fact that profit
maximization implies zero profits, we have

Ne—y+wn—N(1—20)]+r(k—ky) =0. (1.14)

Note that (1.14) would hold even if profits were not zero, and were dis-
tributed lump-sum to consumers. But now, if any 2 of (1.11), (1.12),
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and (1.13) hold, then (1.14) implies that the third market-clearing con-
dition holds. Equation (1.14) is simply Walras’ law for this model.
Walras’ law states that the value of excess demand across markets is
always zero, and this then implies that, if there are M markets and
M — 1 of those markets are in equilibrium, then the additional mar-
ket is also in equilibrium. We can therefore drop one market-clearing
condition in determining competitive equilibrium prices and quantities.
Here, we eliminate (1.12).

The competitive equilibrium is then the solution to (1.6), (1.7),
(1.8), (1.11), and (1.13). These are five equations in the five unknowns
¢, n, k, w, and r, and we can solve for ¢ using the consumer’s budget
constraint. It should be apparent here that the number of consumers,
N, is virtually irrelevant to the equilibrium solution, so for convenience
we can set N = 1, and simply analyze an economy with a single repre-
sentative consumer. Competitive equilibrium might seem inappropriate
when there is one consumer and one firm, but as we have shown, in this
context our results would not be any different if there were many firms
and many consumers. We can substitute in equation (1.6) to obtain an
equation which solves for equilibrium ¢.

2 fa(ko, 1 — O)uy (2 f(ko, 1 —€),€) —ua(zf(ko, 1 —€),£) =0  (1.15)

Given the solution for ¢, we then substitute in the following equations
to obtain solutions for r, w, n, k, and c.

2filko, 1 — ) =7 (1.16)
2 falko, 1 — 0) = w (1.17)
n=1-1(
k= ko
= 2f(ko, 1 — 1) (1.18)

It is not immediately apparent that the competitive equilibrium exists
and is unique, but we will show this later.
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1.1.4 Pareto Optimality

A Pareto optimum, generally, is defined to be some allocation (an al-
location being a production plan and a distribution of goods across
economic agents) such that there is no other allocation which some
agents strictly prefer which does not make any agents worse off. Here,
since we have a single agent, we do not have to worry about the allo-
cation of goods across agents. It helps to think in terms of a fictitious
social planner who can dictate inputs to production by the representa-
tive firm, can force the consumer to supply the appropriate quantity of
labor, and then distributes consumption goods to the consumer, all in a
way that makes the consumer as well off as possible. The social planner
determines a Pareto optimum by solving the following problem.

max u(c, {)

ct

subject to
c=zf(ko,1—1) (1.19)

Given the restrictions on the utility function, we can simply substitute
using the constraint in the objective function, and differentiate with
respect to £ to obtain the following first-order condition for an optimum.

ng(k’o, 1-— E)ul[zf(k'o, 1— g), g] — UQ[Zf(k‘o, 1-— 6), f] =0 (120)

Note that (1.15) and (1.20) are identical, and the solution we get for

¢ from the social planner’s problem by substituting in the constraint

will yield the same solution as from (1.18). That is, the competitive

equilibrium and the Pareto optimum are identical here. Further, since

u(+, ) is strictly concave and f(-,-) is strictly quasiconcave, there is a

unique Pareto optimum, and the competitive equilibrium is also unique.
Note that we can rewrite (1.20) as

where the left side of the equation is the marginal rate of transforma-
tion, and the right side is the marginal rate of substitution of consump-
tion for leisure. In Figure 1.2, AB is equation (1.19) and the Pareto
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optimum is at D, where the highest indifference curve is tangent to
the production possibilities frontier. In a competitive equilibrium, the
representative consumer faces budget constraint AFG and maximizes
at point D where the slope of the budget line, —w, is equal to —%f.

In more general settings, it is true under some restrictions that the
following hold.

1. A competitive equilibrium is Pareto optimal (First Welfare The-
orem,).

2. Any Pareto optimum can be supported as a competitive equilib-
rium with an appropriate choice of endowments. (Second Welfare
Theorem).

The non-technical assumptions required for (1) and (2) to go through
include the absence of externalities, completeness of markets, and ab-
sence of distorting taxes (e.g. income taxes and sales taxes). The First
Welfare Theorem is quite powerful, and the general idea goes back as
far as Adam Smith’s Wealth of Nations. In macroeconomics, if we can
successfully explain particular phenomena (e.g. business cycles) using
a competitive equilibrium model in which the First Welfare Theorem
holds, we can then argue that the existence of such phenomena is not
grounds for government intervention.

In addition to policy implications, the equivalence of competitive
equilibria and Pareto optima in representative agent models is useful for
computational purposes. That is, it can be much easier to obtain com-
petitive equilibria by first solving the social planner’s problem to obtain
competitive equilibrium quantities, and then solving for prices, rather
than solving simultaneously for prices and quantities using market-
clearing conditions. For example, in the above example, a competitive
equilibrium could be obtained by first solving for ¢ and ¢ from the social
planner’s problem, and then finding w and r from the appropriate mar-
ginal conditions, (1.16) and (1.17). Using this approach does not make
much difference here, but in computing numerical solutions in dynamic
models it can make a huge difference in the computational burden.
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Figure 1.2
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Figure 1.2:
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1.1.5 Example

Consider the following specific functional forms. For the utility func-

tion, we use
11—y _ 1
c
u(e,l) = —— + 4,
1=~
where v > 0 measures the degree of curvature in the utility function
with respect to consumption (this is a “constant relative risk aversion”

utility function). Note that

-y _ 1 A o(1=y)loge _ q
lim ———— = lim | y |
11—y =l 2 (1=1)

= logc,

using L’Hospital’s Rule. For the production technology, use
f(k,n) = k*n'~,

where 0 < o < 1. That is, the production function is Cobb-Douglas.
The social planner’s problem here is then

a _ N1-a]l—vy __
. [zkG(1 =)o)t =1 Ly
L 11— ’

and the solution to this problem is
0=1-[(1 - a)(zkg) =T m (1.21)

As in the general case above, this is also the competitive equilibrium
solution. Solving for ¢, from (1.19), we get

¢ = [(1— )" (zkg)| 70, (1.22)
and from (1.17), we have
w=[(1- a)lfa(zkg“)]w_A’_(lfa)w (1.23)

From (1.22) and (1.23) clearly ¢ and w are increasing in z and kg. That
is, increases in productivity and in the capital stock increase aggregate
consumption and real wages. However, from equation (1.21) the effects
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on the quantity of leisure (and therefore on employment) are ambigu-
ous. Which way the effect goes depends on whether v < 1 or v > 1.
With v < 1, an increase in z or in kg will result in a decrease in leisure,
and an increase in employment, but the effects are just the opposite
if v > 1. If we want to treat this as a simple model of the business
cycle, where fluctuations are driven by technology shocks (changes in
z), these results are troubling. In the data, aggregate output, aggregate
consumption, and aggregate employment are mutually positively corre-
lated. However, this model can deliver the result that employment and
output move in opposite directions. Note however, that the real wage
will be procyclical (it goes up when output goes up), as is the case in
the data.

1.1.6 Linear Technology - Comparative Statics

This section illustrates the use of comparative statics, and shows, in a
somewhat more general sense than the above example, why a produc-
tivity shock might give a decrease or an increase in employment. To
make things clearer, we consider a simplified technology,

Yy ==zn,

i.e. we eliminate capital, but still consider a constant returns to scale
technology with labor being the only input. The social planner’s prob-
lem for this economy is then

mgxxu[z(l —0),4),
and the first-order condition for a maximum is
—zup[z(1 =€), 0] + uz[z(1 — £),£] = 0. (1.24)

Here, in contrast to the example, we cannot solve explicitly for ¢, but
note that the equilibrium real wage is

_ 9% _
==
so that an increase in productivity, z, corresponds to an increase in the
real wage faced by the consumer. To determine the effect of an increase

w z,
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in z on ¢, apply the implicit function theorem and totally differentiate
(1.24) to get
[—u1 — 2(1 — Ougg +ugi (1 — 0)]dz
+(2%u1 — 22u19 + ugy)dl = 0.

We then have
% . Uy + Z(l — E)ull — ’Ugl(l — 6)
dz 22u11 — 22u19 + Ugs '

(1.25)

Now, concavity of the utility function implies that the denominator
in (1.25) is negative, but we cannot sign the numerator. In fact, it
is easy to construct examples where g—ﬁ > 0, and where j—ﬁ < 0. The
ambiguity here arises from opposing income and substitution effects.
In Figure 1.3, AB denotes the resource constraint faced by the social
planner, ¢ = z;(1 — ¢), and BD is the resource constraint with a higher
level of productivity, ze > 2;. As shown, the social optimum (also the
competitive equilibrium) is at E initially, and at F after the increase in
productivity, with no change in ¢ but higher c. Effectively, the repre-
sentative consumer faces a higher real wage, and his/her response can
be decomposed into a substitution effect (E to G) and an income effect
(G to F).

Algebraically, we can determine the substitution effect on leisure
by changing prices and compensating the consumer to hold utility con-

stant, i.e.
u(e, ) = h, (1.26)

where h is a constant, and
—zuy(c, £) + ua(c, £) =0 (1.27)

Totally differentiating (1.26) and (1.27) with respect to ¢ and ¢, and us-
ing (1.27) to simplify, we can solve for the substitution effect % (subst.)

as follows.
Uy

d—g(subst.) =

< 0.
dz 22Uy, — 2zu19 + Ugs
From (1.25) then, the income effect £ (inc.) is just the remainder,
¢ 1 —Ouy — 1-¢
—(inc.) = l Jun = uz( ) > 0,
dz 22Uy — 2zuqg + U9
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Figure 1.3:
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provided £ is a normal good. Therefore, in order for a model like this
one to be consistent with observation, we require a substitution effect
that is large relative to the income effect. That is, a productivity shock,
which increases the real wage and output, must result in a decrease in
leisure in order for employment to be procyclical, as it is in the data.
In general, preferences and substitution effects are very important in
equilibrium theories of the business cycle, as we will see later.

1.2 Government

So that we can analyze some simple fiscal policy issues, we introduce a
government sector into our simple static model in the following man-
ner. The government makes purchases of consumption goods, and fi-
nances these purchases through lump-sum taxes on the representative
consumer. Let g be the quantity of government purchases, which is
treated as being exogenous, and let 7 be total taxes. The government
budget must balance, i.e.

g=r. (1.28)

We assume here that the government destroys the goods it purchases.
This is clearly unrealistic (in most cases), but it simplifies matters,
and does not make much difference for the analysis, unless we wish
to consider the optimal determination of government purchases. For
example, we could allow government spending to enter the consumer’s
utility function in the following way.

w(c,t,g) = ulc,£) +v(g)

Given that utility is separable in this fashion, and ¢ is exogenous, this
would make no difference for the analysis. Given this, we can assume

v(g) = 0.
As in the previous section, labor is the only factor of production,
i.e. assume a technology of the form

Yy = zn.
Here, the consumer’s optimization problem is

max u(c, 0)

C,
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subject to
c=w(l—-1¥)—m,

and the first-order condition for an optimum is
—wuq + ug = 0.

The representative firm’s profit maximization problem is
max(z — w)n.

Therefore, the firm’s demand for labor is infinitely elastic at w = z.
A competitive equilibrium consists of quantities, ¢, ¢, n, and 7, and
a price, w, which satisfy the following conditions:

1. The representative consumer chooses ¢ and ¢ to maximize utility,
given w and 7.

2. The representative firm chooses n to maximize profits, given w.
3. Markets for consumption goods and labor clear.

4. The government budget constraint, (1.28), is satisfied.

The competitive equilibrium and the Pareto optimum are equivalent
here, as in the version of the model without government. The social
planner’s problem is

mz}xu(c, 0)
subject to
c+g==z2(1-1)

Substituting for ¢ in the objective function, and maximizing with re-
spect to ¢, the first-order condition for this problem yields an equation
which solves for ¢ :

—zup[z(1 =€) — g, €] + us[z(1 =€) — g,£] = 0. (1.29)

In Figure 1.4, the economy’s resource constraint is AB, and the Pareto
optimum (competitive equilibrium) is D. Note that the slope of the
resource constraint is —z = —w.



1.2. GOVERNMENT 17

1-gilz  letsure

Figure 1.4:



18 CHAPTER 1. SIMPLE REPRESENTATIVE AGENT MODELS

We can now ask what the effect of a change in government expen-
ditures would be on consumption and employment. In Figure 1.5, g
increases from g; to go, shifting in the resource constraint. Given the
government budget constraint, there is an increase in taxes, which rep-
resents a pure income effect for the consumer. Given that leisure and
consumption are normal goods, quantities of both goods will decrease.
Thus, there is crowding out of private consumption, but note that the
decrease in consumption is smaller than the increase in government
purchases, so that output increases. Algebraically, totally differentiate
(1.29) and the equation ¢ = z(1 — ¢) — g and solve to obtain

dl —2ZU11 + U12

— = <0
dg  z%up; — 2zuq2 + U

d _
L B (1.30)
dg  2%uy; — 2zu19 + U

Here, the inequalities hold provided that —zuqq + w12 > 0 and zuis —
Ugo > 0, i.e. if leisure and consumption are, respectively, normal goods.
Note that (1.30) also implies that % < 1, i.e. the “balanced budget
multiplier” is less than 1.

1.3 A “Dynamic” Economy

We will introduce some simple dynamics to our model in this section.
The dynamics are restricted to the government’s financing decisions;
there are really no dynamic elements in terms of real resource alloca-
tion, i.e. the social planner’s problem will break down into a series of
static optimization problems. This model will be useful for studying
the effects of changes in the timing of taxes.

Here, we deal with an infinite horizon economy, where the represen-
tative consumer maximizes time-separable utility,

Z ﬁtU(Ct, gt)7
t=0

where (3 is the discount factor, 0 < 8 < 1. Letting 6 denote the dis-
count rate, we have g = 1%5, where 6 > 0. Each period, the con-
sumer is endowed with one unit of time. There is a representative firm



1.3. A “DYNAMIC” ECONOMY 19

1-g2iz 1-gliz

leisure

Figure 1.5:



20 CHAPTER 1. SIMPLE REPRESENTATIVE AGENT MODELS

which produces output according to the production function y; = z;n;.
The government purchases g; units of consumption goods in period ¢,
t=0,1,2,..., and these purchases are destroyed. Government purchases
are financed through lump-sum taxation and by issuing one-period gov-
ernment bonds. The government budget constraint is

g + (L+7)by = Tt + byya, (1.31)

t = 0,1,2,..., where b; is the number of one-period bonds issued by
the government in period ¢ — 1. A bond issued in period ¢ is a claim to
147411 units of consumption in period t+1, where r;, 4 is the one-period
interest rate. Equation (1.31) states that government purchases plus
principal and interest on the government debt is equal to tax revenues
plus new bond issues. Here, by = 0.

The optimization problem solved by the representative consumer is

Zﬁ Uu Ct7€t

{5t+1 ,Ct,ft}t 00 1=

subject to
Ct = wt(l — Et) — Tt — St+1 + (1 + T‘t)St, (132)

t=20,1,2,..., sp = 0, where s, is the quantity of bonds purchased
by the consumer in period ¢, which come due in period t + 1. Here, we
permit the representative consumer to issue private bonds which are
perfect substitutes for government bonds.

We will assume that

Sn
lim ——— =0 1.33
n1—>oo H (1 _|_7»Z) ) ( )

which states that the quantity of debt, discounted to £ = 0, must equal
zero in the limit. This condition rules out infinite borrowing or “Ponzi
schemes,” and implies that we can write the sequence of budget con-
straints, (1.32) as a single intertemporal budget constraint. Repeated
substitution using (1.32) gives

CO+Z - (1+ iy = o) - rﬁzwtt (1+ ). (1.34)
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Now, maximizing utility subject to the above intertemporal budget
constraint, we obtain the following first-order conditions.

A
t b)) — ———=0,t=1,2,3,...
ﬁUl(Ct; t) Hf:1(1+rz) ) 3 Ly 9y
Aw
tug(Cp, b)) — =t — 0.t =1,2,3, ...

Ul(Co,go) — )\ = 0
UQ(CO,KO) — )\’wo = 0

Here, X is the Lagrange multiplier associated with the consumer’s in-
tertemporal budget constraint. We then obtain

U2(Ct, ft)

Uy (Ct, ft) ! ( )

i.e. the marginal rate of substitution of leisure for consumption in any
period equals the wage rate, and

ﬁul(ct—&-la €t+1) _ 1
uy (e, £y) L+ 7

(1.36)

i.e. the intertemporal marginal rate of substitution of consumption
equals the inverse of one plus the interest rate.
The representative firm simply maximizes profits in each period, i.e.
it solves
n}lz}x(zt — wy)ny,

and labor demand, n;, is perfectly elastic at w; = z;.
A competitive equilibrium consists of quantities, {c;, €¢, ng, St11, b1, T} 205
and prices {wy, r111}52, satisfying the following conditions.

1. Consumers choose {ct, lt, Sty1, 52, optimally given {7 } and {wy, 741 }22-
2. Firms choose {n;}°, optimally given {w;}°,.

3. Given {g:}:20, {bis1, T }:2, satisfies the sequence of government
budget constraints (1.31).
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4. Markets for consumption goods, labor, and bonds clear. Wal-
ras’ law permits us to drop the consumption goods market from
consideration, giving us two market-clearing conditions:

St+1 = bt+1,t:0,1,2,..., (137)

and
1 _gt :nt,t: 0,1,2,...

Now, (1.33) and (1.37) imply that we can write the sequence of
government budget constraints as a single intertemporal government
budget constraint (through repeated substitution):

go+Z ~ 1+ O+Z T (1+n) (1.38)

i.e. the present discounted value of government purchases equals the
present discounted value of tax revenues. Now, since the government
budget constraint must hold in equilibrium, we can use (1.38) to sub-
stitute in (1.34) to obtain

Co‘i‘z C (1+ )_wo(l—% 90+Zwt1_<ft+ )gt- (1.39)

Now, suppose that {w,r:41}:°, are competitive equilibrium prices.
Then, (1.39) implies that the optimizing choices given those prices re-
main optimal given any sequence {7;}°, satisfying (1.38). Also, the
representative firm’s choices are invariant. That is, all that is relevant
for the determination of consumption, leisure, and prices, is the present
discounted value of government purchases, and the timing of taxes is
irrelevant. This is a version of the Ricardian FEquivalence Theorem. For
example, holding the path of government purchases constant, if the
representative consumer receives a tax cut today, he/she knows that
the government will have to make this up with higher future taxes.
The government issues more debt today to finance an increase in the
government deficit, and private saving increases by an equal amount,
since the representative consumer saves more to pay the higher taxes
in the future.
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Another way to show the Ricardian equivalence result here comes
from computing the competitive equilibrium as the solution to a social
planner’s problem, i.e.

max i/@tu[zt(l —ly) — g, 4]

{320 t=0

This breaks down into a series of static problems, and the first-order
conditions for an optimum are

—ztul[zt(l — Et) — gt,ft] + U2[2t<1 — Et) — gtaft] = O, (140)

t=0,1,2,.... Here, (1.40) solves for ¢;,t = 0,1,2, ..., and we can solve
for ¢; from ¢, = 2z(1 — ¢;). Then, (1.35) and (1.36) determine prices.
Here, it is clear that the timing of taxes is irrelevant to determining the
competitive equilibrium, though Ricardian equivalence holds in much
more general settings where competitive equilibria are not Pareto op-
timal, and where the dynamics are more complicated.

Some assumptions which are critical to the Ricardian equivalence
result are:

1. Taxes are lump sum
2. Consumers are infinite-lived.

3. Capital markets are perfect, i.e. the interest rate at which private
agents can borrow and lend is the same as the interest rate at
which the government borrows and lends.

4. There are no distributional effects of taxation. That is, the present
discounted value of each individual’s tax burden is unaffected by
changes in the timing of aggregate taxation.
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Chapter 2

Growth With Overlapping
Generations

This chapter will serve as an introduction to neoclassical growth theory
and to the overlapping generations model. The particular model intro-
duced in this chapter was developed by Diamond (1965), building on
the overlapping generations construct introduced by Samuelson (1956).
Samuelson’s paper was a semi-serious (meaning that Samuelson did not
take it too seriously) attempt to model money, but it has also proved
to be a useful vehicle for studying public finance issues such as gov-
ernment debt policy and the effects of social security systems. There
was a resurgence in interest in the overlapping generations model as a
monetary paradigm in the late seventies and early eighties, particularly
at the University of Minnesota (see for example Kareken and Wallace
1980).

