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Abstract

We construct a general equilibrium model with private information in which borrowers and

lenders enter into long-term dynamic credit relationships. Each new generation of ex ante identical

individuals is divided in equilibrium into workers and entrepreneurs. Workers save through financial

intermediaries in the form of interest-bearing deposits and supply labor to entrepreneurs in a

competitive labor market. Entrepreneurs borrow from financial intermediaries to finance projects

which produce privately observed sequences of random returns. Each financial intermediary holds

deposits from a large number of workers and operates a portfolio of dynamic contracts with different

credit positions. We calibrate the model to the U.S. economy and find that dynamic contracting is

very effective at mitigating the effects of private information. Moreover, restricting borrowers and

lenders to use static (one-period) contracts with a costly monitoring technology has adverse effects

both on the level of aggregate economic activity and on individual welfare unless monitoring costs

are very small. Finally, the optimal provision of intertemporal incentives leads to increasing

consumption inequality over time within generational cohorts as in U.S. data.
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1. Introduction

The last 20 years have seen many efforts at modelling explicitly private information and
the financial contracting process in the benchmark neoclassical growth model. In
particular, a substantial part of the literature addresses the question of how the presence
of private information contributes to the propagation of aggregate economic uncertainties.
Bernanke and Gertler (1989), for example, argue that with private information, swings in
the firm’s balance sheet are a potential source of persistent output dynamics. In
Williamson (1987b), monitoring costs of financial intermediaries are important for the
propagation of aggregate disturbances. Kiyotaki and Moore (1997) also study business
cycle dynamics propagated through the financial contracting process between entrepre-
neurs and investors, although their story is based on limited commitment instead of private
information. Carlstrom and Fuerst (1997) develop a computable general equilibrium
model based on Bernanke and Gertler (1989) to address quantitatively the importance of
agency costs for the propagation of aggregate shocks. Cooley and Nam (1998) incorporate
a problem of debt contracting with asymmetric information into a quantitative monetary
business cycle model to generate a persistent liquidity effect induced by monetary
disturbances.
An obvious yet serious limitation of most of the existing literature on financial

contracting and business cycles is that the financial borrowing and lending process is
modelled as a one-shot game.1 In practice, financial intermediaries often engage in long-
term relationships, rather than interact only once with their borrowers. Modelling the
financial lending process as a one-period contract may severely restrict the contracting
parties’ ability to achieve risk-sharing, and hence may have important implications for how
successfully the contract can be used in a dynamic macroeconomic setting as an explicit
description of the financial lending process. In addition, from a technical perspective, in a
standard dynamic general equilibrium macroeconomic model, borrowers and lenders are
all infinitely lived agents, and very special assumptions have to be made in order to fit the
static contracting relationship into the rest of the economy (which is fully dynamic).2

The above limitation of the literature was first pointed out by Gertler (1992), who
developed a model in which lenders and borrowers can enter into long-term but finite
contractual relationships and used his model to show that shifts in aggregate economic
fundamentals can be amplified through the process of long-term contracting. Yet, as Gertler
himself pointed out, ‘‘a major limitation of this model is that it lies well short of a fully
dynamic framework that can be matched to data. While allowing for multi-period contracts
. . . is a helpful step in this important direction, there is still a long way to go’’ (p. 470).
What this paper attempts to undertake can be viewed as just another step in the long

way that Gertler (1992) pointed out. Instead of being ambitious in providing a theory that
explains business cycles dynamics, this paper constructs a quantitative dynamic general
equilibrium model with no aggregate uncertainty but in which long-lived economic agents
can enter into fully dynamic financial lending contracts. We find that, relative to static
1One notable exception is Cooley et al. (2004).
2See Carlstrom and Fuerst (1997) and Cooley and Nam (1998). Note that the static contracting relationship can

be more comfortably embedded in an OLG framework (Boyd and Smith, 1997). This perhaps is the main reason

why most of the theoretical contributions in the literature have used an OLG structure with two-period-lived

agents.
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contracts, dynamic contracts generate equilibrium allocations with higher output and
higher welfare.