A key feature of the overlapping generations model is that mar-
kets are incomplete, in a sense, in that economic agents are finite-lived,
and agents currently alive cannot trade with the unborn. As a re-
sult, competitive equilibria need not be Pareto optimal, and Ricardian
equivalence does not hold. Thus, the timing of taxes and the size of the
government debt matters. Without government intervention, resources
may not be allocated optimally among generations, and capital accu-
mulation may be suboptimal. However, government debt policy can
be used as a vehicle for redistributing wealth among generations and
inducing optimal savings behavior.

25
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2.1 The Model

This is an infinite horizon model where time is indexed by t = 0,1, 2, ..., cc.
Each period, L; two-period-lived consumers are born, and each is en-
dowed with one unit of labor in the first period of life, and zero units
in the second period. The population evolves according to

L, = Lo(1 +n), (2.1)

where Lg is given and n > 0 is the population growth rate. In period 0
there are some old consumers alive who live for one period and are col-
lectively endowed with K, units of capital. Preferences for a consumer
born in period ¢, t = 0,1, 2, ..., are given by

U(C?t!, Cg—l—l)a

where ¢ denotes the consumption of a young consumer in period ¢ and
¢? is the consumption of an old consumer. Assume that (-, -) is strictly
increasing in both arguments, strictly concave, and defining

Ou

v(cY, ) = %_Lj,

Oc®
assume that lim._,,v(c¥, ) = oo for ¢® > 0 and limeo_,, v(c¥,®) = 0
for ¢¥ > 0. These last two conditions on the marginal rate of substitu-
tion will imply that each consumer will always wish to consume positive
amounts when young and when old. The initial old seek to maximize
consumption in period 0.

The investment technology works as follows. Consumption goods
can be converted one-for-one into capital, and vice-versa. Capital con-
structed in period t does not become productive until period ¢+ 1, and
there is no depreciation.

Young agents sell their labor to firms and save in the form of capi-
tal accumulation, and old agents rent capital to firms and then convert
the capital into consumption goods which they consume. The repre-
sentative firm maximizes profits by producing consumption goods, and
renting capital and hiring labor as inputs. The technology is given by

Y;f - F(Kt7 Lt)7
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where Y; is output and K; and L; are the capital and labor inputs,
respectively. Assume that the production function F(-,-) is strictly in-
creasing, strictly quasi-concave, twice differentiable, and homogeneous
of degree one.

2.2 Optimal Allocations

As a benchmark, we will first consider the allocations that can be
achieved by a social planner who has control over production, capi-
tal accumulation, and the distribution of consumption goods between
the young and the old. We will confine attention to allocations where
all young agents in a given period are treated identically, and all old
agents in a given period receive the same consumption.

The resource constraint faced by the social planner in period t is

F(Kt, Lt) + Kt = Kt+1 + C%Lt + Cthfl, (22)

where the left hand side of (2.2) is the quantity of goods available in
period t, i.e. consumption goods produced plus the capital that is left
after production takes place. The right hand side is the capital which
will become productive in period ¢ + 1 plus the consumption of the
young, plus consumption of the old.

In the long run, this model will have the property that per-capita
quantities converge to constants. Thus, it proves to be convenient to
express everything here in per-capita terms using lower case letters.
Define k; = f—: (the capital/labor ratio or per-capita capital stock) and
f(kt) = F(kt,1). We can then use (2.1) to rewrite (2.2) as

(o]

c
f(k) + ke = (L+n)kyr +¢f + 1 ji n (2.3)

Definition 1 A Pareto optimal allocation is a sequence {c{, ¢, ki11}2,
satisfying (2.3) and the property that there exists no other allocation
{¢l, ¢, kip1}2, which satisfies (2.8) and

&=
u(éé’, éz(f)+1) Z U(C?tlv C;)Jrl)

forallt =0,1,2,3, ..., with strict inequality in at least one instance.
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That is, a Pareto optimal allocation is a feasible allocation such
that there is no other feasible allocation for which all consumers are
at least as well off and some consumer is better off. While Pareto
optimality is the appropriate notion of social optimality for this model,
it is somewhat complicated (for our purposes) to derive Pareto optimal
allocations here. We will take a shortcut by focusing attention on steady
states, where k; = k, ¢/ = ¢¥, and ¢ = ¢°, where k, ¢, and ¢° are
constants. We need to be aware of two potential problems here. First,
there may not be a feasible path which leads from ky to a particular
steady state. Second, one steady state may dominate another in terms
of the welfare of consumers once the steady state is achieved, but the
two allocations may be Pareto non-comparable along the path to the
steady state.

The problem for the social planner is to maximize the utility of each
consumer in the steady state, given the feasibility condition, (2.2). That
is, the planner chooses ¢¥, ¢, and k to solve

max u(c?, c°)

subject to
Co

Flk) —nk = ¢ +

e (2.4)

Substituting for ¢ in the objective function using (2.4), we then solve
the following
maxu(c’, [1 + n|[f(k) — nk — ¢"])

¥,k

The first-order conditions for an optimum are then
Uy — (1 +7’L)U2 = 0,

or u
~=1+n (2.5)
Uz

(intertemporal marginal rate of substitution equal to 1 4+ n) and

f'(k) =n (2.6)

(marginal product of capital equal to n). Note that the planner’s prob-
lem splits into two separate components. First, the planner finds the
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capital-labor ratio which maximizes the steady state quantity of re-
sources, from (2.6), and then allocates consumption between the young
and the old according to (2.5). In Figure 2.1, k is chosen to maximize
the size of the budget set for the consumer in the steady state, and then
consumption is allocated between the young and the old to achieve the
tangency between the aggregate resource constraint and an indifference
curve at point A.

2.3 Competitive Equilibrium

In this section, we wish to determine the properties of a competitive
equilibrium, and to ask whether a competitive equilibrium achieves the
steady state social optimum characterized in the previous section.

2.3.1 Young Consumer’s Problem

A consumer born in period ¢ solves the following problem.

Yy o0
max_u(cl, i)
C CP 4155t

subject to

¢ = w; — s (2.7)

ctir = st(1+17e11) (2.8)

Here, w; is the wage rate, r; is the capital rental rate, and s; is saving
when young. Note that the capital rental rate plays the role of an in-
terest rate here. The consumer chooses savings and consumption when
young and old treating prices, w; and 7,1, as being fixed. At time ¢
the consumer is assumed to know r;,;. Equivalently, we can think of
this as a rational expectations or perfect foresight equilibrium, where
each consumer forecasts future prices, and optimizes based on those
forecasts. In equilibrium, forecasts are correct, i.e. no one makes sys-
tematic forecasting errors. Since there is no uncertainty here, forecasts
cannot be incorrect in equilibrium if agents have rational expectations.
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cons. of old Figure 2.1

(1) (fk)-nic)

file)-nk CONs.

Figure 2.1:
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Substituting for ¢/ and ¢j,; in the above objective function using
(2.7) and (2.8) to obtain a maximization problem with one choice vari-
able, s;, the first-order condition for an optimum is then

—uy (wy — 8¢, 5¢(1 4+ 1141)) +ua(wy — 54, 8¢ (1 +7441)) (L +7441) = 0 (2.9)

which determines s;, i.e. we can determine optimal savings as a function
of prices
St = S(wt, ’f’t+1). (210)

Note that (2.9) can also be rewritten as 2 = 1 + 741, i.e. the in-

tertemporal marginal rate of substitution equals one plus the interest

rate. Given that consumption when young and consumption when old
are both normal goods, we have aa_zi > 0, however the sign of Bzil is

indeterminate due to opposing income and substitution effects.

2.3.2 Representative Firm’s Problem

The firm solves a static profit maximization problem

maX[F(Kt, Lt) — ’LUtLt — T‘th].
Ki,Lt
The first-order conditions for a maximum are the usual marginal con-
ditions
Fy(Ky, Ly) — 1y =0,

FQ(Kt,Lt) — Wy = 0

Since F'(,-) is homogeneous of degree 1, we can rewrite these marginal
conditions as

f'(ke) =70 =0, (2.11)
f(ke) = ki f' (ki) — w, = 0. (2.12)

2.3.3 Competitive Equilibrium

Definition 2 A competitive equilibrium is a sequence of quantities,
{kii1, s¢}520 and a sequence of prices {wy, r}32,, which satisfy (i) con-
sumer optimization; (ii) firm optimization; (iii) market clearing; in
each periodt = 0,1,2, ..., given the initial capital-labor ratio ky.
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Here, we have three markets, for labor, capital rental, and con-
sumption goods, and Walras’ law tells us that we can drop one market-
clearing condition. It will be convenient here to drop the consumption
goods market from consideration. Consumer optimization is summa-
rized by equation (2.10), which essentially determines the supply of
capital, as period t savings is equal to the capital that will be rented in
period t+1. The supply of labor by consumers is inelastic. The demands
for capital and labor are determined implicitly by equations (2.11) and
(2.12). The equilibrium condition for the capital rental market is then

ki1 (1 +n) = s(wy, m41), (2.13)

and we can substitute in (2.13) for w; and 741 from (2.11) and (2.12)
to get
ki (1+n) = s(f(ke) = kf'(ke), f'(Kesa))- (2.14)

Here, (2.14) is a nonlinear first-order difference equation which, given
ko, solves for {k;}$2,. Once we have the equilibrium sequence of capital-
labor ratios, we can solve for prices from (2.11) and (2.12). We can then
solve for {s;}$°, from (2.10), and in turn for consumption allocations.

2.4 An Example

Let u(c?,c°) = Inc¥ + Blnc®, and F(K,L) = yK*L'™, where 3 > 0,
v >0, and 0 < a < 1. Here, a young agent solves

ngz}x[ln(wt —8¢) + BIn[(1 4+ req)se)],

and solving this problem we obtain the optimal savings function

__B
T 1+8 "

(2.15)

St

Given the Cobb-Douglass production function, we have f(k) = vk
and f'(k) = yak®!. Therefore, from (2.11) and (2.12), the first-order
conditions from the firm’s optimization problem give

Ty = yak® !, (2.16)
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wy =v(1 — a)ky. (2.17)
Then, using (2.14), (2.15), and (2.17), we get

Now, equation (2.18) determines a unique sequence {k;}°; given kg
(see Figure 2m) which converges in the limit to £*, the unique steady
state capital-labor ratio, which we can determine from (2.18) by setting
ki1 = k; = k* and solving to get

- [(1T§zl><_1i)ﬁ>ﬁ'

Now, given the steady state capital-labor ratio from (2.19), we can solve
for steady state prices from (2.16) and (2.17), that is

. a(l+n)(1+p0)
B(l—a)

. By(1—a) |7
"“_”“_O‘)l(un)(uﬁ)] '

We can then solve for steady state consumption allocations,

* ﬁ * w*
1+8° ~1+8
o_ P

=——w'(1 .
c 1+/Bw(—|—'r)

In the long run, this economy converges to a steady state where the
capital-labor ratio, consumption allocations, the wage rate, and the
rental rate on capital are constant. Since the capital-labor ratio is
constant in the steady state and the labor input is growing at the rate
n, the growth rate of the aggregate capital stock is also n in the steady
state. In turn, aggregate output also grows at the rate n.

Now, note that the socially optimal steady state capital stock, l;:, is
determined by (2.6), that is

(2.19)

& =w

Ta—1
yak® " =n,
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or

1
f = (@) o (2.20)
n
Note that, in general, from (2.19) and (2.20), k* # k, i.e. the competi-
tive equilibrium steady state is in general not socially optimal, so this
economy suffers from a dynamic inefficiency. There may be too little or
too much capital in the steady state, depending on parameter values.
That is, suppose 3 = 1 and n = .3. Then, if a < .103, k* > k, and if
a > .103, then £* < k.

2.5 Discussion

The above example illustrates the dynamic inefficiency that can result
in this economy in a competitive equilibrium.. There are essentially two
problems here. The first is that there is either too little or too much
capital in the steady state, so that the quantity of resources available
to allocate between the young and the old is not optimal. Second,
the steady state interest rate is not equal to n, i.e. consumers face
the “wrong” interest rate and therefore misallocate consumption goods
over time; there is either too much or too little saving in a competitive
equilibrium.

The root of the dynamic inefficiency is a form of market incomplete-
ness, in that agents currently alive cannot trade with the unborn. To
correct this inefficiency, it is necessary to have some mechanism which
permits transfers between the old and the young.

2.6 Government Debt

One means to introduce intergenerational transfers into this economy
is through government debt. Here, the government acts as a kind of
financial intermediary which issues debt to young agents, transfers the
proceeds to young agents, and then taxes the young of the next gener-
ation in order to pay the interest and principal on the debt.

Let B;.; denote the quantity of one-period bonds issued by the
government in period ¢. Each of these bonds is a promise to pay 1+7;,4
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units of consumption goods in period ¢ + 1. Note that the interest rate
on government bonds is the same as the rental rate on capital, as must
be the case in equilibrium for agents to be willing to hold both capital
and government bonds. We will assume that

Bt+1 - bLt, (221)

where b is a constant. That is, the quantity of government debt is fixed
in per-capita terms. The government’s budget constraint is

Bt+1 + E = (1 + Tt)Bt, (222)

i.e. the revenues from new bond issues and taxes in period t, T}, equals
the payments of interest and principal on government bonds issued in
period t — 1.

Taxes are levied lump-sum on young agents, and we will let 7; denote
the tax per young agent. We then have

E = TtLt' (223)
A young agent solves
nge}xu(wt — 8¢ — Tty (L 4+ 1r41)51),

where s; is savings, taking the form of acquisitions of capital and gov-
ernment bonds, which are perfect substitutes as assets. Optimal savings
for a young agent is now given by

St = S(U)t — Tt,T‘t+1). (224)

As before, profit maximization by the firm implies (2.11) and (2.12).

A competitive equilibrium is defined as above, adding to the defini-
tion that there be a sequence of taxes {7;}$°, satisfying the government
budget constraint. From (2.21), (2.22), and (2.23), we get

= (” — ") b (2.25)

1+n

The asset market equilibrium condition is now

kft+1(]. + n) + b= S('lUt — T¢, Tt+1), (226)
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that is, per capita asset supplies equals savings per capita. Substituting
in (2.26) for wy, 7, and ryyq, from (2.11), we get

e (1) +b = s (f(k't) hf (k) (“f;#) b f/(k‘t+1)> (2.27)

We can then determine the steady state capital-labor ratio k*(b) by
setting k*(b) = k¢ = ki1 in (2.27), to get

f'(k7(b) —m

(B) (1) +b = s (f(k*(b)) K O) (1) - ( "

o)

(2.28)
Now, suppose that we wish to find the debt policy, determined by b,
which yields a competitive equilibrium steady state which is socially
optimal, i.e. we want to find b such that k*(b) = k. Now, given that
F'(k) = n, from (2.28) we can solve for b as follows:

b=—k(1+n)+s(f(k)—kn,n) (2.29)

In (2.29), note that b may be positive or negative. If b < 0, then debt
is negative, i.e. the government makes loans to young agents which
are financed by taxation. Note that, from (2.25), 7, = 0 in the steady
state with b = I;, so that the size of the government debt increases at
a rate just sufficient to pay the interest and principal on previously-
issued debt. That is, the debt increases at the rate n, which is equal to
the interest rate. Here, at the optimum government debt policy simply
transfers wealth from the young to the old (if the debt is positive), or
from the old to the young (if the debt is negative).

2.6.1 Example

Consider the same example as above, but adding government debt.
That is, u(c¥,c’) = Inc¥ + BInc°, and F(K,L) = yK*“L'~*, where
B8 >0,7>0,and 0 < a < 1. Optimal savings for a young agent is

= i Wy — T,
St = <1+5>( t 1) (2.30)
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Then, from (2.16), (2.17), (2.27) and (2.30), the equilibrium sequence
{ki}52, is determined by

k(1 4n)+b= (%) l(l —a)vki —

and the steady state capital-labor ratio, k*(b), is the solution to
B (ay (k" (b)) — n)b]

(aykd™' —n)b
1+n ’

1+06 1+n

Then, from (2.29), the optimal quantity of per-capita debt is

= () () (2) e
@ e

Here note that, given v, n, and (3, b < 0 for o sufficiently large, and
b > 0 for « sufficiently small.

E*(b)(14n)+b= ( ) l(l—a)v (k*(b))* —

2.6.2 Discussion

The competitive equilibrium here is in general suboptimal for reasons
discussed above. But for those same reasons, government debt mat-
ters. That is, Ricardian equivalence does not hold here, in general,
because the taxes required to pay off the currently-issued debt are not
levied on the agents who receive the current tax benefits from a higher
level of debt today. Government debt policy is a means for executing
the intergenerational transfers that are required to achieve optimality.
However, note that there are other intergenerational transfer mecha-
nisms, like social security, which can accomplish the same thing in this
model.
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Chapter 3

Neoclassical Growth and
Dynamic Programming

Early work on growth theory, particularly that of Solow (1956), was
carried out using models with essentially no intertemporal optimizing
behavior. That is, these were theories of growth and capital accu-
mulation in which consumers were assumed to simply save a constant
fraction of their income. Later, Cass (1965) and Koopmans (1965) de-
veloped the first optimizing models of economic growth, often called
“optimal growth” models, as they are usually solved as an optimal
growth path chosen by a social planner. Optimal growth models have
much the same long run implications as Solow’s growth model, with the
added benefit that optimizing behavior permits us to use these models
to draw normative conclusions (i.e. make statements about welfare).
This class of optimal growth models led to the development of stochas-
tic growth models (Brock and Mirman 1972) which in turn were the
basis for real business cycle models.

Here, we will present a simple growth model which illustrates some
of the important characteristics of this class of models. “Growth mod-
el” will be something of a misnomer in this case, as the model will
not exhibit long-run growth. One objective of this chapter will be to
introduce and illustrate the use of discrete-time dynamic programming
methods, which are useful in solving many dynamic models.

39
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3.1 Preferences, Endowments, and Tech-
nology

There is a representative infinitely-lived consumer with preferences given
by

i ﬁtU(Ct>,
t=0

where 0 < 3 < 1, and ¢; is consumption. The period utility function

u(+) is continuously differentiable, strictly increasing, strictly concave,

and bounded. Assume that lim. o u'(¢) = co. Each period, the con-

sumer is endowed with one unit of time, which can be supplied as labor.
The production technology is given by

yr = F(ky,ny), (3.1)

where y; is output, k; is the capital input, and n, is the labor input.
The production function F'(-,-) is continuously differentiable, strictly
increasing in both arguments, homogeneous of degree one, and strictly
quasiconcave. Assume that F(0,n) = 0, limy_o Fi(k,1) = oo, and
limg o Fi(k,1) = 0.

The capital stock obeys the law of motion

kt+1 - (1 - 6)kt + it, (32)

where 7; is investment and ¢ is the depreciation rate, with 0 < 6 < 1 and
ko is the initial capital stock, which is given. The resource constraints
for the economy are

e+ i <y, (3.3)

and

3.2 Social Planner’s Problem
There are several ways to specify the organization of markets and pro-

duction in this economy, all of which will give the same competitive
equilibrium allocation. One specification is to endow consumers with
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the initial capital stock, and have them accumulate capital and rent it
to firms each period. Firms then purchase capital inputs (labor and
capital services) from consumers in competitive markets each period
and maximize per-period profits. Given this, it is a standard result
that the competitive equilibrium is unique and that the first and sec-
ond welfare theorems hold here. That is, the competitive equilibrium
allocation is the Pareto optimum. We can then solve for the competitive
equilibrium quantities by solving the social planner’s problem, which is

o0

t
max ulc
{ct,nt,ie,ke11}192 g b ( t)

subject to
c + 'it S F(k’t, nt), (35)
kft+1 == (]. - 5)kt + it, (36)

t =0,1,2,..., and ko given. Here, we have used (3.1) and (3.2) to
substitute for y; to get (3.5). Now, since u(c) is strictly increasing in
¢, (3.5) will be satisfied with equality. As there is no disutility from
labor, if (3.7) does not hold with equality, then n; and ¢; could be
increased, holding constant the path of the capital stock, and increasing
utility. Therefore, (3.7) will hold with equality at the optimum. Now,
substitute for i; in (3.5) using (3.6), and define f(k) = F(k,1),asn; =1
for all t. Then, the problem can be reformulated as

o0

t
max u\c
{ct,kt+1}152, tZ:; ﬁ ( t)

subject to
Ct + kt+1 = f(k't) + (1 — 6)]‘6},

t=0,1,2,..., kg given. This problem appears formidable, particularly
as the choice set is infinite-dimensional. However, suppose that we solve
the optimization problem sequentially, as follows. At the beginning
of any period ¢, the utility that the social planner can deliver to the
consumer depends only on k;, the quantity of capital available at the
beginning of the period. Therefore, it is natural to think of k; as a “state
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variable” for the problem. Within the period, the choice variables,
or “control” variables, are ¢; and k;.1. In period 0, if we know the
maximum utility that the social planner can deliver to the consumer as
a function of k1, beginning in period 1, say v(k;), it is straightforward
to solve the problem for the first period. That is, in period 0 the social
planner solves

max|u(co) + Bv(k1)]

co,k1

subject to
Cco + ]{71 = f(k?o) + (1 - 5)]{70

This is a simple constrained optimization problem which in principle
can be solved for decision rules k; = g(ko), where g(+) is some function,
and cg = f(ko) + (1 — 0)ko — g(ko). Since the maximization problem is
identical for the social planner in every period, we can write

v(ko) = m%x[u(co) + pu(ky)]

€o,R1

subject to
co+ ki = f(ko) + (1 — 6)ko,

or more generally

v(ke) = max [u(ct) + Bu(kers )] (3.8)
subject to
¢+ ki = flky) + (1= 0)ky. (3.9)

Equation (3.8) is a functional equation or Bellman equation. Our pri-
mary aim here is to solve for, or at least to characterize, the optimal
decision rules ki1 = g(k:) and ¢; = f(ki) + (1 —6)ks — g(kt). Of course,
we cannot solve the above problem unless we know the value function
v(+). In general, v(-) is unknown, but the Bellman equation can be used
to find it. In most of the cases we will deal with, the Bellman equation
satisfies a contraction mapping theorem, which implies that

1. There is a unique function v(-) which satisfies the Bellman equa-
tion.
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2. If we begin with any initial function vy(k) and define v;,1(k) by
vis1 (k) = maxu(c) + v;(K')]

subject to
c+k =fk)+(1-906k,

for i =0,1,2, ..., then, lim; .o v;11(k) = v(k).

The above two implications give us two alternative means of un-
covering the value function. First, given implication 1 above, if we are
fortunate enough to correctly guess the value function v(-), then we can
simply plug v (k1) into the right side of (3.8), and then verify that v(k)
solves the Bellman equation. This procedure only works in a few cases,
in particular those which are amenable to judicious guessing. Second,
implication 2 above is useful for doing numerical work. One approach is
to find an approximation to the value function in the following manner.
First, allow the capital stock to take on only a finite number of values,
i.e. form a grid for the capital stock, k € {ky, ko, ...k;} = S, where
m is finite and k; < k;y1. Next, guess an initial value function, that
is m values vy = vg(k;),i = 1,2,...,m. Then, iterate on these values,
determining the value function at the j** iteration from the Bellman
equation, that is

i _ ¢
v; = n}%x[u(c) + Bvj_4]

subject to
c+ ko= f(k)+ (1 —06)k;.

Iteration occurs until the value function converges. Here, the accu-
racy of the approximation depends on how fine the grid is. That is,
if k; — ki1 =, 1 = 2,..m, then the approximation gets better the
smaller is v and the larger is m. This procedure is not too computa-
tionally burdensome in this case, where we have only one state variable.
However, the computational burden increases exponentially as we add
state variables. For example, if we choose a grid with m values for
each state variable, then if there are n state variables, the search for
a maximum on the right side of the Bellman equation occurs over m”"
grid points. This problem of computational burden as n gets large is
sometimes referred to as the curse of dimensionality.
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3.2.1 Example of “Guess and Verify”

Suppose that F(k;,n,) = k¥ny %0 < a < 1, u(e;) = Inc, and 6 = 1
(i.e. 100% depreciation). Then, substituting for the constraint, (3.9),
in the objective function on the right side of (3.8), we can write the
Bellman equation as

v(kt) = max[In(kf* — k1) + Bv(kisr)] (3.10)

kt41

Now, guess that the value function takes the form
v(k)) = A+ Blnk, (3.11)

where A and B are undetermined constants. Next, substitute using
(3.11) on the left and right sides of (3.10) to get

A+ Blnk, = Iilax[ln(k:f‘ — kit1) + B(A+ Blnkg)). (3.12)
t+1

Now, solve the optimization problem on the right side of (3.12), which
gives
BBkg
1+ BB’
and substituting for the optimal k4, in (3.12) using (3.13), and col-
lecting terms yields

kft+1 == (313)

A+ Blnk; =pBIngB — (14 6B)In(1+ B) + A

+(1+ BB)alnk, (3.14)

We can now equate coefficients on either side of (3.14) to get two equa-
tions determining A and B:

A=BBInpB— (1+B)In(1+ 8B) + A (3.15)

B = (1+(B)a (3.16)
Here, we can solve (3.16) for B to get

«

B = .
1—ap

(3.17)
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Then, we can use (3.15) to solve for A, though we only need B to
determine the optimal decision rules. At this point, we have verified
that our guess concerning the form of the value function is correct.
Next, substitute for B in (3.13) using (3.17) to get the optimal decision
rule for ki q,

ki1 = aBky. (3.18)

Since ¢; = k¥ — ki11, we have
¢ = (1 — aB)ky.

That is, consumption and investment (which is equal to k;, 1 given 100%
depreciation) are each constant fractions of output. Equation (3.18)
gives a law of motion for the capital stock, i.e. a first-order nonlinear
difference equation in k;, shown in Figure 3.1. The steady state for the
capital stock, k*, is determined by substituting k; = k;1 = k* in (3.18)
and solving for k* to get

k= (af)™=.

Given (3.18), we can show algebraically and in Figure 1, that k; con-
verges monotonically to k*, with k, increasing if ky < k*, and k; decreas-
ing if kg > k*. Figure 3.1 shows a dynamic path for k; where the initial
capital stock is lower than the steady state. This economy does not
exhibit long-run growth, but settles down to a steady state where the
capital stock, consumption, and output are constant. Steady state con-
sumption is ¢* = (1 — af)(k*)*, and steady state output is y* = (k*)“.

3.2.2 Characterization of Solutions When the Value
Function is Differentiable

Benveniste and Scheinkman (1979) establish conditions under which
the value function is differentiable in dynamic programming problems.
Supposing that the value function is differentiable and concave in (3.8),
we can characterize the solution to the social planner’s problem using
first-order conditions. Substituting in the objective function for ¢; using
in the constraint, we have

v(ke) = max{ulf(ke) + (1 — )k — keaa] + Fv(ke) } (3.19)
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Figure 3.1

(1)

I =

*
k0 k k()

Figure 3.1:
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Then, the first-order condition for the optimization problem on the right
side of (3.8), after substituting using the constraint in the objective
function, is

—u/[f (k) + (1 — 8)ky — kya] + B0 (kypn) = 0. (3.20)

The problem here is that, without knowing v(-), we do not know v/(-).
However, from (3.19) we can differentiate on both sides of the Bellman
equation with respect to k; and apply the envelope theorem to obtain

V'(ke) = W' [f(ke) + (1 — 6)ke — ea] [f'(Ke) + 1 — 6],
or, updating one period,
V' (ke1) = W[ f(Rerr) + (1 = 0)kisr — kuo][f'(kuga) +1 = 6] (3.21)
Now, substitute in (3.20) for v'(k.11) using (3.21) to get

W/ [f (k) + (1 — 6)ky — oy

B (ki) + (1 — Ok — kol [ () +1— 8] =0, 522)

or
—u/(c) + B/ (cor)[f (kea) +1 = 6] =0,

The first term is the benefit, at the margin, to the consumer of consum-
ing one unit less of the consumption good in period ¢, and the second
term is the benefit obtained in period ¢ + 1, discounted to period t,
from investing the foregone consumption in capital. At the optimum,
the net benefit must be zero.

We can use (3.22) to solve for the steady state capital stock by
setting ky = ki1 = kyio = k* to get

/ * _l_
f(k)—ﬁ 1+6, (3.23)

i.e. one plus the net marginal product of capital is equal to the inverse
of the discount factor. Therefore, the steady state capital stock depends
only on the discount factor and the depreciation rate.
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3.2.3 Competitive Equilibrium

Here, I will simply assert that the there is a unique Pareto optimum
that is also the competitive equilibrium in this model. While the most
straightforward way to determine competitive equilibrium quantities in
this dynamic model is to solve the social planner’s problem to find the
Pareto optimum, to determine equilibrium prices we need some infor-
mation from the solutions to the consumer’s and firm’s optimization
problems.

Consumer’s Problem

Consumers store capital and invest (i.e. their wealth takes the form
of capital), and each period they rent capital to firms and sell labor.
Labor supply will be 1 no matter what the wage rate, as consumers
receive no disutility from labor. The consumer then solves the following
intertemporal optimization problem.

max i Bru(cy)

{ct,ke41}152, 1—0

subject to
c + kt+1 = wy + T‘tkt + (1 — (S)kt, (324)

t=0,1,2,..., ky given, where w; is the wage rate and r; is the rental
rate on capital. If we simply substitute in the objective function using
(3.24), then we can reformulate the consumer’s problem as

oo

max Z/Btu(wt -+ Ttkt -+ (1 — 6)kt — ktJrl)

{ktﬂ}toio t=0

subject to k; > 0 for all ¢t and kg given. Ignoring the nonnegativity
constraints on capital (in equilibrium, prices will be such that the con-
sumer will always choose ki1 > 0), the first-order conditions for an
optimum are

— B (wy + ik + (1 — 8) ke — ki)
—i—ﬁtJ’lu’(th + Tt+1kt+1 + (1 — 5)kt+1 — kt+2)<rt+1 +1-— 5) =0
(3.25)
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Using (3.24) to substitute in (3.25), and simplifying, we get

B (cei1) _ 1
U/(Ct) 1+ Ttyr1 — 6’

(3.26)

that is, the intertemporal marginal rate of substitution is equal to the
inverse of one plus the net rate of return on capital (i.e. one plus the
interest rate).

Firm’s Problem

The firm simply maximizes profits each period, i.e. it solves

Iglax[F(kt, ng) — wyny — rikyl,

and the first-order conditions for a maximum are
Fl(kta nt) = Tt, (3-27)

Fg(kt, nt) = W. (328)

Competitive Equilibrium Prices

The optimal decision rule, k; 1 = g(k;), which is determined from the
dynamic programming problem (3.8) allows a solution for the compet-
itive equilibrium sequence of capital stocks {k;}$°, given ko. We can
then solve for {c:}{2, using (3.9). Now, it is straightforward to solve
for competitive equilibrium prices from the first-order conditions for
the firm’s and consumer’s optimization problems. The prices we need
to solve for are {wy, . }:2,, the sequence of factor prices. To solve for
the real wage, plug equilibrium quantities into (3.28) to get

Fg(kt, 1) = Wg.

To obtain the capital rental rate, either (3.26) or (3.27) can be used.
Note that r, — 6 = f'(k;) — 6 is the real interest rate and that, in the

steady state [from (3.26) or (3.23)], we have 1 +7r — ¢ = %, or, if we let
0= Flw where 7 is the rate of time preference, then r — 6 = 7, i.e. the

real interest rate is equal to the rate of time preference.
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Note that, when the consumer solves her optimization problem, she
knows the whole sequence of prices {wy, r;}7°,. That is, this a “rational
expectations” or “perfect foresight” equilibrium where each period the
consumer makes forecasts of future prices and optimizes based on those
forecasts, and in equilibrium the forecasts are correct. In an economy
with uncertainty, a rational expectations equilibrium has the property
that consumers and firms may make errors, but those errors are not
systematic.
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Chapter 4

Endogenous Growth

This chapter considers a class of endogenous growth models closely
related to the ones in Lucas (1988). Here, we use discrete-time models,
so that the dynamic programming methods introduced in Chapter 2
can be applied (Lucas’s models are in continuous time).

Macroeconomists are ultimately interested in economic growth be-
cause the welfare consequences of government policies affecting growth
rates of GDP are potentially very large. In fact, one might argue, as
in Lucas (1987), that the welfare gains from government policies which
smooth out business cycle fluctuations are very small compared to the
gains from growth-enhancing policies.

Before we can hope to evaluate the efficacy of government policy in a
growth context, we need to have growth models which can successfully
confront the data. Some basic facts of economic growth (as much as
we can tell from the short history in available data) are the following:

1. There exist persistent differences in per capita income across
countries.

2. There are persistent differences in growth rates of per capita in-
come across countries.

3. The correlation between the growth rate of income and the level
of income across countries is low.

4. Among rich countries, there is stability over time in growth rates

51
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of per capita income, and there is little diversity across countries
in growth rates.

5. Among poor countries, growth is unstable, and there is a wide
diversity in growth experience.

Here, we first construct a version of the optimal growth model in
Chapter 2 with exogenous growth in population and in technology, and
we ask whether this model can successfully explain the above growth
facts. This neoclassical growth model can successfully account for
growth experience in the United States, and it offers some insights with
regard to the growth process, but it does very poorly in accounting for
the pattern of growth among countries. Next, we consider a class of
endogenous growth models, and show that these models can potentially
do a better job of explaining the facts of economic growth.

4.1 A Neoclassical Growth Model (Exoge-
nous Growth)

The representative household has preferences given by
> BN—, (4.1)
t=0 v

where 0 < 6 < 1, v < 1, ¢ is per capita consumption, and N, is
population, where
Ny = (14 n)"No, (4.2)

n constant and Ny given. That is, there is a dynastic household which
gives equal weight to the discounted utility of each member of the
household at each date. Each household member has one unit of time
in each period when they are alive, which is supplied inelastically as
labor. The production technology is given by

Y= Kta(NtAt)l_a7 (4-3)

where Y; is aggregate output, K; is the aggregate capital stock, and A;
is a labor-augmenting technology factor, where

A, = (1+a)' Ao, (4.4)
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with a constant and Ay given. We have 0 < a < 1, and the initial
capital stock, Ky, is given. The resource constraint for this economy is

NtCt ‘I— Kt+1 = Yt (45)

Note here that there is 100% depreciation of the capital stock each
period, for simplicity.

To determine a competitive equilibrium for this economy, we can
solve the social planner’s problem, as the competitive equilibrium and
the Pareto optimum are identical. The social planner’s problem is to
maximize (4.1) subject to (4.2)-(4.5). So that we can use dynamic
programming methods, and so that we can easily characterize long-
run growth paths, it is convenient to set up this optimization problem
with a change of variables. That is, use lower case variables to define
quantities normalized by efficiency units of labor, for example y; = Ai/]tvt
Also, let z; = 4-. With substitution in (4.1) and (4.5) using (4.2)-(4.4),
the social planner’s problem is then

o) Q?;Y

pax S0+ o] (L)

{zt,ke11}352, =0
subject to
xt+(1+n)(1—|—a)kt+1 :kf,t:0,1,2,... (46)

This optimization problem can then be formulated as a dynamic pro-
gram with state variable k; and choice variables z; and k;.;. That is,
given the value function v(k;), the Bellman equation is

o) = max [7 A1 awv(w]

subject to (4.6). Note here that we require the discount factor for the
problem to be less than one, that is (1 +n)(1 4 a)” < 1. Substituting
in the objective function for x; using (4.6), we have

[k = k(1 +n)(1 +a)]” n
7

v(k;) = max [

ki1

B+ m)(1+ a>w<kt+l>]
(4.7)
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The first-order condition for the optimization problem on the right side
of (4.7) is
—(14+n)A+a)z] "+ B +n)(1+ a)V (k) = 0, (4.8)
and we have the following envelope condition
V' (k) = ak? a7 (4.9)
Using (4.9) in (4.8) and simplifying, we get
~(1+a)' 2] + Bakdlal ] = 0. (4.10)

Now, we will characterize “balanced growth paths,” that is steady states
where z; = * and k; = k*, where z* and k* are constants. Since (4.10)
must hold on a balanced growth path, we can use this to solve for k*,
that is

bo ]ﬁ (4.11)

Then, (4.6) can be used to solve for z* to get

o l(l fj)lﬂ]m l(l +ﬁc;) (14 +a)1 L (412)

Also, since y; = k', then on the balanced growth path the level of
output per efficiency unit of labor is

y = (k) = l%l o (4.13)

In addition, the savings rate is

_ Kt+1 . ktJrl(]. + n)(l + CL)

Y, kg ’

St

so that, on the balanced growth path, the savings rate is

s = (K" (1 +n)(1+a).



4.1. ANEOCLASSICAL GROWTH MODEL (EXOGENOUS GROWTH )55

Therefore, using (4.11) we get
s* = Pa(l+n)(1+a). (4.14)

Here, we focus on the balanced growth path since it is known that
this economy will converge to this path given any initial capital stock
Ky > 0. Since k*, x*, and y* are all constant on the balanced growth
path, it then follows that the aggregate capital stock, K;, aggregate
consumption, N;¢;, and aggregate output, Y;, all grow (approximately)
at the common rate a + n, and that per capita consumption and out-
put grow at the rate a. Thus, long-run growth rates in aggregate vari-
ables are determined entirely by exogenous growth in the labor force
and exogenous technological change, and growth in per capita income
and consumption is determined solely by the rate of technical change.
Changes in any of the parameters 3, a, or v have no effect on long-run
growth. Note in particular that an increase in any one of o, 3, or ~
results in an increase in the long-run savings rate, from (4.14). But
even though the savings rate is higher in each of these cases, growth
rates remain unaffected. This is a counterintuitive result, as one might
anticipate that a country with a high savings rate would tend to grow
faster.

Changes in any of «, 3, or v do, however, produce level effects. For
example, an increase in 3, which causes the representative household to
discount the future at a lower rate, results in an increase in the savings
rate [from (4.14)], and increases in k* and y*, from (4.11) and (4.13).
We can also show that 3(1+n)(1+a)” <1 implies that an increase in
steady state k* will result in an increase in steady state x*. Therefore,
an increase in ( leads to an increase in x*. Therefore, the increase in 3
yields increases in the level of output, consumption, and capital in the
long run.

Suppose that we consider a number of closed economies, which all
look like the one modelled here. Then, the model tells us that, given
the same technology (and it is hard to argue that, in terms of the logic
of the model, all countries would not have access to A;), all countries
will converge to a balanced growth path where per capita output and
consumption grow at the same rate. From (4.13), the differences in
the level of per capita income across countries would have to be ex-
plained by differences in «, (3, or . But if all countries have access
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to the same technology, then o cannot vary across countries, and this
leaves an explanation of differences in income levels due to differences
in preferences. This seems like no explanation at all.

While neoclassical growth models were used successfully to account
for long run growth patterns in the United States, the above analysis
indicates that they are not useful for accounting for growth experience
across countries. The evidence we have seems to indicate that growth
rates and levels of output across countries are not converging, in con-
trast to what the model predicts.

4.2 A Simple Endogenous Growth Model

In attempting to build a model which can account for the principal facts
concerning growth experience across countries, it would seem necessary
to incorporate an endogenous growth mechanism, to permit economic
factors to determine long-run growth rates. One way to do this is
to introduce human capital accumulation. We will construct a model
which abstracts from physical capital accumulation, to focus on the
essential mechanism at work, and introduce physical capital in the next
section.

Here, preferences are as in (4.1), and each agent has one unit of
time which can be allocated between time in producing consumption
goods and time spent in human capital accumulation. The production
technology is given by

Y, = ahyu Ny,

where a > 0, Y; is output, h; is the human capital possessed by each
agent at time t, and u,; is time devoted by each agent to production.
That is, the production function is linear in quality-adjusted labor in-
put. Human capital is produced using the technology

ht+1 = 6ht(1 — Ut), (415)

where § > 0, 1 —u, is the time devoted by each agent to human capital
accumulation (i.e. education and acquisition of skills), and hg is given.
Here, we will use lower case letters to denote variables in per capita
terms, for example y; = % The social planner’s problem can then
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be formulated as a dynamic programming problem, where the state
variable is h; and the choice variables are ¢;, h;y1, and u;. That is, the
Bellman equation for the social planner’s problem is

o) = max |+ AL+ n)u(hes)

ctyut,heyr | 7y

subject to
Cy = O!htut (416)

and (4.15). Then, the Lagrangian for the optimization problem on the
right side of the Bellman equation is

C’Y
E=§+ﬁﬂ+nwwﬁo+Awmwrww+umma—u9_mHL

where \; and pu; are Lagrange multipliers. Two first-order conditions
for an optimum are then

oL

a—ct = Cz_l — )\t = 0, (417)

oL
Ohy i

(4.15) and (4.16). In addition, the first derivative of the Lagrangian
with respect to u; is

= (1 +n)v'(hiy1) — e =0, (4.18)

8_[, = Nahy — pdhy

Ouy
Now, if g—zﬁ > 0, then u; = 1. But then, from (4.15) and (4.16), we have
hs =cs =0for s =t+1,t+ 2,... . But, since the marginal utility of
consumption goes to infinity as consumption goes to zero, this could
not be an optimal path. Therefore g—ft <0.If g—ft < 0, then u; = 0, and
¢; = 0 from (4.16). Again, this could not be optimal, so we must have

oL
a—Ut = )\tOéht - ,U/téht =0 (419)

at the optimum.
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We have the following envelope condition:
’U/(ht) = OéUt)\t + )\ta(l — Ut),
or, using (4.17),
v'(hy) = ac] (4.20)
From (4.17)-(4.20), we then get

B(1+n)écl ) —g ' =0. (4.21)

Therefore, we can rewrite (4.21) as an equation determining the equi-
librium growth rate of consumption:

S [B(1 + n)s] T (4.22)

Ct
Then, using (4.15), (4.16), and (4.22), we obtain:

81 + )| = S0 = wten

Uy

or L
[B(1 +n)6 T uy
1— Ut

Up+1 = (423)
Now, (4.23) is a first-order difference equation in u; depicted in Figure
4.1 for the case where [3(1+n)]'™677 < 1, a condition we will assume
holds. Any path {u;}$°, satisfying (4.23) which is not stationary (a
stationary path is u; = u, a constant, for all ¢) has the property that
lim; .o u; = 0, which cannot be an optimum, as the representative
consumer would be spending all available time accumulating human
capital which is never used to produce in the future. Thus the only
solution, from (4.23), is

w=u=1—[B(1+n)8"T=

for all ¢. Therefore, substituting in (4.15), we get

h;—:l = [B(1 + n)6] ™,
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and human capital grows at the same rate as consumption per capita.
If [B(1+ n)é]ﬁ > 1 (which will hold for ¢ sufficiently large), then
growth rates are positive. There are two important results here. The
first is that equilibrium growth rates depend on more than the growth
rates of exogenous factors. Here, even if there is no growth in popu-
lation (n = 0) and given no technological change, this economy can
exhibit unbounded growth. Growth rates depend in particular on the
discount factor (growth increases if the future is discounted at a lower
rate) and 6, which is a technology parameter in the human capital accu-
mulation function (if more human capital is produced for given inputs,
the economy grows at a higher rate). Second, the level of per capita
income (equal to per capita consumption here) is dependent on initial
conditions. That is, since growth rates are constant from for all ¢, the
level of income is determined by hg, the initial stock of human capital.
Therefore, countries which are initially relatively rich (poor) will tend
to stay relatively rich (poor).

The lack of convergence of levels of income across countries which
this model predicts is consistent with the data. The fact that other
factors besides exogenous technological change can affect growth rates
in this type of model opens up the possibility that differences in growth
across countries could be explained (in more complicated models) by
factors including tax policy, educational policy, and savings behavior.

4.3 Endogenous Growth With Physical Cap-
ital and Human Capital

The approach here follows closely the model in Lucas (1988), except
that we omit his treatment of human capital externalities. The model is
identical to the one in the previous section, except that the production
technology is given by

Y, = Kta(NthtUt)l_a»

where K; is physical capital and 0 < a < 1, and the economy’s resource
constraint is
NtCt + Kt+1 = Kta(NthtUt)l_a
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As previously, we use lower case letters to denote per capita quantities.
In the dynamic program associated with the social planner’s optimiza-
tion problem, there are two state variables, k; and h;, and four choice
variables, uy, ¢;, hyy1, and ki q. The Bellman equation for this dynamic
program is

Y

C
v(ke h) = max, L+ B(1 4 n)v(key1, hegr)
CtsUt,Re41,e+1 | 7Y
subject to
ct + (1 + n)ktﬂ = kf‘(htut)lfo‘ (424)
ht+1 = 6ht(1 - Ut) (425)

The Lagrangian for the constrained optimization problem on the right
side of the Bellman equation is then

C”Y
£ :7t+ﬁ(].+n)'l](k‘t+1, ht+1)+)\t[kfta(htut)l_a—ct—(1+n)kt+1]+ﬂt[6ht(1—Ut)—ht+1]

The first-order conditions for an optimum are then

oL _
9= Lo\ =0, (4.26)
oL
— = X(1 = Q)k®h u;® — phy = 0, (4.27)
8ut
oL
= B(1 + n)va(kit1, 1) — e = 0, (4.28)
Ohy i1
oL
= _)\t<1 + n) + /8(1 + n)’l]l<kt+1, ht+1) = 0, (429)
Oki41
(4.24) and (4.25). We also have the following envelope conditions:
'Ul(kft, ht) = )\tozk:ta_l(htut)l_a (430)
vy (ky, hy) = M(1 — @)k&hy “ul ™ + 1 6(1 — wy) (4.31)

Next, use (4.30) and (4.31) to substitute in (4.29) and (4.28) respec-
tively, then use (4.26) and (4.27) to substitute for A\; and p; in (4.28)
and (4.29). After simplifying, we obtain the following two equations:

—Cz_l + ﬁCZ;llak?gl(ht+1Ut+1)l_a = 0, (432)
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] T ke Ry u + 6B(1 + )l ke bt = 0. (4.33)

Now, we wish to use (4.24), (4.25), (4.32), and (4.33) to characterize
a balanced growth path, along which physical capital, human capital,
and consumption grow at constant rates. Let ux, pn, and p. denote
the growth rates of physical capital, human capital, and consumption,
respectively, on the balanced growth path. From (4.25), we then have

L+ pp =601 —uy),
which implies that
L+ pn
6 )
a constant, along the balanced growth path. Therefore, substituting
for u;, ugy1, and growth rates in (4.33), and simplifying, we get

Utzl—

(14 1) 7 (14 ) (1 + pn)* = 8B(1 + n). (4.34)

Next, dividing (4.24) through by k;, we have

k
2 (14 n) = = ko () (4.35)
kt ki

Then, rearranging (4.32) and backdating by one period, we get

1 + C I a— —o
% = ki (b)) (4.36)
Equations (4.35) and (4.36) then imply that
(1+p)' ™
e 1 Sl ol 7
()1 ) =

But then ]? is a constant on the balanced growth path, which implies
that . = pg. Also, from (4.36), since wu; is a constant, it must be the
case that u, = up. Thus per capita physical capital, human capital, and
per capita consumption all grow at the same rate along the balanced
growth path, and we can determine this common rate from (4.34), i.e

L pre=1+pp =1+ pp =1+ p=[68(1+n)77. (4.37)
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Note that the growth rate on the balanced growth path in this model
is identical to what it was in the model of the previous section. The
savings rate in this model is

_ Kt+1 _ kt+1(1 + TL)
)/t ktkfil(}ltut)lia

St

Using (4.36) and (4.37), on the balanced growth path we then get
se = a[6'8(1 +n)|T= (4.38)

In general then, from (4.37) and (4.38), factors which cause the savings
rate to increase (increases in (3, n, or ) also cause the growth rate of
per capita consumption and income to increase.

4.4 References

Lucas, R.E. 1987. Models of Business Cycles, Basil Blackwell, New
York.

Lucas, R.E. 1988. “On the Mechanics of Economic Development,”
Journal of Monetary Economics 22, 3-42.
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Chapter 5

Choice Under Uncertainty

In this chapter we will introduce the most commonly used approach to
the study of choice under uncertainty, expected utility theory. Expected
utility maximization by economic agents permits the use of stochastic
dynamic programming methods in solving for competitive equilibria.
We will first provide an outline of expected utility theory, and then
illustrate the use of stochastic dynamic programming in a neoclassical
growth model with random disturbances to technology. This stochastic
growth model is the basis for real business cycle theory.

5.1 Expected Utility Theory

In a deterministic world, we describe consumer preferences in terms of
the ranking of consumption bundles. However, if there is uncertainty,
then preferences are defined in terms of how consumers rank lotteries
over consumption bundles. The axioms of expected utility theory im-
ply a ranking of lotteries in terms of the expected value of utility they
yield for the consumer. For example, suppose a world with a single con-
sumption good, where a consumer’s preferences over certain quantities
of consumption goods are described by the function u(c), where c¢ is
consumption. Now suppose two lotteries over consumption. Lottery ¢
gives the consumer ¢} units of consumption with probability p;, and c?
units of consumption with probability 1 —p;, where 0 < p; < 1,7 =1, 2.

65
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Then, the expected utility the consumer receives from lottery ¢ is
piu(c;) + (1 = piulc;),
and the consumer would strictly prefer lottery 1 to lottery 2 if
pru(er) + (1 = pr)u(ci) > pau(cy) + (1 — pa)ulcy),
would strictly prefer lottery 2 to lottery 1 if
pru(er) + (1 = pr)u(ci) < pau(cy) + (1 = pa)ulcy),

and would be indifferent if

pruer) + (1 = pru(ci) = pau(cy) + (1 — p2)u(c).

Many aspects of observed behavior toward risk (for example, the obser-
vation that consumers buy insurance) is consistent with risk aversion.
An expected utility maximizing consumer will be risk averse with re-
spect to all consumption lotteries if the utility function is strictly con-
cave. If u(c) is strictly concave, this implies Jensen’s inequality, that
is

Efu(c)] < u(Eld), (5.1)

where FE is the expectation operator. This states that the consumer
prefers the expected value of the lottery with certainty to the lottery
itself. That is, a risk averse consumer would pay to avoid risk.

If the consumer receives constant consumption, ¢, with certainty,
then clearly (5.1) holds with equality. In the case where consumption
is random, we can show that (5.1) holds as a strict inequality. That
is, take a tangent to the function u(c) at the point (E[c], u(F]c])) (see
Figure 1). This tangent is described by the function

g(c) = a+ e, (5.2)
where « and (3 are constants, and we have
a+ BE[c] = u(Elc]). (5.3)
Now, since u(c) is strictly concave, we have, as in Figure 1,

a+ fe > u(e), (5.4)
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for ¢ > 0, with strict inequality if ¢ # FE[c]. Since the expectation
operator is a linear operator, we can take expectations through (5.4),
and given that c is random we have

a+ BE[c] > Elu(c)],

or, using (5.3),
u(Elc]) > Elu(c)].

As an example, consider a consumption lottery which yields ¢; units
of consumption with probability p and ¢, units with probability 1 — p,
where 0 < p < 1 and ¢ > ¢;. In this case, (5.1) takes the form

pu(cy) + (1 — p)u(er) < u(per + (1 —p)ea) .

In Figure 2, the difference

u(per + (1= p)e2) — [puler) + (1 = plu(c)]
is given by DE. The line AB is given by the function

cpuler) — eruler) lU(Q) - u(cﬁ] .

C—C Co— (1

fle) =

A point on the line AB denotes the expected utility the agent receives
for a particular value of p, for example p = 0 yields expected utility
u(cy) or point A, and B implies p = 1. Jensen’s inequality is reflected
in the fact that AB lies below the function u(c). Note that the distance
DE is the disutility associated with risk, and that this distance will
increase as we introduce more curvature in the utility function, i.e. as
the consumer becomes more risk averse.

5.1.1 Anomalies in Observed Behavior Towards Risk

While expected utility maximization and a strictly concave utility func-
tion are consistent with the observation that people buy insurance,
some observed behavior is clearly inconsistent with this. For exam-
ple, many individuals engage in lotteries with small stakes where the
expected payoff is negative.
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Another anomaly is the “Allais Paradox.” Here, suppose that there
are four lotteries, which a person can enter at zero cost. Lottery 1
involves a payoff of $1 million with certainty; lottery 2 yields a payoff
of $5 million with probability .1, $1 million with probability .89, and
0 with probability .01; lottery 3 yields $1 million with probability .11
and 0 with probability .89; lottery 4 yields $5 million with probability
.1 and 0 with probability .9. Experiments show that most people prefer
lottery 1 to lottery 2, and lottery 4 to lottery 3. But this is inconsistent
with expected utility theory (whether the person is risk averse or not
is irrelevant). That is, if u(-) is an agent’s utility function, and they
maximize expected utility, then a preference for lottery 1 over lottery
2 gives

w(l) > .1u(b) + .89u(1) + .01u(0),

11u(1) > 1u(5) + .01u(0). (5.5)

Similarly, a preference for lottery 4 over lottery 3 gives
J1u(1) 4+ .89u(0) < .1u(b) + .9u(0),

Jlu(1) < .1u(b) + .9u(0), (5.6)

and clearly (5.5) is inconsistent with (5.6).

Though there appear to be some obvious violations of expected util-
ity theory, this is still the standard approach used in most economic
problems which involve choice under uncertainty. Expected utility the-
ory has proved extremely useful in the study of insurance markets, the
pricing of risky assets, and in modern macroeconomics, as we will show.

5.1.2 Measures of Risk Aversion

With expected utility maximization, choices made under uncertainty
are invariant with respect to affine transformations of the utility func-
tion. That is, suppose a utility function

v(e) = a+ Bulo),
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where o and 3 are constants with 8 > 0. Then, we have
Ev(c)] = a+ BEu(c)],

since the expectation operator is a linear operator. Thus, lotteries are
ranked in the same manner with v(c) or u(c) as the utility function. Any
measure of risk aversion should clearly involve u”(c), since risk aversion
increases as curvature in the utility function increases. However, note
that for the function v(c), that we have v”(c) = fu”(c), i.e. the second
derivative is not invariant to affine transformations, which have no effect
on behavior. A measure of risk aversion which is invariant to affine
transformations is the measure of absolute risk aversion,

ARA(c) = —

A utility function which has the property that ARA(c) is constant for

all ¢ is u(c) = —e~*¢, a > 0. For this function, we have
_06267110
ARA(C) = =0Q.
ae ac

It can be shown, through Taylor series expansion arguments, that the
measure of absolute risk aversion is twice the maximum amount that
the consumer would be willing to pay to avoid one unit of variance for
small risks.

An alternative is the relative risk aversion measure,

where v > 0. Here,
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Note that the utility function u(c) = In(c) has RRA(c) = 1.

The measure of relative risk aversion can be shown to be twice the
maximum amount per unit of variance that the consumer would be
willing to pay to avoid a lottery if both this maximum amount and
the lottery are expressed as proportions of an initial certain level of
consumption.

A consumer is risk neutral if they have a utility function which is
linear in consumption, that is u(c) = fe, where 5 > 0. We then have

Elu(c)] = BE[d],

so that the consumer cares only about the expected value of consump-
tion. Since u”(c) =0 and u'(c) = (3, we have ARA(c) = RRA(c) = 0.

5.2 Stochastic Dynamic Programming

We will introduce stochastic dynamic programming here by way of
an example, which is essentially the stochastic optimal growth model
studied by Brock and Mirman (1972). The representative consumer
has preferences given by

E, io: Bru(cy),
=0

where 0 < 8 < 1, ¢ is consumption, u(-) is strictly increasing, strictly
concave, and twice differentiable, and Ej is the expectation operator
conditional on information at t = 0. Note here that, in general, ¢; will
be random. The representative consumer has 1 unit of labor available in
each period, which is supplied inelastically. The production technology
is given by

Y = ZtF(kta nt)»

where F(-,-) is strictly quasiconcave, homogeneous of degree one, and
increasing in both argument. Here, k; is the capital input, n, is the labor
input, and z; is a random technology disturbance. That is, {2}, is
a sequence of independent and identically distributed (i.i.d.) random
variables (each period z; is an independent draw from a fixed probability
distribution G(z)). In each period, the current realization, z, is learned
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at the beginning of the period, before decisions are made. The law of
motion for the capital stock is

kft+1 == it ‘I— (1 - 6)](?,5,

where i; is investment and ¢ is the depreciation rate, with 0 < 6 < 1.
The resource constraint for this economy is

ct+ 1 = Y.

5.2.1 Competitive Equilibrium

In this stochastic economy, there are two very different ways in which
markets could be organized, both of which yield the same unique Pareto
optimal allocation. The first is to follow the approach of Arrow and
Debreu (see Arrow 1983 or Debreu 1983). The representative consumer
accumulates capital over time by saving, and in each period he/she
rents capital and sells labor to the representative firm. However, the
contracts which specify how much labor and capital services are to
be delivered at each date are written at date ¢t = 0. At ¢ = 0, the
representative firm and the representative consumer get together and
trade contingent claims on competitive markets. A contingent claim is
a promise to deliver a specified number of units of a particular object
(in this case labor or capital services) at a particular date (say, date
T') conditional on a particular realization of the sequence of technology
shocks, {zo, 21, 22, ..., zr}. In a competitive equilibrium, all contingent
claims markets (and there are potentially very many of these) clear at
t =0, and as information is revealed over time, contracts are executed
according to the promises made at t = 0. Showing that the competitive
equilibrium is Pareto optimal here is a straightforward extension of
general equilibrium theory, with many state-contingent commodities.
The second approach is to have spot market trading with rational
expectations. That is, in period t labor is sold at the wage rate wy
and capital is rented at the rate r;. At each date, the consumer rents
capital and sells labor at market prices, and makes an optimal sav-
ings decision given his/her beliefs about the probability distribution of
future prices. In equilibrium, markets clear at every date t for every
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possible realization of the random shocks {z, z1, 22, ..., 2 }. In equilib-
rium expectations are rational, in the sense that agents’ beliefs about
the probability distributions of future prices are the same as the ac-
tual probability distributions. In equilibrium, agents can be surprised
in that realizations of z; may occur which may have seemed, ex ante,
to be small probability events. However, agents are not systematically
fooled, since they make efficient use of available information.

In this representative agent environment, a rational expectations
equilibrium is equivalent to the Arrow Debreu equilibrium, but this
will not be true in models with heterogeneous agents. In those models,
complete markets in contingent claims are necessary to support Pareto
optima as competitive equilibria, as complete markets are required for
efficient risk sharing.

5.2.2 Social Planner’s Problem

Since the unique competitive equilibrium is the Pareto optimum for this
economy, we can simply solve the social planner’s problem to determine
competitive equilibrium quantities. The social planner’s problem is

max_ Fo > flu(c)
=0

{et k1382,

subject to
c + kt+1 = th(kt) + (1 - (S)kt,

where f(k) = F(k,1). Setting up the above problem as a dynamic
program is a fairly straightforward generalization of discrete dynamic
programming with certainty. In the problem, given the nature of uncer-
tainty, the relevant state variables are k; and z;, where k; is determined
by past decisions, and z; is given by nature and known when decisions
are made concerning the choice variables ¢; and k;i 1. The Bellman
equation is written as

v(k, 2¢) = max [u(c;) + BEw(kira, 2641)]

ct ki1

subject to
¢+ kt+1 = th(k't) + (]. — 6)kt
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Here, v (-,-) is the value function and F; is the expectation operator
conditional on information in period ¢. Note that, in period t, ¢ is
known but ¢y;7 = 1,2,3,..., is unknown. That is, the value of the
problem at the beginning of period ¢ + 1 (the expected utility of the
representative agent at the beginning of period ¢ + 1) is uncertain as
of the beginning of period t. What we wish to determine in the above
problem are the value function, v(+,-), and optimal decision rules for
the choice variables, i.e. ki1 = g(ks, 2¢) and ¢, = 2. f (k) + (1 — 6)ky —
g (ktv Zt)'

5.2.3 Example

Let F(ky,ny) = kMni~® with 0 < o < 1, u(e) = Ing, § = 1, and
E[ln z) = u. Guess that the value function takes the form

v(kyyze) = A+ Blnki+ Dlnz

The Bellman equation for the social planner’s problem, after substi-
tuting for the resource constraint and given that n; = 1 for all ¢, is
then

A+Blnki+Dln z; = max {In[zk — ki) + BE A+ Blnkyyy + Dln z4]}

ki1

or

A+Blnki+Dln z, = max {In[z;k* — k1] + BA+ BBlnkyy + SDu} .

kt+1
(5.7)
Solving the optimization problem on the right-hand side of the above
equation gives
6B

kt+1 = mztk?. (58)

Then, substituting for the optimal ki1 in (5.7), we get

. Ztk:ta ﬁBZtk'?
A+ Blnk;+Dlnz, =1n <—1+BB> + A+ fBIn <—1+ﬁB + BDu
(5.9)
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Our guess concerning the value function is verified if there exists a
solution for A, B, and D. Equating coefficients on either side of equation
(5.9) gives

B 1 BB
A—ln<1+ﬁB>+ﬁA+ﬁBln<1+ﬁB>+ﬁDu (5.10)
B=a+aBB (5.11)
D=1+pB (5.12)

Then, solving (5.10)-(5.12) for A, B, and D gives

a
le—aﬁ
1
Dzl—aﬁ
1 3 of B
A_l—ﬁ In(1 aﬁ)+1_aﬁln(aﬁ)+l_aﬁ

We have now shown that our conjecture concerning the value function
is correct. Substituting for B in (5.8) gives the optimal decision rule

kft+1 = Oéﬁztk’?, (513)
and since ¢; = 2k — kyy1, the optimal decision rule for ¢; is
= (1 —af)zks. (5.14)

Here, (5.13) and (5.14) determine the behavior of time series for ¢; and
k; (where k1 is investment in period ¢). Note that the economy will not
converge to a steady state here, as technology disturbances will cause
persistent fluctuations in output, consumption, and investment. How-
ever, there will be convergence to a stochastic steady state, i.e. some
joint probability distribution for output, consumption, and investment.

This model is easy to simulate on the computer. To do this, simply
assume some initial kg, determine a sequence {z}]_, using a random
number generator and fixing 7', and then use (5.13) and (5.14) to de-
termine time series for consumption and investment. These time series
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will have properties that look something like the properties of post-war
detrended U.S. time series, though there will be obvious ways in which
this model does not fit the data. For example, employment is constant
here while it is variable in the data. Also, given that output, y; = 2k,
if we take logs through (5.13) and (5.14), we get

Ink;yy =Inaf +Iny

and
Ine, =In(l —af) +Iny

We therefore have var(lnkiy1) = var(lne) = var(lny,). But in the
data, the log of investment is much more variable (about trend) than
is the log of output, and the log of output is more variable than the log
of consumption.

Real business cycle (RBC) analysis is essentially an exercise in mod-
ifying this basic stochastic growth model to fit the post-war U.S. time
series data. The basic approach is to choose functional forms for util-
ity functions and production functions, and then to choose parameters
based on long-run evidence and econometric studies. Following that,
the model is run on the computer, and the output matched to the ac-
tual data to judge the fit. The fitted model can then be used (given
that the right amount of detail is included in the model) to analyze
the effects of changes in government policies. For an overview of this
literature, see Prescott (1986) and Cooley (1995).
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Chapter 6

Consumption and Asset
Pricing

In this chapter we will examine the theory of consumption behavior and
asset pricing in dynamic representative agent models. These two topics
are treated together because there is a close relationship between the
behavior of consumption and asset prices in this class of models. That
is, consumption theory typically treats asset prices as being exogenous
and determines optimal consumption-savings decisions for a consumer.
However, asset pricing theory typically treats aggregate consumption as
exogenous while determining equilibrium asset prices. The stochastic
implications of consumption theory and asset pricing theory, captured
in the stochastic Euler equations from the representative consumer’s
problem, look quite similar.

6.1 Consumption

The main feature of the data that consumption theory aims to explain
is that aggregate consumption is smooth, relative to aggregate income.
Traditional theories of consumption which explain this fact are Fried-
man’s permanent income hypothesis and the life cycle hypothesis of
Modigliani and Brumberg. Friedman’s and Modigliani and Brumberg’s
ideas can all be exposited in a rigorous way in the context of the class
of representative agent models we have been examining.

7
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6.1.1 Consumption Behavior Under Certainty

The model we introduce here captures the essentials of consumption-
smoothing behavior which are important in explaining why consump-
tion is smoother than income. Consider a consumer with initial assets
Ap and preferences

25%(@), (6.1)

where 0 < 8 < 1, ¢ is consumption, and u(-) is increasing, strictly
concave, and twice differentiable. The consumer’s budget constraint is

A1 = (L +7)(Ar — o +wy), (6.2)

for t =0,1,2, ..., where r is the one-period interest rate (assumed con-
stant over time) and w; is income in period ¢, where income is exoge-
nous. We also assume the no-Ponzi-scheme condition

lim L
t—oo (14 1)t
This condition and (6.2) gives the intertemporal budget constraint for

the consumer,
o0

e A 09

The consumer’s problem is to choose {c¢;, Ar1}52, to maximize (6.1)
subject to (6.2). Formulating this problem as a dynamic program, with
the value function v(A;) assumed to be concave and differentiable, the
Bellman equation is

A
v(Ay) = Iﬁlﬁ}f {u <wt + A, — . :L:;) + Bv(Ap1)

The first-order condition for the optimization problem on the right-
hand side of the Bellman equation is

1 !/ A /
11 T’LL <U)t —+ At — 1 f:;) + ﬁ'U (At+1) = O, (64)

and the envelope theorem gives

V'(Ay) = (’wt + A — s > . (6.5)
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Therefore, substituting in (6.4) using (6.5) and (6.2) gives

u'(cr)

B’ (cis1)

That is, the intertemporal marginal rate of substitution is equal to one
plus the interest rate at the optimum.
Now, consider some special cases. If 1 +r =

rate is equal to the discount rate, then (6.6) gives

=1+4r (6.6)

%, i.e. if the interest

G =Cq1 =C

for all ¢, where, from (6.3), we get

c— (1#”) (AO +§ i TT)J . (6.7)

Here, consumption in each period is just a constant fraction of dis-
counted lifetime wealth or “permanent income.” The income stream
given by {w;}$°, could be highly variable, but the consumer is able to
smooth consumption perfectly by borrowing and lending in a perfect
capital market. Also, note that (6.7) implies that the response of con-
sumption to an increase in permanent income is very small. That is,
suppose a period is a quarter, and take r = .01 (an interest rate of
approximately 4% per annum). Then (6.7) implies that a $1 increase
in current income gives an increase in current consumption of $.0099.
This is an important implication of the permanent income hypothe-
sis: because consumers smooth consumption over time, the impact on
consumption of a temporary increase in income is very small.

Another example permits the discount factor to be different from
the interest rate, but assumes a particular utility function, in this case

where v > 0. Now, from (6.6) we get

=B (6.8)
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so that consumption grows at a constant rate for all ¢. Again, the
consumption path is smooth. From (6.8) we have

e = co[B(L+7)]7

and solving for ¢y using (6.3), we obtain

co=[1—-B(1+r)=] le +§ a Tr)t] :

6.1.2 Consumption Behavior Under Uncertainty

Friedman’s permanent income hypothesis was a stochastic theory, aimed
at explaining the regularities in short run and long run consumption
behavior, but Friedman did not develop his theory in the context of an
optimizing model with uncertainty. This was later done by Hall (1978),
and the following is essentially Hall’s model.

Consider a consumer with preferences given by

Ey > Blulcy),

where u(-) has the same properties as in the previous section. The
consumer’s budget constraint is given by (6.2), but now the consumer’s
income, wy, is a random variable which becomes known at the beginning
of period t. Given a value function v( A, w;) for the consumer’s problem,
the Bellman equation associated with the consumer’s problem is

A
Ay wy) = A+ w, —
’U( t,wt) %i}f U( ¢ T Wy 147

)+ BEw(Ai1, W) |

and the first-order condition for the maximization problem on the right-
hand side of the Bellman equation is

At+1
1+7r

U/<At + wy — ) —+ ﬁEﬂ)l (At+1, ’wt+1). (69)

_1+T

We also have the following envelope condition:

v1 (A, wy) = v (Ay + wy — ). (6.10)
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Therefore, from (6.2), (6.9), and (6.10), we obtain

Eal(ciy1) = ! )u'(ct). (6.11)

B(l+r

Here, (6.11) is a stochastic Euler equation which captures the stochas-
tic implications of the permanent income hypothesis for consumption.
Essentially, (6.11) states that u'(¢;) is a martingale with drift. How-
ever, without knowing the utility function, this does not tell us much
about the path for consumption. If we suppose that u(-) is quadratic,

ie. u(c) = —1(¢ — )?, where ¢ > 0 is a constant, (6.11) gives
Bl+r)—1
By = |————| &,
tCt [ B +7r) t

so that consumption is a martingale with drift. That is, consumption is
smooth in the sense that the only information required to predict future
consumption is current consumption. A large body of empirical work
(summarized in Hall 1989) comes to the conclusion that (6.11) does
not fit the data well. Basically, the problem is that consumption is too
variable in the data relative to what the theory predicts; in practice,
consumers respond more strongly to changes in current income than
theory predicts they should.

There are at least two explanations for the inability of the perma-
nent income model to fit the data. The first is that much of the work
on testing the permanent income hypothesis is done using aggregate
data. But in the aggregate, the ability of consumers to smooth con-
sumption is limited by the investment technology. In a real business
cycle model, for example, asset prices move in such a way as to induce
the representative consumer to consume what is produced in the cur-
rent period. That is, interest rates are not exogenous (or constant, as
in Hall’s model) in general equilibrium. In a real business cycle model,
the representative consumer has an incentive to smooth consumption,
and these models fit the properties of aggregate consumption well.

A second possible explanation, which has been explored by many
authors (see Hall 1989), is that capital markets are imperfect in prac-
tice. That is, the interest rates at which consumers can borrow are
typically much higher than the interest rates at which they can lend,
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and sometimes consumers cannot borrow on any terms. This limits the
ability of consumers to smooth consumption, and makes consumption
more sensitive to changes in current income.

6.2 Asset Pricing

In this section we will study a model of asset prices, developed by
Lucas (1978), which treats consumption as being exogenous, and asset
prices as endogenous. This asset pricing model is sometimes referred
to as the ICAPM (intertemporal capital asset pricing model) or the
consumption-based capital asset pricing model.

This is a representative agent economy where the representative
consumer has preferences given by

Eq iﬁtu(ct), (6.12)

where 0 < # < 1 and u(+) is strictly increasing, strictly concave, and
twice differentiable. Output is produced on n productive units, where
Y is the quantity of output produced on productive unit ¢ in period
t. Here y;; is random. We can think of each productive unit as a fruit
tree, which drops a random amount of fruit each period.

It is clear that the equilibrium quantities in this model are simply

Cy = Zyit, (613)
i=1

but our interest here is in determining competitive equilibrium prices.
However, what prices are depends on the market structure. We will
suppose an stock market economy, where the representative consumer
receives an endowment of 1 share in each productive unit at ¢t = 0,
and the stock of shares remains constant over time. Each period, the
output on each productive unit (the dividend) is distributed to the
shareholders in proportion to their share holdings, and then shares are
traded on competitive markets. Letting p;; denote the price of a share
in productive unit ¢ in terms of the consumption good, and z; the
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quantity of shares in productive unit ¢ held at the beginning of period
t, the representative consumer’s budget constraint is given by

Y piziga + e =Y Zi(Pi + ir), (6.14)
i=1 i=1
fort =0,1,2,.... The consumer’s problem is to maximize (6.12) subject
o (6.14). Letting py, 2z, and y; denote the price vector, the vector of
share holdings, and the output vector, for example y; = (Y11, Yot --+» Ynt ),
we can specify a value function for the consumer v(z, py, y¢), and write
the Bellman equation associated with the consumer’s problem as

v(2e, Pr Ye) = C]gﬂ;}fl [u(ce) + BEwW(2e41, Pet1s Yes)]

subject to (6.14). Lucas (1978) shows that the value function is differen-
tiable and concave, and we can substitute using (6.14) in the objective
function to obtain

n

'U(prt» yt) = Ig%f( {U (Z [Zit(pit + yit) - pitzi,t—l—l]) + 5Etv(2t+1>pt+1> yt+1)} .
i=1

Now, the first-order conditions for the optimization problem on the
right-hand side of the above Bellman equation are

ov

0z; g+l

—pirtt/ (Z Zit (Dit + Yit) pitzi,t+1]> + BE; =0, (6.15)
=1

for i =1,2,...,n. We have the following envelope conditions:

ov
azzt

pzt + yzt u <Z Zit pzt + yzt pitzi,t-i—l]) (616)
=1

Substituting in (6.15) using (6.13), (6.14), and (6.16) then gives

_pztu (Z yzt) + ﬁEt l(pz t+1 + yz t+1 (Z Y; t+1>‘| = Oa (617)

=1

fori=1,2,...,n, or

pu (Ct“)] — 0. (6.18)

pit = By l(Pz t+1 + Yi t+1)m
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That is, the current price of a share is equal to the expectation of
the product of the future payoff on that share with the intertemporal
marginal rate of substitution. Perhaps more revealing is to let 7;; denote
the gross rate of return on share 7 between period ¢ and period ¢t + 1,
i.e.

_ Dig+1 T Yit+1

Tt
Pit
and let m; denote the intertemporal marginal rate of substitution,
. Bu’ (cy1)
my = —————
u' (¢y)

Then, we can rewrite equation (6.18) as
E, (Witmt) =1,

or, using the fact that, for any two random variables, X and Y, cov(X,Y)
E(XY) - E(X)E(Y),

covy(my, my) + By (my) By (my) = 1.

Therefore, shares with high expected returns are those for which the
covariance of the asset’s return with the intertemporal marginal rate
of substitution is low. That is, the representative consumer will pay a
high price for an asset which is likely to have high payoffs when aggre-
gate consumption is low. We can also rewrite (6.18), using repeated
substitution and the law of iterated expectations (which states that,
for a random variable x;, F; [EiysTirs] = Fixiis, 8 > s > 0), to get

pit = By

i myzs] ) (6.19)

s=t+1 u'(cr)

That is, we can write the current share price for any asset as the ex-
pected present discounted value of future dividends, where the discount
factors are intertemporal marginal rates of substitution. Note here that
the discount factor is not constant, but varies over time since consump-
tion is variable.
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Examples

Equation (6.17) can be used to solve for prices, and we will show here
how this can be done in some special cases.

First, suppose that y; is an i.i.d. random variable. Then, it must
also be true that p; is i.i.d. This then implies that

E, [(pi,t+1 + Yigr 1)U (Z yi,t+1>] = A, (6.20)
i=1

for : = 1,2,...,n, where A; > 0 is a constant. That is, the expression
inside the expectation operator in (6.20) is a function of p;+y1 and
Yit+1,% = 1,2,...,m, each of which is unpredictable given information in
period t, therefore the function is unpredictable given information in
period t. Given (6.17) and (6.20), we get

BA;
u' (30 Yit)

Therefore, if aggregate output (which is equal to aggregate consumption
here) is high, then the marginal utility of consumption is low, and the
current price of the asset is high. That is, if current dividends on
assets are high, the representative consumer will want to consume more
today, but will also wish to save by buying more assets so as to smooth
consumption. However, in the aggregate, the representative consumer
must be induced to consume aggregate output (or equivalently, to hold
the supply of available assets), and so asset prices must rise.

A second special case is where there is risk neutrality, that is u(c) =
c. From (6.17), we then have

Pit =

Pit = BE:(Dit+1 + Yirs1),
i.e. the current price is the discount value of the expected price plus
the dividend for next period, or

i i — 1
E, Piptr T Yirer = Pie| _ L4 (6.21)

Dit B

Equation (6.21) states that the rate of return on each asset is unpre-
dictable given current information, which is sometimes taken in the
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Finance literature as an implication of the “efficient markets hypothe-
sis.” Note here, however, that (6.21) holds only in the case where the
representative consumer is risk neutral. Also, (6.19) gives

o0

pit = By Z ﬁs_tyi,s,

s=t+1

or the current price is the expected present discounted value of divi-
dends.

A third example considers the case where u(c) = Inc and n = 1;
that is, there is only one asset, which is simply a share in aggregate
output. Also, we will suppose that output takes on only two values,
Yy = Y1, Y2, with y; > o, and that y, is i.i.d. with Prly, = yi] = ,
0 < m < 1. Let p; denote the price of a share when y; = y; for + = 1, 2.
Then, from (6.17), we obtain two equations which solve for p; and ps,

p1 = 772(291 +y1) + (1 — 77)2(172 +y2)
L N Yo |

p2 = W%(p1+y1)+(1_ﬂ)%(p2+y2)
U1 Y2

Since the above two equations are linear in p; and p,, it is straightfor-
ward to solve, obtaining

- By
pl—l_/@
o Byo
p2——1—/8

Note here that p; > po, that is the price of the asset is high in the state
when aggregate output is high.

Alternative Assets and the “Equity Premium Puzzle”

Since this is a representative agent model (implying that there can
be no trade in equilibrium) and because output and consumption are
exogenous, it is straightforward to price a wide variety of assets in this
type of model. For example, suppose we allow the representative agent
to borrow and lend. That is, there is a risk-free asset which trades on
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a competitive market at each date. This is a one-period risk-free bond
which is a promise to pay one unit of consumption in the following
period. Let b, denote the quantity of risk-free bonds acquired in
period ¢ by the representative agent (note that b,,1 can be negative;
the representative agent can issue bonds), and let ¢; denote the price of
a bond in terms of the consumption good in period t. The representative
agent’s budget constraint is then

Zpitzi,tJrl + ¢t + @by = Z Zit (it + Yar) + b
i=1 i=1

In equilibrium, we will have b, = 0, i.e. there is a zero net supply of
bonds, and prices need to be such that the bond market clears.

We wish to determine ¢;, and this can be done by re-solving the
consumer’s problem, but it is more straightforward to simply use equa-
tion (6.17), setting p; ;41 = 0 (since these are one-period bonds, they
have no value at the end of period t 4+ 1) and y;++1 = 1 to get

u'(cryn)
= pE . 6.22
q = BB, [ w(cr) ( )
The one-period risk-free interest rate is then
L (6.23)
ry =—— 1. .
' Gt

If the representative agent is risk neutral, then ¢; = 6 and r; = % -1,

that is the interest rate is equal to the discount rate.

Mehra and Prescott (1985) consider a version of the above model
where n = 1 and there are two assets; an equity share which is a claim
to aggregate output, and a one-period risk-free asset as discussed above.

They consider preferences of the form
11—y _ 1
u(c) = R

l—x

In the data set which Mehra and Prescott examine, which includes
annual data on risk-free interest rates and the rate of return implied by
aggregate dividends and a stock price index, the average rate of return
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on equity is approximately 6% higher than the average rate of return on
risk-free debt. That is, the average equity premium is about 6%. Mehra
and Prescott show that this equity premium cannot be accounted for
by Lucas’s asset pricing model.

Mehra and Prescott construct a version of Lucas’s model which
incorporates consumption growth, but we will illustrate their ideas here
in a model where consumption does not grow over time. The Mehra-
Prescott argument goes as follows. Suppose that output can take on
two values, y; and y,, with y; > ys. Further, suppose that y; follows a
two-state Markov process, that is

Pr[yt+1 =Yj | Y = yz] = Tij.

We will assume that m; = p, for i = 1,2, where 0 < p < 1. Here, we
want to solve for the asset prices ¢;, p;, © = 1,2, where ¢; = ¢; and
pr = p; when y, = y;, for i = 1,2. From (6.17), we have

py; | =0 [P(Pl +y)yr )+ (1= p)(p2 + yz)yz_q ; (6.24)

payy =P [P(p2 +y2)yy + (1= p)(p1 + y1)y;7} - (6.25)
Also, (6.22) implies that

=270 _p +(1—p) (%) _ (6.26)
g =p _p +(1—p) (%) _ (6.27)

Now, (6.24) and (6.25) are two linear equations in the two unknowns p;
and pa, so (6.24)-(6.27) give us solutions to the four asset prices. Now,
to determine risk premia, we first need to determine expected returns.
In any period, ¢, the return on the risk-free asset is certain, and given
by 7 in (6.23). Let r; = r; when y;, = y; for ¢ = 1,2. For the equity
share, the expected return, denoted Ry, is given by

R, = E, <pt+1 + Yty1 — pt) ‘

Y
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Therefore, letting R; denote the expected rate of return on the equity
share when y; = y;, we get

e (252 oo (352)-

b1 P1
R2:p<p2+y2) +(1=p) <p1+y1> 1
D2 D2

Now, what we are interested in is the average equity premium that
would be observed in the data produced by this model over a long period
of time. Given the transition probabilities between output states, the
unconditional (long-run) probability of being in either state is % here.
Therefore, the average equity premium is

1
e(B,7, psy1,12) = = (R1 —11) +§(Rz —73),

DN | —

Mehra and Prescott’s approach is to set p, y1, and y, so as to replicate
the observed properties of aggregate consumption (in terms of serial
correlation and variability), then to find parameters § and v such that
e(B,7, p,y1,y2) = .06. What they find is that v must be very large, and
much outside of the range of estimates for this parameter which have
been obtained in other empirical work.

To understand these results, it helps to highlight the roles played
by v in this model. First, v determines the intertemporal elasticity of
substitution, which is critical in determining the risk-free rate of inter-
est, r;. That is, the higher is ~, the lower is the intertemporal elasticity
of substitution, and the greater is the tendency of the representative
consumer to smooth consumption over time. Thus, a higher v tends
to cause an increase in the average risk-free interest rate. Second, the
value of v captures risk aversion, which is a primary determinant of
the expected return on equity. That is, the higher is v the larger is the
expected return on equity, as the representative agent must be com-
pensated more for bearing risk. The problem in terms of fitting the
model is that there is not enough variability in aggregate consumption
to produce a large enough risk premium, given plausible levels of risk
aversion.
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Chapter 7

Search and Unemployment

Unemployment is measured as the number of persons actively seeking
work. Clearly, there is no counterpart to this concept in standard rep-
resentative agent neoclassical growth models. If we want to understand
the behavior of the labor market, explain why unemployment fluctu-
ates and how it is correlated with other key macroeconomic aggregates,
and evaluate the efficacy of policies affecting the labor market, we need
another set of models. These models need heterogeneity, as we want
to study equilibria where agents engage in different activities, i.e. job
search, employment, and possibly leisure (not in the labor force). Fur-
ther, there must be frictions which imply that it takes time for an agent
to transit between unemployment and employment. Search models have
these characteristics.

Some early approaches to search and unemployment are in McCall
(1970) and Phelps et. al. (1970). These are models of “one-sided”
search, which are partial equilibrium in nature. Unemployed work-
ers face a distribution of wage offers which is assumed to be fixed.
Later, Mortensen and Pissarides developed two-sided search models
(for a summary see Pissarides 1990) in which workers and firms match
in general equilibrium, and the wage distribution is endogenous. Pe-
ter Diamond (1982) also developed search models which could exhibit
multiple equilibria or coordination failures. Diamond’s was probably
the first attempt to rigorously explain Keynesian unemployment phe-
nomena.

Search theory is a useful application of dynamic programming, and

91
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it also allows us to introduce some basic concepts in the theory of
games. We will first study a one-sided search model, similar to the
one studied by McCall (1970), and then look at a version of Diamond’s
coordination failure model.

7.1 A One-Sided Search Model

Suppose a continuum of agents with unit mass, each having preferences
given by

Ey i Bru(cy),
i=0

where 0 < # < 1, and u(-) is concave and strictly increasing. Let
0= ﬁ, where r is the discount rate. Note that we assume that there
is no disutility from labor effort on the job, or from effort in search-
ing for a job. There are many different jobs in this economy, which
differ according to the wage, w, which the worker receives. From the
point of view of an unemployed agent, the distribution of wage offers
she can receive in any period is given by the probability distribution
function F'(w), which has associated with it a probability density func-
tion f(w). Assume that w € [0,w], i.e. the set [0,w] is the support
of the distribution. If an agent is employed receiving wage w (assume
that each job requires the input of one unit of labor each period), then
her consumption is also w, as we assume that the worker has no op-
portunities to save. At the end of the period, there is a probability ¢
that an employed worker will become unemployed. The parameter 6 is
referred to as the separation rate. An unemployed worker receives an
unemployment benefit, b, from the government at the beginning of the
period, and then receives a wage offer that she may accept or decline.
Let V,, and V.(w) denote, respectively, the value of being unem-
ployed and the value of being employed at wage w, as of the end of the
period. These values are determined by two Bellman equations:

V., =3 {u(b) + [ * max [Va(w), V] f(w)dw} (7.1)

Ve(w) = Blu(w) + 6V, + (1 = 6)Ve(w)] (7.2)
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In (7.1), the unemployed agent receives the unemployment insurance
benefit, b, at the beginning of the period, consumes it, and then receives
a wage offer from the distribution F'(w). The wage offer is accepted if
Ve(w) > V,, and declined otherwise. The integral in (7.1) is the expected
utility of sampling from the wage distribution.

In (7.2), the employed agent receives the wage, w, consumes it, and
then either suffers a separation or will continue to work at the wage
w next period. Note that an employed agent will choose to remain
employed if she does not experience a separation, because V. (w) > V,,
otherwise she would not have accepted the job in the first place.

In search models, a useful simplification of the Bellman equations
is obtained as follows. For (7.1), divide both sides by (3, substitute

0= 1—}rr, and subtract V,, from both sides to obtain

Vi, = u(b) + /OU_J max [V (w) — V,, 0] f(w)dw. (7.3)

On the right-hand side of (7.3) is the flow return when unemployed
plus the expected net increase in expected utility from the unemployed
state. Similarly, (7.2) can be simplified to obtain

rVe(w) = u(w) + 6[V, — Ve(w)] (7.4)

We now want to determine what wage offers an agent will accept
when unemployed. From (7.4), we obtain

u(w) + 6V,

Ve(w) = r+6

Therefore, since u(w) is strictly increasing in w, so is V.(w). Thus,
there is some w* such that V. (w) > V, for w > w*, and V. (w) <V,
for w < w* (see Figure 7.1). The value w* is denoted the reservation
wage. That is, an unemployed agent will accept any wage offer of w*
or more, and decline anything else.

Now, let v, denote the fraction of agents who are employed in period
t. The flow of agents into employment is just the fraction of unemployed
agents multiplied by the probability that an individual agent transits
from unemployment to employment, (1 — ;) [l — F(w*)]. Further, the
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Figure 7.1
Welw)

Figure 7.1:
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flow of agents out of employment to unemployment is the number of
separations ;0. Therefore, the law of motion for 7, is

Y = 2+ (1= ) [1 = Fw")] = 76 (7.5)
= 1= Fw') + 7 [F(uw*) - 6.

Since | Fl(w*) — 6 |< 1, 7 converges to a constant, -y, which is deter-
mined by setting v,41 = = v in (7.5) and solving to get
1 -F(w")
TS Flw)

(7.6)

Therefore, the number of employed decreases as the separation rate
increases, and as the reservation wage increases. The unemployment
rate in the steady state is given by 1 — v, so that, if the separation
rate increases, increasing the flow from employment to unemployment,
the steady state unemployment rate goes up. Similarly, if unemployed
agents are more choosy about the job offers they accept, so that w*
increases, this decreases the flow from unemployment to employment
and the steady state unemployment rate increases.

One policy experiment we could conduct in this model is to ask
what the effects are of an increase in b, interpreted as an increase in the
generosity of the unemployment insurance program. One can show,
from (7.3) and (7.4), that V.(w) — V,, decreases, for each w, when b
increases. Therefore, w* increases with b, and from (7.6) the number
of employed agents falls and the unemployment rate rises. That is, an
increase in unemployment insurance benefits acts to make unemployed
agents more choosy concerning the jobs they will accept, decreasing
the flow of agents from the unemployment pool to employment, and
the unemployment rate therefore increases in the steady state.

7.1.1 An Example

Suppose that there are only two possible wage offers. An unemployed
agent receives a wage offer of w with probability m and an offer of zero
with probability 1 — w, where 0 < m < 1. Suppose first that 0 < b < w.
Here, in contrast to the general case above, the agent knows that when
she receives the high wage offer, there is no potentially higher offer that
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she foregoes by accepting, so high wage offers are always accepted. Low
wage offers are not accepted because collecting unemployment benefits
is always preferable, and the agent cannot search on the job. Letting
V. denote the value of employment at wage w, the Bellman equations
can then be written as

Vi, =u(b) + (V. = V,,),

Ve = u(w) + 6(V, — Vo),

and we can solve these two equations in the unknowns V, and V, to

obtain

(r + m)u(w) + du(b)
r(r+6+m)

Ve = )
mu(w) + (r + 8)u(b)

r(r+6+m)
Note that V., — V,, depends critically on the difference between w and

b, and on the discount rate, r. The number of employed agents in the
steady state is given by

Vi =

R
R

so that the number employed (unemployed) increases (decreases) as 7
increases, and falls (rises) as § increases.

Now for any b > w, clearly we will have v = 0, as no offers of
employment will be accepted, due to the fact that collecting unemploy-
ment insurance dominates all alternatives. However, if b = w, then an
unemployed agent will be indifferent between accepting and declining a
high wage offer. It will then be optimal for her to follow a mixed strat-
egy, whereby she accepts a high wage offer with probability n. Then,
the number of employed agents in the steady state is

v

__nm
R

v

which is increasing in 7. This is a rather stark example where changes in
the UI benefit have no effect before some threshold level, but increasing
benefits above this level causes everyone to turn down all job offers.
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7.1.2 Discussion

The partial equilibrium approach above has neglected some important
factors, in particular the fact that, if job vacancies are posted by firms,
then if a wage offer is accepted this will in general affect the wage offer
distribution faced by the unemployed. Two-sided search models, as in
Pissarides (1990), capture this endogeneity in the wage distribution. In
addition, we do not take account of the fact that the government must
somehow finance the payment of unemployment insurance benefits. A
simple financing scheme in general equilibrium would be to have Ul
benefits funded from lump-sum taxes on employed agents. Note in the
example above that it would be infeasible to have b > w in general
equilibrium.

7.2 Diamond’s Coordination Failure Model

Diamond’s model is probably the first account of a coordination failure
problem, interpreted as a Keynesian-type low-employment steady state
where there is a possibility of welfare-improving government interven-
tion. A simple coordination failure model is constructed by Bryant
(1983), and Cooper and John (1988) captures the general features of
coordination failure models.

The key feature of Diamond’s model is that there are multiple steady
state equilibria which can be Pareto-ranked. That is, if the agents living
in the model could somehow choose among steady states, they would
all agree on which one was most preferred. However, the problem is
that, in equilibrium, the outcome may not be this most-preferred steady
state. In principle, there might be a role for government in helping the
private economy coordinate on the “right” equilibrium, though search
models do not typically permit government intervention in a nice way.

The idea that a coordination failure problem might imply a stabiliz-
ing role for government can be found in Keynes (1936), though Keynes
was thinking in terms of nominal wage rigidity and the coordinating
role of the central bank, as follows:

Except in a socialised community where wage policy is set-
tled by decree, there is no means of securing uniform wage
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reductions for every class of labor. The result can only
be brought about by a series of gradual, irregular changes,
justifiable on no criterion of social justice or economic ex-
pedience, and probably completed only after wasteful and
disastrous struggles, where those in the weakest bargaining
position will suffer relatively to the rest. A change in the
quantity of money, on the other hand, is already within the
power of most governments by open market policy or anal-
ogous measures. Having regard to human nature and our
institutions, it can only be a foolish person who would pre-
fer a flexible wage policy to a flexible money policy...” (pp.
267-268).

7.2.1 The Model

There is a continuum of agents with unit mass, each with preferences
given by

Eo iﬁt[U(ct) —al,

where 0 < 4 < 1, u(-) is strictly increasing with «(0) = 0, ¢; is con-
sumption, and a; is production effort. At the end of a given period,
an agent is either “unemployed” or “employed.” If unemployed, the
agent is searching for a production opportunity. With probability 6,
one production opportunity arrives during the period, and with prob-
ability 1 — 6, no production opportunities arrive. A given production
opportunity is defined by its production cost, a. Given that a produc-
tion opportunity arrives, it is a draw from a probability distribution
F(«), with corresponding probability density function f(«). Assume
that a € [a,00], where a> 0. On receiving a production opportunity,
the unemployed agent must decide whether to take it or not. If she does
not take it, then she continues to search for a production opportunity
in the next period, and if she does take the opportunity, she produces y
units of an indivisible consumption good, and is then deemed employed.
The consumption good has the property that the agent who produces
it can not consume it, but any other agent can. Thus, an agent with
a consumption good must search for a trading partner. For any em-
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ployed agent, the probability of finding a trading partner in the current
period is b(y), where b(-) is a strictly increasing function with b(0) = 0
and b(1) < 1, and ~ is the fraction of employed agents in the popula-
tion. Thus, the probability of finding a trading partner increases with
the number of would-be trading partners in the population. Once two
employed agents meet, they trade consumption goods, since the goods
are indivisible and both agents strictly prefer trading to continuing to
search. When a consumable good is received, it is immediately con-
sumed and the agent goes back to the unemployment pool and begins
searching for a production opportunity again.

The basic idea here is that the decision about what production
opportunities to accept, from an individual’s point of view, is affected
by how easy it is to trade once something is produced. This in turn is
determined by how many would-be trading partners there are, which
is determined by what production opportunities are accepted by other
agents. Thus, there is a strategic complementarity (sometimes referred
to as an externality, though this is bad language), which introduces the
possibility of multiple equilibria.

A story which helps in visualizing what is going on in this economy is
related by Diamond (1982) in his paper, though this need not be much
help is thinking about how the model captures what is going on in real
economies. The story is as follows. There are some people wandering
on a beach, who happen on coconut trees at random. Each tree has one
coconut, and the trees are of varying heights. On encountering a tree,
a person must decide whether she should climb the tree and pick the
coconut, or continue to wander the beach and hopefully find a smaller
tree. If she picks a coconut, unfortunately she cannot eat it herself, and
she wanders the beach until she finds another person with a coconut,
they trade, eat their coconuts, and then go back to searching for trees.

In terms of capturing real-world phenomena, the agents searching
for production opportunities are like the unemployed agents in the
search model we examined in the previous section, in that they are
searching for employment (a production opportunity), and their de-
cision as to what production opportunities to accept will be like the
reservation wage strategy discussed previously. There are no firms in
the model, but we can view the employment activities here as produc-
tion and sales, and once the goods are produced and sold, employment



100 CHAPTER 7. SEARCH AND UNEMPLOYMENT

ends and the agent can be viewed as laid off or discharged from a firm
which has gone out of business.

7.2.2 Determining the Steady State

First, let V., and V,, denote the values of being employed and unem-
ployed, respectively, as of the end of the period. Then, we can summa-
rize the agent’s dynamic optimization problem in the steady state by
the following two Bellman equations:

Ve = B{b(y) [u(y) + Vi] + [1 — b(y)]V.}

Vo= 03 le /°° max(V, — a, V) f(a)da + (1 — )V,

@

As in the one-sided search model, it is convenient to substitute 3 = ——

1+r

in the above two Bellman equations and manipulate to get
Ve =b(y) [uly) + Vu — VeI, (7.7)
rV, = 9/00 max(V, — a —V,,0) f(a)da. (7.8)

Now, note that, from (7.8), since V, and V|, are constants, then
assuming that V,—V,, > a, there exists some a* such that V,—a—V,, > 0
fora < a*and V., —a—V, < 0 for a > a*. That is, the agent will
accept any production opportunities with @ < o* and decline any with
a > a*, so that a* is a reservation cost (note that we suppose that, if
the agent is indifferent, she accepts). We can then rewrite (7.8) as

rV, =0F(a")a* — 0 /a* af(a)da, (7.9)

where
af =V, -V, (7.10)

Then, subtracting (7.9) from (7.7) and substituting using (7.10), we
obtain

(07

ra* =b(y)[u(y) — ] — 0F (o)™ + 9/ * af(a)da,

@
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which can be simplified by using integration by parts to get

ra* =b(y)[u(y) — a*] — 9/a F(a)da. (7.11)
Further, using (7.10) to substitute in (7.7), we have
Ve =b(7) [uly) — a]. (7.12)

Given the reservation cost strategy, the flow of agents into employ-
ment in the steady state each period is 0 F'(a*)(1 — ), and the flow out
of employment is vb(y). In the steady state, these flows must be equal,
or

OF (") = M (7.13)
L—r

Now, equations (7.11) and (7.13) determine o* and -y, and then (7.9)
and (7.12) solve for V,, and V., respectively. In (7.13), one solution is
a* = o and v = 0 and, since the right-hand side of (7.13) is strictly
increasing in -y and the left-hand side is strictly increasing in o, (7.13)
determines an upward-sloping locus (AA) as depicted in Figure 7.2.
Further, in (7.11), one solution is o* = a and v =7, where y> 0 and
solves

ra = b(y)[u(y) — af,
and totally differentiating (7.11) and solving, we get

do* V' (y)[uly) — o]
dy r+bla)+0F(a*)

Therefore, (7.11) describes an upward sloping locus (BB) as depicted
in Figure 7.2, so that there may be multiple steady states (A, B, and
D) as shown. Again, multiple steady states can occur due to a strategic
complementarity.. That is, if all agents believe that other agents will
choose a low (high) a*, then they also believe that there will be a small
(large) number of agents in the trading sector, which implies that they
will choose a low (high) a* as well.

Steady states are Pareto ranked according to the value of a*. To
show this, first note that, again using integration by parts, we can
rewrite (7.9) as

Vi, = 9/a F(a)da,

@
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alpha

SATITA

Figure 7.2:



7.2. DIAMOND’S COORDINATION FAILURE MODEL 103

so that V,, increases as steady state o* increases. Second, (7.10) tells us
that V., — V,, increases with a*, so that V, increases with steady state
«* as well. Thus, both the unemployed and the employed are better off
in a steady state with a higher a* (and by implication, with a higher

7).

7.2.3 Example

This example is quite simple, but it is somewhat different from the
model laid out above, as in the steady state agents will wish in general
to engage in mixed strategies. Here, suppose that all production op-
portunities have the same cost, given by & > 0, and b(7y) = by, where
b > 0. Here, in the steady state, we want to determine V,, V,,, v, and 7,
which is the probability that an unemployed agent accepts a produc-
tion opportunity. We can write the modified versions of the Bellman
equations as

rVe = byluly) + Vu — Vel (7.14)
rVy =0 max w(V, — V,, — &) (7.15)
m€[0,1]

In the steady state, the flow into employment is (1 — )07 and the flow
out of employment is 72b, so in the steady state where the flows are

equal, we have ,
by
T = (7.16)
Now, we want to consider the three possible cases here in turn, i.e.
m=0,m € (0,1), and m = 1. The first and third involve pure strategies,
and in the second unemployed agents follow a mixed strategy. The
procedure will be to conjecture that an equilibrium of a particular type
exists, and then to use (7.14) and (7.15) to characterize that steady
state equilibrium.
First, consider the case where m = 1. Then, from (7.15) we have

rVu=0(V.—V,—a), (7.17)
and then using (7.14) and (7.17) we get

Vv — b'yu(y)+9a.
r4+by+0
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Now, for this to be an equilibrium, i.e. for 7 = 1 to be optimal, we
must have V, — V, > a, or

~

ra

Y2 m (7.18)

Second, consider the case where 0 < m < 1. Here, we must have V, —
Vi = &, so that (7.15) gives V,, = 0, which implies, given (7.14), that

vy, = )
by +r
and V, — V,, = & implies that
ro
Tuly) — @ (719

In a similar manner, it is straightforward to show that m = 0 implies
that we must have

~

< r&
T Vuly) — &

Thus from (7.16) and (7.18)-(7.20), there are three steady states, as de-
picted in Figure 7.3. These are (7,v) = (0,0), (eﬂﬁ&), ), (1, ﬁe—wﬂ),

(1=
where

(7.20)

~

T W) —al

As in the general model above, these steady states are Pareto-ranked.

7.2.4 Discussion

The spatial separation in a search model provides a convenient rationale
for the lack of ability of the agents in the model to get together to co-
ordinate on better outcomes than might be achieved in a decentralized
equilibrium. It is possible though, that if agents could communicate
freely, i.e. if information could flow among agents, though goods can
not, that bad outcomes like the Pareto-dominated steady states studied
here would not result.

Of course, in practice it is difficult for economic agents to get to-
gether and they certainly can not communicate perfectly, so there is the
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possibility that Diamond’s coordination failure model tells us something
about how real economies work. However, in practice there are many
coordinating types of institutions which do not exist in the model, such
as financial intermediaries, which could serve to eliminate or mitigate
the effects studied here.

Coordination failure models have been extended to dynamic envi-
ronments to study whether they can explain the statistical features of
business cycles. Some success has been achieved in this area by Farmer
and Guo (1994) for example, but it is difficult to distinguish the im-
plications of these dynamic models with multiple equilibria from those
of real business cycle models, which typically have unique equilibria.
A further problem with multiple equilibrium models in general is that
they may not have testable implications. That is, the implications for
what we should see in economic data may differ across equilibria.
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Chapter 8

Search and Money

Traditionally, money has been viewed as having three functions: it is a
medium of exchange, a store of value, and a unit of account. Money is
a medium of exchange in that it is an object which has a high velocity
of circulation; its value is not derived solely from its intrinsic worth,
but from its wide acceptability in transactions. It is hard to conceive of
money serving its role as a medium of exchange without being a store
of value, i.e. money is an asset. Finally, money is a unit of account in
that virtually all contracts are denominated in terms of it.

Jevons (1875) provided an early account of a friction which gives rise
to the medium-of-exchange role of money. The key elements of Jevons’s
story are that economic agents are specialized in terms of what they
produce and what they consume, and that it is costly to seek out would-
be trading partners. For example, suppose a world in which there is
a finite number of different goods, and each person produces only one
good and wishes to consume some other good. Also suppose that all
trade in this economy involves barter, i.e. trades of goods for goods.
In order to directly obtain the good she wishes, it is necessary for a
particular agent to find someone else who has what she wants, which
is a single coincidence of wants. A trade can only take place if that
other person also wants what she has, i.e. there is a double coincidence
of wants. In the worst possible scenario, there is an absence of double
coincidence of wants, and no trades of this type can take place. At best,
trading will be a random and time-consuming process, and agents will
search, on average, a long time for trading partners.

109
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Suppose now that we introduce money into this economy. This
money could be a commodity money, which is valued as a consumption
good, or it could be fiat money, which is intrinsically useless but difficult
or impossible for private agents to produce. If money is accepted by
everyone, then trade can be speeded up considerably. Rather than
having to satisfy the double coincidence of wants, an agent now only
needs to find someone who wants what she has, selling her production
for money, and then find an agent who has what she wants, purchasing
their consumption good with money. When there is a large number of
goods in the economy, two single coincidences on average occur much
sooner than one double coincidence.

The above story has elements of search in it, so it is not surprising
that the search structure used by labor economists and others would be
applied in monetary economics. One of the first models of money and
search is that of Jones (1976), but the more recent monetary search lit-
erature begins with Kiyotaki and Wright (1989). Kiyotaki and Wright’s
model involves three types of agents and three types of goods (the sim-
plest possible kind of absence of double coincidence model), and is use-
ful for studying commodity monies, but is not a very tractable model
of fiat money. The model we study in this chapter is a simplification
of Kiyotaki and Wright (1993), where symmetry is exploited to ob-
tain a framework where it is convenient to study the welfare effects of
introducing fiat money.

8.1 The Model

There is a continuum of agents with unit mass, each having preferences
given by

Ey i Bru(cy),
i=0

where 0 < # < 1, ¢, denotes consumption, and u(-) is an increasing
function. There is a continuum of goods, and a given agent can produce
only one of the goods in the continuum. An agent gets zero utility from
consuming her production good. Each period, agents meet pairwise
and at random. For a given agent, the probability that her would-be
trading partner produces a good that she likes to consume is z, and
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the probability that she produces what her would-be trading partner
wants is also z. There is a good called money, and a fraction M of the
population is endowed with one unit each of this stuff in period 0. All
goods are indivisible, being produced and stored in one-unit quantities.
An agent can store at most one unit of any good (including money),
and all goods are stored at zero cost. Free disposal is assumed, so it
is possible to throw money (or anything else) away. For convenience,
let u* = u(1) denote the utility from consuming a good that the agent
likes, and assume that the utility from consuming a good one does not
like is zero.

Any intertemporal trades or gift-giving equilibria are ruled out by
virtue of the fact that no two agents meet more than once, and because
agents have no knowledge of each others’ trading histories.

8.2 Analysis

We confine the analysis here to stationary equilibria, i.e. equilibria
where agents’ trading strategies and the distribution of goods across
the population are constant for all ¢. In a steady state, all agents are
holding one unit of some good (ignoring uninteresting cases where some
agents hold nothing). Given symmetry, it is as if there are were only
two goods, and we let V,; denote the value of holding a commodity, and
V., the value of holding money at the end of the period. The fraction
of agents holding money is i, and the fraction holding commodities is
1—p. If two agents with commodities meet, they will trade only if there
is a double coincidence of wants, which occurs with probability z2. If
two agents with money meet, they may trade or not, since both are
indifferent, but in either case they each end the period holding money.
If two agents meet and one has money while the other has a commodity,
the agent with money will want to trade if the other agent has a good
she consumes, but the agent with the commodity may or may not want
to accept money.

From an individual agent’s point of view, let m denote the proba-
bility that other agents accept money, where 0 < 7 < 1, and let «’
denote the probability with which the agent accepts money. Then, we
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can write the Bellman equations as

_ gl prmaxeepy [7'Vn + (1= 7) Vo] 4+ p(1 — )V,
Vt]_ﬁ{ H +(1LL) [Q;Q(u*+%)+(1_x/é)‘/vg] }, (8.1)

Vin = B{pVi + (1 — p) [zm(u® + V) + (1 — 2m)V,, ]} (8.2)

In (8.1), an agent with a commodity at the end of the current pe-
riod meets an agent with money next period with probability p. The
money-holder will want to trade with probability x, and if the money-
holder wishes to trade, the agent chooses the trading probability 7’ to
maximize end-of-period value. With probability 1 — 1 the agent meets
another commodity-holder, and trade takes with probability z2. If the
agent trades, she consumes and then immediately produces again.

Similarly, in (8.2), an agent holding money meets another agent
holding money with probability u, and meets a commodity-holder with
probability 1 — . Trade with a commodity-holder occurs with proba-
bility x7, as there is a single coincidence with probability z, and the
commodity-holder accepts money with probability .

It is convenient to simplify the Bellman equations, as we did in
the previous chapter, defining the discount rate r by g = 1—J1rr, and
manipulating (8.1) and (8.2) to get

rVy = pr max 7' (Vi = V) + (1 = pa’u’, (8.3)
Vi = (1 — p)zm(u* + Vy, — V). (8.4)

Now, we will ignore equilibria where agents accept commodities
in exchange that are not their consumption goods, i.e. commodity
equilibria. In these equilibria, if two commodity-holders meet and there
is a single coincidence, they trade, even though one agent is indifferent
between trading and not trading. It is easy to rule these equilibria out,
as in Kiyotaki and Wright (1993) by assuming that there is a small
trading cost, € > 0, and thus a commodity holder would strictly prefer
not to trade for a commodity she does not consume. Provided ¢ is very
small, the analysis does not change.

Now, there are potentially three types stationary equilibria. One
type has m = 0, one has 0 < m < 1, and one has m = 1. The first we
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can think of as a non-monetary equilibrium (money is not accepted by
anyone), and the latter two are monetary equilibria. Suppose first that
m = 0. Then, an agent holding money would never get to consume,
and anyone holding money at the first date would throw it away and
produce a commodity, so we have y = 0. Then, from (8.3), the expected
utility of each agent in equilibrium is

V,=—. (8.5)

Next, consider the mixed strategy equilibrium where 0 < 7 < 1. In
equilibrium we must have 7/ = 7, so for the mixed strategy to be
optimal, from (8.3) we must have V,,, = V. From (8.3) and (8.4), we
then must have m = x. This then gives expected utility for all agents

in the stationary equilibrium

(1 — pzu

,
Now, note that all money-holders are indifferent between throwing
money away and producing, and holding their money endowment. Thus,
there is a continuum of equilibria of this type, indexed by p € (0, M].
Further, note, from (8.5) and (8.6), that all agents are worse off in
the mixed strategy monetary equilibrium than in the non-monetary
equilibrium, and that expected utility is decreasing in p. This is due
to the fact that, in the mixed strategy monetary equilibrium, money
is no more acceptable in exchange than are commodities (7 = x), so
introducing money in this case does nothing to improve trade. In ad-
dition, the fact that some agents are holding money, in conjunction
with the assumptions about the inventory technology, implies that less
consumption takes place in the aggregate when money is introduced.

Next, consider the equilibrium where m = 1. Here, it must be opti-
mal for the commodity-holder to choose 7’ = m = 1, so we must have
Vi > V. Conjecturing that this is so, we solve (8.3) and (8.4) for V,,
and V, to get

= —(1 — 'u)x2u* - rT—x
V;] - 7“(7’ + $) [:u(l )+ + ] ) (87)



114 CHAPTER 8. SEARCH AND MONEY

_(—meu ey 4 ta
b= S - wa—a) bl 89
and we have .
Vm_%:(l—u)x(l—x)u -0

r+ox

for p1 < 1. Thus our conjecture that 7’ = 1 is a best response to w = 1 is
correct, and we will have y = M, as all agents with a money endowment
will strictly prefer holding money to throwing it away and producing.
Now, it is useful to consider what welfare is in the monetary equi-
librium with 7 = 1 relative to the other equilibria. Here, we will use as
a welfare measure
W=01-M)V,+MV,,

i.e. the expected utilities of the agents at the first date, weighted by

the population fractions. If money is allocated to agents at random

at t = 0, this is the expected utility of each agent before the money

allocations occur. Setting p = M in (8.7) and (8.8), and calculating

W, we get

(1 — M)zu*
r

Note that, for M =0, W = wzf*, which is identical to welfare in the
non-monetary equilibrium, as should be the case.

Suppose that we imagine a policy experiment where the monetary
authority can consider setting M at ¢ = 0. This does not correspond
to any real-world policy experiment (as money is not indivisible in any
essential way in practice), but is useful for purposes of examining the
welfare effects of money in the model. Differentiating W with respect
to M, we obtain

W= [z + M(1 - z)]. (8.9)

daw  zu*

—_— = 1-2 2M(—1

= Tl = 2w+ 2M(—14))
d*W
T 2(-1+2z) <0.

Thus, if z > %, then introducing any quantity of money reduces welfare,
i.e. the optimal quantity of money is M* = 0. That is, if the absence of
double coincidence of wants problem is not too severe, then introducing
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money reduces welfare more by crowding out consumption than it in-
creases welfare by improving trade. If z < %, then welfare is maximized
for M* = 2%1’_2;). Thus, we need a sufficiently severe absence of double
coincidence problem before welfare improves due to the introduction of
money. Note that from (8.6) and (8.9), for a given pu, welfare is higher
in the pure strategy monetary equilibrium than in the mixed strategy

monetary equilibrium.

8.3 Discussion

This basic search model of money provides a nice formalization of the
absence-of-double-coincidence friction discussed by Jevons. The model
has been extended to allow for divisible commodities (Trejos and Wright
1995, Shi 1995), and a role for money arising from informational fric-
tions (Williamson and Wright 1994). Further, it has been used to
address historical questions (Wallace and Zhou 1997, Velde, Weber
and Wright 1998). A remaining problem is that it is difficult to al-
low for divisible money, though this has been done in computational
work (Molico 1997). If money is divisible, we need to track the whole
distribution of money balances across the population, which is ana-
lytically messy. However, if money is not divisible, it is impossible to
consider standard monetary experiments, such as changes in the money
growth rate which would affect inflation. In indivisible-money search
models, a change in M is essentially a meaningless experiment.

While credit is ruled out in the above model, it is possible to have
credit-like arrangements, even if no two agents meet more than once,
if there is some knowledge of a would-be trading partner’s history.
Kocherlakota and Wallace (1998) and Aiyagari and Williamson (1998)
are two examples of search models with credit arrangements and “mem-
ory.” Shi (1996) also studies a monetary search model with credit
arrangements of a different sort.
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Chapter 9

Overlapping (Generations
Models of Money

The overlapping generations model of money was first introduced by
Samuelson (1956), who did not take it very seriously. Earlier, in Chap-
ter 2, we studied Peter Diamond’s overlapping generations model of
growth, which was an adaptation of Samuelson’s model used to exam-
ine issues in capital accumulation. Samuelson’s monetary model was
not rehabilitated until Lucas (1972) used it in a business cycle context,
and it was then used extensively by Neil Wallace, his coauthors and
students, in the late 1970s and early 1980s (see Kareken and Wallace
1980, for example).

As in the search model of money, money is used in the overlapping
generations environment because it overcomes a particular friction that
is described explicitly in the model. In this case, the friction is that
agents are finite-lived and a particular agent can not trade with agents
who are unborn or dead. In the simplest overlapping generations mod-
els, agents hold money in order to consume in their old age. In terms
of how money works in real economies, this may seem silly if taken lit-
erally, since the holding period of money is typically much shorter than
thirty years. However, the overlapping generations friction should be
interpreted as a convenient parable which stands in for the spatial and
informational frictions which actually make money useful in practice.
In fact, as we will see, the overlapping generations model of money in-
cludes an explicit representation of the absence of double coincidence
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problem.

9.1 The Model

In each period t = 1,2,3,..., N; agents are born who are each two-
period-lived. An agent born in period ¢ has preferences given by u(c}, ¢; ),
where ¢; denotes consumption in period ¢ by a member of generation
s. Assume that u(-,-) is strictly increasing in both arguments, strictly
concave and twice continuously differentiable, and that

Ou(cy,c2)

. dc

lim —2—~ = o0

150 Ou(cy,co ’
dca

for ¢; > 0, and

Ou(cy,c2)
0121210 8uaccll,cz - O’
Oca
for ¢; > 0, which will guarantee that agents want to consume positive
amounts in both periods of life. We will call agents young when they
are in the first period of life, and old when they are in the second period.
In period 1, there are NNy initial old agents, who live for only one period,
and whose utility is increasing in period 1 consumption. These agents
are collectively endowed with M units of fiat money, which is perfectly
divisible, intrinsically useless, and can not be privately produced. Each
young agent receives y units of the perishable consumption good when
young, and each old agent receives nothing (except for the initial old,
who are endowed with money).
Assume that the population evolves according to

Nt = ’rLNt_l, (91)

for t = 1,2,3,..., where n > 0. Money can be injected or withdrawn
through lump-sum transfers to old agents in each period. Letting 7
denote the lump sum transfer that each old agent receives in period ¢,
in terms of the period ¢ consumption good (which will be the numeraire
throughout), and letting M; denote the money supply in period ¢, the
government budget constraint is

pt(Mt - Mt—l) = Ny, (9-2)
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fort = 1,2,3,..., where p; denotes the price of money in terms of the
period t consumption good, i.e. the inverse of the price level.! Further,
we will assume that the money supply grows at a constant rate, i.e.

Mt = ZMt,I, (93)

fort =1,2,3,..., with 2 > 0, so (9.2) and (9.3) imply that

1
peMy(1 — ;) = Nia7. (9.4)

9.2 Pareto Optimal Allocations

Before studying competitive equilibrium allocations in this model, we
wish to determine what allocations are optimal. To that end, suppose
that there is a social planner that can confiscate agents’ endowments
and then distribute them as she chooses across the population. This
planner faces the resource constraint

Nich + Ny_1dl7H < Ny, (9.5)

for t = 1,2,3,... . Equation (9.5) states that total consumption of
the young plus total consumption of the old can not exceed the total
endowment in each period. Now, further, suppose that the planner is
restricted to choosing among stationary allocations, i.e. allocations that
have the property that each generation born in periods t = 1,2,3, ...
receives the same allocation, or (¢}, c},,) = (c1,c2), for all ¢, where ¢;
and ¢, are nonnegative constants. Note that the initial old alive in
period 1 will then each consume ¢;. We can then rewrite equation (9.5)
using (9.1) to get

o+ 2 < Y. (9.6)
n

We will say that stationary allocations (cy, ¢c2) satisfying (9.6) are fea-
sible.

Tt is convenient to use the consumption good as the numeraire, as we will want
to consider equilibria where money is not valued, i.e. p; = 0.
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Definition 3 A Pareto optimal allocation, chosen from the class of
stationary allocations, (c1,cs), is feasible and satisfies the property that
there exists mo other feasible stationary allocation (¢y,¢q) such that
u(éy, ) > u(er, c) and éq > co, with at least one of the previous two
inequalities a strong inequality.

Thus, the definition states that an allocation is Pareto optimal
(within the class of stationary allocations) if it is feasible and there
is no other feasible stationary allocation for which all agents are at
least as well off and some agent is better off. Here, note that we take
account of the welfare of the initial old agents.

To determine what allocations are Pareto optimal, note first that
any Pareto optimal allocation must satisfy (9.6) with equality. Further,
let (¢}, ¢3) denote the stationary allocation that maximizes the welfare
of agents born in generations ¢t = 1,2,3,..., i.e. (c},c}) is the solution
to

subject to (9.6). Then, the Pareto optimal allocations satisfy (9.6) with
equality and

c1 <. (9.7)
To see this, note that, for any allocation satisfying (9.6) where (9.7) is
not satisfied, there is some alternative allocation which satisfies (9.6)
and makes all agents better off.

9.3 Competitive Equilibrium

A young agent will wish to smooth consumption over her lifetime by ac-
quiring money balances when young, and selling them when old. Thus,
letting m; denote the nominal quantity of money acquired by an agent
born in period ¢, the agent chooses m; > 0, ¢ > 0, and ¢},; > 0 to
solve

max u(c, ¢}, ;) (9.8)

subject to
¢+ pemy =y, (9.9)

Chir = Pe1My + Tepn (9.10)
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Definition 4 A competitive equilibrium is a sequence of prices {p;}2,
a sequence of consumption allocations {(c}, ¢, 1)}, a sequence of money
supplies { M, }2,, a sequence of individual money demands {m;}2,, and
a sequence of tazes {1,}{2,, given My, which satisfies: (i) (¢}, ¢}, ;) and
my are chosen to solve (9.8) subject to (9.9) and (9.10) given py, pii1,
and Tyi1, for allt =1,2,3,... . (i) (9.3) and (9.4), fort =1,2,3,....
(7i) pe My = Nypymy for allt =1,2,3, ... .

In the definition, condition (i) says that all agents optimize treating
prices and lump-sum taxes as given (all agents are price-takers), condi-
tion (ii) states that the sequence of money supplies and lump sum taxes
satisfies the constant money growth rule and the government budget
constraint, and (iii) is the market-clearing condition. Note that there
are two markets, the market for consumption goods and the market
for money, but Walras’ Law permits us to drop the market-clearing
condition for consumption goods.

9.3.1 Nonmonetary Equilibrium

In this model, there always exists a non-monetary equilibrium, i.e. a
competitive equilibrium where money is not valued and p;, = 0 for all t.
In the nonmonetary equilibrium, (¢}, ¢}, ;) = (y,0) and 7, = 0 for all ¢.
It is straightforward to verify that conditions (i)-(iii) in the definition
of a competitive equilibrium are satisfied.. It is also straightforward to
show that the nonmonetary equilibrium is not Pareto optimal, since it
is Pareto dominated by the feasible stationary allocation (cf,cf,,) =
(c1, c5)-

Thus, in the absence of money, no trade can take place in this
model, due to a type of absence-of-double-coincidence friction. That is,
an agent born in period ¢ has period ¢ consumption goods, and wishes
to trade some of these for period t 4+ 1 consumption goods. However,
there is no other agent who wishes to trade period ¢ + 1 consumption
goods for period ¢ consumption goods.



122CHAPTER 9. OVERLAPPING GENERATIONS MODELS OF MONEY

9.3.2 Monetary Equilibria

We will now study equilibria where p;, > 0 for all ¢. Here, given our
assumptions on preferences, agents will choose an interior solution with
strictly positive consumption in each period of life. We will also suppose
(as has to be the case in equilibrium) that taxes and prices are such
that an agent born in period ¢ chooses m; > 0. To simplify the problem
(9.8) subject to (9.9) and (9.10), substitute for the constraints in the
objective function to obtain

max (Y — PeMug, PyrMe + Teg1),

and then, assuming an interior solution, the first-order condition for an
optimum is

—petr (Y — Pemuy, Deay + Tig1) + Peprta (Y — Dem, Peyimy + Tepa) = 0,

(9.11)
where u;(cq, c2) denotes the first partial derivative of the utility function
with respect to the ith argument.

Now, it proves to be convenient in this version of the model (though
not always) to look for an equilibrium in terms of the sequence {¢;}:°,,
where ¢, = PtN—Aft is the real per capita quantity of money. We can then
use this definition of ¢;, and conditions (ii) and (iii) in the definition of
competitive equilibrium to substitute in the first-order condition (9.11)

to arrive, after some manipulation, at

n
—C_Itul(y — 4, qt+1n) + Qt+1;U2(y — 4, Qt+1n) =0 (9-12)

Equation (9.12) is a first-order difference equation in ¢; which can in
principle be solved for the sequence {¢}$2,. Once we solve for {¢:}$°,,
we can then work backward to solve for {p,;}$2;, given that p, = g%t
The sequence of taxes can be determined from 7, = ng,(1 — %), and the
sequence of consumptions is given by (cf,c},;) = (y — ¢, qi+11).

One monetary equilibrium of particular interest (and in general this
will be the one we will study most closely) is the stationary monetary
equilibrium. This competitive equilibrium has the property that ¢; = g,
a constant, for all ¢. To solve for ¢, simply set ¢;:.1 = ¢; = ¢ in equation
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(9.12) to obtain

n
—ui(y — q,qn) + ;z@(y —q,qn) =0 (9.13)

Now, note that, if z = 1, then y—q = ¢} and gn = ¢}, by virtue of the
fact that each agent is essentially solving the same problem as a social
planner would solve in maximizing the utility of agents born in periods
t = 1,2,3,... . Thus, 2z = 1 implies that the stationary monetary
equilibrium is Pareto optimal, i.e. a fixed money supply is Pareto
optimal, independent of the population growth rate. Note that the rate
of inflation in the stationary monetary equilibrium is £—1, so optimality
here has nothing to do with what the inflation rate is. Further, note
that any z < 1 implies that the stationary monetary equilibrium is
Pareto optimal, since the stationary monetary equilibrium must satisfy
(9.6), due to market clearing, and z < 1 implies that (9.7) holds in the
stationary monetary equilibrium.

If z > 1, this implies that intertemporal prices are distorted, i.e. the
agent faces intertemporal prices which are different from the terms on
which the social planner can exchange period ¢ consumption for period
t 4+ 1 consumption.

9.4 Examples

Suppose first that u(cy, c2) = Iney + Incg. Then, equation (9.12) gives

qt _ l
y—q z
and solving for ¢; we get ¢ = %, so the stationary monetary equi-

librium is the unique monetary equilibrium in this case (though note
that ¢; = 0 is still an equilibrium). The consumption allocations are
(ct,ciy1) = (£%, 155 ), so that consumption of the young increases with
the money growth rate (and the inflation rate), and consumption of the
old decreases. L
Alternatively, suppose that u(cy, c2) = ¢i +c3 . Here, equation (9.12)
gives (after rearranging)
¢z

qi+1 = ( (914)

y—q)n’
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Now, (9.14) has multiple solutions, one of which is the stationary mon-
etary equilibrium where ¢; = n—i% There also exists a continuum of

equilibria, indexed by ¢; € (0, n—ﬁ%) Each of these equilibria has the
property that lim; .., q; = 0, i.e. these are nonstationary monetary
equilibria where there is convergence to the nonmonetary equilibrium
in the limit (see Figure 9.1). Note that the stationary monetary equi-
librium satisfies the quantity theory of money, in that the inflation rate
is 2 — 1, so that increases in the money growth rate are essentially
reflected one-for-one in increases in the inflation rate (the velocity of
money is fixed at one). However, the nonstationary monetary equilibria

do not have this property.

9.5 Discussion

The overlapping generations model’s virtues are that it captures a role
for money without resorting to ad-hoc devices, and it is very tractable,
since the agents in the model need only solve two-period optimization
problems (or three-period problems, in some versions of the model).
Further, it is easy to integrate other features into the model, such as
credit and alternative assets (government bonds for example) by al-
lowing for sufficient within-generation heterogeneity (see Sargent and
Wallace 1982, Bryant and Wallace 1984, and Sargent 1987).

The model has been criticized for being too stylized, i.e. for do-
ing empirical work the interpretation of period length is problematic.
Also, some see the existence of multiple equilibria as being undesirable,
though some in the profession appear to think that the more equi-
libria a model possesses, the better. There are many other types of
multiple equilibria that the overlapping generations model can exhibit,
including “sunspot” equilibria (Azariadis 1981) and chaotic equilibria
(Boldrin and Woodford 1990).1
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Chapter 10

A Cash-In-Advance Model

Many macroeconomic approaches to modeling monetary economies pro-
ceed at a higher level than in monetary models with search or overlap-
ping generations (one might disparagingly refer this higher level of mon-
etary model as implicit theorizing). One approach is to simply assume
that money directly enters preferences (money-in-the-utility-function
models) or the technology (“transactions cost” models). Another ap-
proach, which we will study in this chapter, is to simply assume that
money accumulated in the previous period is necessary to finance cur-
rent period transactions. This cash-in-advance approach was pioneered
by Lucas (1980, 1982), and has been widely-used, particularly in quan-
titative work (e.g. Cooley and Hansen 1989).

10.1 A Simple Cash-in-Advance Model With
Production

In its basic structure, this is a static representative agent model, with
an added cash-in-advance constraint which can potentially generate
dynamics. The representative consumer has preferences given by

Eoioﬁt [u(cy) — v(ng)], (10.1)

where 0 < 3 < 1, ¢ is consumption, and nj is labor supply. Assume
that wu(-) is strictly increasing, strictly concave, and twice differentiable,

127
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and that v (-) is increasing, strictly convex, and twice differentiable,
with v/(0) = 0 and v/(h) = oo, where h is the endowment of time the
consumer receives each period.

The representative firm has a constant-returns-to-scale technology,

Y = ’Ytnf> (10-2)

where y; is output, n¢ is labor input, and ~; is a random technology
shock.

Money enters the economy through lump-sum transfers made to
the representative agent by the government. The government budget
constraint takes the form

Mt—H = M; + Py, (10.3)

where M, is the money supply in period ¢, P, is the price level (the price
of the consumption good in terms of money) and 7; is the lump-sum
transfer that the representative agent receives in terms of consumption
goods. Assume that

My = 0, M, (10.4)

where 6, is a random variable.
In cash-in-advance models, the timing of transactions can be critical
to the results. Here, the timing of events within a period is as follows:

1. The consumer enters the period with M; units of currency, B;
one-period nominal bonds, and z; one-period real bonds. Each
nominal bond issued in period t is a promise to pay one unit of
currency when the asset market opens in period ¢ + 1. Similarly,
a real bond issued in period ¢ is a promise to pay one unit of the
consumption good when the asset market opens in period ¢ + 1.

2. The consumer learns 6; and ~,;, the current period shocks, and
receives a cash transfer from the government.

3. The asset market opens, on which the consumer can exchange
money, nominal bonds, and real bonds.

4. The asset market closes and the consumer supplies labor to the
firm.
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5. The goods market opens, where consumers purchase consumption
goods with cash.

6. The goods market closes and consumers receive their labor earn-
ings from the firm in cash.

The consumer’s problem is to maximize (10.1) subject to two con-
straints. The first is a “cash-in-advance constraint,” i.e. the constraint
that the consumer must finance consumption purchases and purchases
of bonds from the asset stocks that she starts the period with,

SiBii1 + Pogize + Piey < My + By + Pz + By (10.5)

Here, S; is the price in units of currency of newly-issued nominal bond,
and ¢; is the price in units of the consumption good of a newly-issued
real bond. The second constraint is the consumer’s budget constraint,

SiBi1+ Pigizii1 + My + Piey < My+ By + Pz + Pen+ Pawgny, (10.6)

where w, is the real wage. To make the consumer’s dynamic opti-
mization stationary, it is useful to divide through constraints (10.5)
and (10.6) by M, the nominal money supply, and to change variables,
defining lower-case variables (except for previously-defined real vari-
ables) to be nominal variables scaled by the nominal money supply, for
example p; = %. Constraints (10.5) and (10.6) can then be rewritten
as

Sibi110; + Deqrzier + pece < my + by + pez + ey (10.7)

and
Stbii10r +prqezisr +mi10i+prce < my+b+prze+per+pawgny (10.8)

Note that we have used (10.4) to simplify (10.7) and (10.8). The con-
straint (10.8) will be binding at the optimum, but (10.7) may not bind.
However, we will assume throughout that (10.7) binds, and later estab-
lish conditions that will guarantee this.

The consumer’s optimization problem can be formulated as a dy-
namic programming problem with the value function v(my, b, z¢, 0, V¢)-
The Bellman equation is then

U(mt, bt, Zty Ht, ’yt) =
MaXe, n? myt1,bit1,2641 [u(ce) —v(ng) + BEw(myst, bty 2e41, 01, Yer1))
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subject to (10.7) and (10.8). The Lagrangian for the optimization prob-
lem on the right-hand side of the Bellman equation is

L =u(c;) —v(nf) + BEw(myi1, by, ze41, Oev1s Vo)
+Ae(my + by + peze + pee — Sibiy10: — Peqrzes1 — Dice)
e (my + by + peze + ety + prwing — Sibp0p — PGz — Me1by — pecy),

where \; and p; are Lagrange multipliers. Assuming that the value
function is differentiable and concave, the unique solution to this op-
timization problem is characterized by the following first-order condi-
tions.

oL

9 u'(cr) — Nepy — papr = 0, (10.9)

gnﬁ? = —v'(n3) + ppewy = 0, (10.10)
37?1i1 - Mtafrizl — by = 0, (10.11)
aiil - ﬁEt% — NS — Sib: = 0, (10.12)
a(zil = BE, af:jrl — A\ePeqe — pepeqr = 0. (10.13)

We have the following envelope conditions:

o 9

a—;;t - a—; — A+ s (10.14)
9
—82 = (A + pe) pu. (10.15)

A binding cash-in-advance constraint implies that A\; > 0. From (10.11),
(10.12), and (10.14), we have

)‘t = [I/t(l - St)

Therefore, the cash-in-advance constraint binds if and only if the price
of the nominal bond, Sy, is less than one. This implies that the nominal
interest rate, Sit —1>0.
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Now, use (10.14) and (10.15) to substitute for the partial derivatives
of the value function in (10.11)-(10.13), and then use (10.9) and (10.10)
to substitute for the Lagrange multipliers to obtain

3E, <u (Ct+1)> . etv ) —0, (10.16)
Pi41 Py

BE, (‘u (Ctﬂ)) _gpe) g (10.17)
Pt+1 Di

ﬁEtUI(Ct_A,_l) — qtu/(ct) = 0. (1018)

Given the definition of p;, we can write (10.16) and (10.17) more infor-
matively as

BE, (%ﬁ) =/ (n?) (10.19)
and / ,
BE, (ugj)> - Stq;fct). (10.20)

Now, equation (10.18) is a familiar pricing equation for a risk free real
bond. In equation (10.19), the right-hand side is the marginal disutility
of labor, and the left-hand side is the discounted expected marginal
utility of labor earnings; i.e. this period’s labor earnings cannot be
spent until the following period. Equation (10.20) is a pricing equation
for the nominal bond. The right-hand side is the marginal cost, in terms
of foregone consumption, from purchasing a nominal bond in period t,
and the left-hand side is the expected utility of the payoff on the bond
in period t 4+ 1. Note that the asset pricing relationships, (10.18) and
(10.20), play no role in determining the equilibrium.
Profit maximization by the representative firm implies that

Wy = Y (10.21)
in equilibrium. Also, in equilibrium the labor market clears,
ni =nd = ny, (10.22)
the money market clears, i.e. M, = M, or

my = 1, (10.23)
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and the bond markets clear,

Given the equilibrium conditions (10.21)-(10.24), (10.3), (10.4), and
(10.8) (with equality), we also have

Ct = 7Yty (1025)
Also, (10.21)-(10.24), (10.3), (10.4), and (10.7) (with equality) give

picy = by,
or, using (10.25),
peyene = 0. (10.26)

Now, substituting for ¢; and p; in (10.16) using (10.25) and (10.26), we
get

/
8E, %+1nt+1g (%+1nt+1) _ ntv'(nt) =0. (10.27)
t+1

Here, (10.27) is the stochastic law of motion for employment in equi-
librium. This equation can be used to solve for n; as a function of the
state (v, 6;). Once n; is determined, we can then work backward, to
obtain the price level, from (10.26),

B 0, M,

Pt )
U

(10.28)

and consumption from (10.25). Note that (10.28) implies that the in-
come velocity of money, defined by

Vo=

etMt
is equal to 1. Empirically, the velocity of money is a measure of the
intensity with which the stock of money is used in exchange, and there
are regularities in the behavior of velocity over the business cycle which
we would like our models to explain. In this and other cash-in-advance
models, the velocity of money is fixed if the cash-in-advance constraint
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binds, as the stock of money turns over once per period. This can be
viewed as a defect of this model.

Substituting for p; and ¢; in the asset pricing relationships (10.17)
and (10.18) using (10.25) and (10.26) gives

/
/BEt 7t+1nt+1g (’Yt-‘rl/n’t-'rl) _ St’ytntu/(f}/tnt) — O, (1029)
t+1
BEA (Yepanes1) — g (veny) = 0. (10.30)

From (10.28) and (10.29), we can also obtain a simple expression for
the price of the nominal bond,

v' ()
Yeu' ()
Note that, for our maintained assumption of a binding cash-in-advance

constraint to be correct, we require that S; < 1, or that the equilibrium
solution satisfy

S, = (10.31)

v'(ng) < ! (vene). (10.32)

10.2 Examples

10.2.1 Certainty

Suppose that 7, = ~ and 6, = 6 for all ¢, where v and 6 are positive
constants, i.e. there are no technology shocks, and the money supply
grows at a constant rate. Then, n; = n for all ¢, where, from (10.27),
n is the solution to

%(7’“) ) =0, (10.33)

Now, note that, for the cash-in-advance constraint to bind, from (10.32)
we must have

0> 0,

that is the money growth factor must be greater than the discount
factor. From (10.28) and (10.4), the price level is given by
gt+1 M
P, = 2 (10.34)
n
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and the inflation rate is

—1=0-1. (10.35)

Here, money is neutral in the sense that changing the level of the money
supply, i.e. changing My, has no effect on any real variables, but only
increases all prices in proportion (see 10.34). Note that M, does not
enter into the determination of n (which determines output and con-
sumption) in (10.33). However, if the monetary authority changes the
rate of growth of the money supply, i.e. if € increases, then this does
have real effects; money is not super-neutral in this model. Comparative
statics in equation (10.33) gives

dn _ Py’ (yn)

a0~ 0572 () — ()

Note also that, from (10.35), an increase in the money growth rate im-
plies a one-for-one increase in the inflation rate. From (10.34), there
is a level effect on the price level of a change in 6, due to the change
in n, and a direct growth rate effect through the change in 6. Em-
ployment, output, and consumption decrease with the increase in the
money growth rate through a labor supply effect. That is, an increase
in the money growth rate causes an increase in the inflation rate, which
effectively acts like a tax on labor earnings. Labor earnings are paid
in cash, which cannot be spent until the following period, and in the
intervening time purchasing power is eroded. With a higher inflation
rate, the representative agent’s real wage falls, and he/she substitutes
leisure for labor.
With regard to asset prices, from (10.29) and (10.30) we get

@ =0
and 5
St - 5
The real interest rate is given by
1 1
rnn=——1==-= 17

qt 15
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i.e. the real interest rate is equal to the discount rate, and the nominal

Interest rate is

1 6
- _1=2_
) 5

Therefore, we have

0—1
Fimr="F==0-1=m, (10.36)

which is a good approximation if 3 is close to 1. Here, (10.36) is a
Fisher relationship, that is the difference between the nominal interest
rate and the real interest rate is approximately equal to the inflation
rate. Increases in the inflation rate caused by increases in money growth
are reflected in an approximately one-for-one increase in the nominal
interest rate, with no effect on the real rate.

10.2.2 Uncertainty

Now, suppose that 6; and v, are each i.i.d. random variables. Then,
there exists a competitive equilibrium where n; is also i.i.d., and (10.29)
gives

Bip —ng'(ny) = 0, (10.37)

where 9 is a constant. Then, (10.37) implies that n; = n, where n is a
constant. From (10.29) and (10.30), we obtain

B — Spyemu' (in) = 0 (10.38)

and
Bw — quu' () = 0, (10.39)

where w is a constant. Note in (10.37)-(10.39) that 6; has no effect on
output, employment, consumption, or real and nominal interest rates.
In this model, monetary policy has no effect except to the extent that
it is anticipated. Here, given that 6, is i.i.d., the current money growth
rate provides no information about future money growth, and so there
are no real effects. Note however that the probability distribution for
0; is important in determining the equilibrium, as this well in general
affect ¢ and w.
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The technology shock, 7, will have real effects here. Since y; = y;n,
high -, implies high output and consumption. From (10.39), the in-
crease in output results in a decrease in the marginal utility of con-
sumption, and ¢; rises (the real interest rate falls) as the representa-
tive consumer attempts to smooth consumption into the future. From
(10.28), the increase in output causes a decrease in the price level, P,
so that consumers expect higher inflation. The effect on the nominal
interest rate, from (10.38), is ambiguous. Comparative statics gives

s, _ S l%nU”(%n) N 11

dy Yt w'(yem)

Therefore, if the coefficient of relative risk aversion is greater than one,
S; rises (the nominal interest rate falls); otherwise the nominal interest
rate rises. There are two effects on the nominal interest rate. First, the
nominal interest rate will tend to fall due to the same forces that cause
the real interest rate to fall. That is, consumers buy nominal bonds in
order to consume more in the future as well as today, and this pushes up
the price of nominal bonds, reducing the nominal interest rate. Second,
there is a positive anticipated inflation effect on the nominal interest
rate, as inflation is expected to be higher. Which effect dominates
depends on the strength of the consumption-smoothing effect, which
increases as curvature in the utility function increases.

10.3 Optimality

In this section we let 74 = =, a constant, for all ¢, and allow 6; to
be determined at the discretion of the monetary authority. Suppose
that the monetary authority chooses an optimal money growth policy
07 so as to maximize the welfare of the representative consumer. We
want to determine the properties of this optimal growth rule. To do so,
first consider the social planner’s problem in the absence of monetary
arrangements. The social planner solves

max Y 6 [u(yme) — v(n)].

{ni}2, t=0
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but this breaks down into a series of static problems. Letting n; denote
the optimal choice for n;, the optimum is characterized by the first-
order condition

il () — o/ (nf) = 0, (10.40)

and this then implies that n; = n*, a constant, for all ¢. Now, we want
to determine the 6 which will imply that n; = n* is a competitive equi-
librium outcome for this economy. From (10.27), we therefore require

that
*,,/ *
t+1
and from (10.40) this requires that

i1 = B, (10.41)

i.e., the money supply decreases at the discount rate. The optimal
money growth rule in (10.41) is referred to as a “Friedman rule” (see
Friedman 1969) or a “Chicago rule.” Note that this optimal money rule
implies, from (10.29), that S; = 1 for all ¢, i.e. the nominal interest rate
is zero and the cash-in-advance constraint does not bind. In this model,
a binding cash-in-advance constraint represents an inefficiency, as does
a positive nominal interest rate. If alternative assets bear a higher
real return than money, then the representative consumer economizes
too much on money balances relative to the optimum. Producing a
deflation at the optimal rate (the rate of time preference) eliminates
the distortion of the labor supply decision and brings about an optimal
allocation of resources.

10.4 Problems With the Cash-in-Advance
Model

While this model gives some insight into the relationship between money;,
interest rates, and real activity, in the long run and over the business
cycle, the model has some problems in its ability to fit the facts. The
first problem is that the velocity of money is fixed in this model, but
is highly variable in the data. There are at least two straightforward
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means for curing this problem (at least in theory). The first is to
define preferences over “cash goods” and “credit goods” as in Lucas
and Stokey (1987). Here, cash goods are goods that are subject to
the cash-in-advance constraint. In this context, variability in inflation
causes substitution between cash goods and credit goods, which in turn
leads to variability in velocity. A second approach is to change some
of the timing assumptions concerning transactions in the model. For
example, Svennson (1985) assumes that the asset market opens before
the current money shock is known. Thus, the cash-in-advance con-
straint binds in some states of the world but not in others, and velocity
is variable. However, neither of these approaches works empirically;
Hodrick, Kocherlakota, and Lucas (1991) show that these models do
not produce enough variability in velocity to match the data.

Another problem is that, in versions of this type of model where
money growth is serially correlated (as in practice), counterfactual re-
sponses to surprise increases in money growth are predicted. Empiri-
cally, money growth rates are positively serially correlated. Given this,
if there is high money growth today, high money growth is expected
tomorrow. But this will imply (in this model) that labor supply falls,
output falls, and, given anticipated inflation, the nominal interest rate
rises. Empirically, surprise increases in money growth appear to gen-
erate short run increases in output and employment, and a short run
decrease in the nominal interest rate. Work by Lucas (1990) and Fuerst
(1992) on a class of “liquidity effect” models, which are versions of the
cash-in-advance approach, can obtain the correct qualitative responses
of interest rates and output to money injections.

A third problem has to do with the lack of explicitness in the basic
approach to modeling monetary arrangements here. The model is silent
on what the objects are which enter the cash-in-advance constraint.
Implicit in the model is the assumption that private agents cannot pro-
duce whatever it is that satisfies cash-in-advance. If they could, then
there could not be an equilibrium with a positive nominal interest rate,
as a positive nominal interest rate represents a profit opportunity for
private issuers of money substitutes. Because the model is not explicit
about the underlying restrictions which support cash-in-advance, and
because it requires the modeler to define at the outset what money
is, the cash-in-advance approach is virtually useless for studying sub-
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stitution among money substitutes and the operation of the banking
system. There are approaches which model monetary arrangements at
a deeper level, such as in the overlapping generations model (Wallace
1980) or in search environments (Kiyotaki and Wright 1989), but these
approaches are not easily amenable to empirical application.

A last problem has to do with the appropriateness of using a cash-
in-advance model for studying quarterly (or even monthly) fluctuations
in output, prices, and interest rates. Clearly, it is very difficult to argue
that consumption expenditures during the current quarter (or month)
are constrained by cash acquired in the previous quarter (or month),
given the low cost of visiting a cash machine or using a credit card.
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