In our model, the economy is populated by a sequence of overlapping generations of
agents who potentially can live forever. Each new generation of ex ante identical
individuals is divided, in equilibrium, into workers and entrepreneurs. Workers save
through financial intermediaries in the form of interest-bearing deposits and supply labor
to entrepreneurs in a competitive labor market. Entrepreneurs borrow from financial
intermediaries to finance projects which produce idiosyncratic sequences of random
returns. The entrepreneur’s returns are not observed by any other parties. Financial
intermediaries arise as institutions to facilitate financial borrowing and lending by
providing risk-sharing for entrepreneurs and workers. Financial intermediaries are
competitive, each holding deposits from a large number of workers and operating a
portfolio of dynamic contracts with different credit positions.

A notable feature of our model is that we model occupational choice as an equilibrium
phenomenon. In the model, ex ante identical economic agents choose to become
entrepreneurs (borrowers) and workers (depositors). Occupational choice plays a central
role in our model as the link between the labor and asset markets and the determination of
aggregate output.

Our model provides a vehicle for evaluating both qualitatively and quantitatively the
implications of dynamic contracting and financial intermediation for the operation of the
macroeconomy.3 How does dynamic contracting operate in general equilibrium? What are
the implications of dynamic contracting for the equilibrium dynamics of the balance sheets
of financial intermediaries? What role does private information play in the determination
of the general equilibrium levels of aggregate quantities such as output and the capital
stock? What are the implications of dynamic contracting for individual welfare (relative to
static contracting under private information and full risk-sharing under complete
information)? How does dynamic contracting affect inequality through the provision of
intertemporal incentives? How important is costly monitoring for the performance of the
macroeconomy?

A distinctive feature of our model is that, in equilibrium, financial intermediaries hold
positive amounts of assets. These assets arise in our model even though we assume a
competitive financial intermediation industry, so that financial intermediaries earn zero profits.
The existence of the assets held by financial intermediaries in our model is an equilibrium
outcome associated with the dynamic lending process.4 In the model here, the equilibrium
provision of intertemporal incentives in the dynamic contract implies that the entrepreneurs
make more repayments in earlier stages rather than later stages during the credit contracting
process. The assets held by the financial intermediaries are essentially savings of the
entrepreneurs. As we will show in the paper, among other factors, the equilibrium size of the
assets held by financial intermediaries depends critically on the rate of interest.

A key quantitative finding of the paper is that dynamic contracting is very effective at
mitigating the effects of private information: even when informational asymmetries are
3There is now a large literature on dynamic private information, including Townsend (1982), Green (1987),

Spear and Srivastava (1987), Phelan and Townsend (1991), Atkeson and Lucas (1992), Wang (1995), Aiyagari and

Williamson (1999), and Cole and Kocherlakota (2001), and Khan and Ravikumar (2001).
4Williamson (1987b) also models financial intermediation in a competitive market but the financial

intermediaries in his model do not hold assets in equilibrium.
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large, the economy can achieve close to a first-best outcome. One implication of this
finding is that costly state verification (CSV), which is a key feature of many static models
of the borrowing and lending process, is not important quantitatively in the presence of
fully dynamic credit relationships. The model of CSV, originally developed by Townsend
(1979), has been used widely as a vehicle for studying the relation between financial
intermediation and macroeconomic aggregates (Bernanke and Gertler, 1989; Williamson,
1987b; Boyd and Smith, 1997).
We also demonstrate the importance of dynamic contracting for the determination of

macroeconomic aggregates in our model by forcing borrowers and lenders to use static
(one-period) contracts with a costly monitoring technology rather than dynamic contracts.
We show that moving from dynamic to static contracting (i.e., restricting the ability of
contracts to use intertemporal incentives) has adverse effects both on the level of aggregate
economic activity and on the welfare of individuals unless monitoring costs are very small.
In other words, this paper offers strong quantitative evidence supporting the argument
(Gertler, 1992) that modelling the financial lending relationship as a one-shot game can be
very misleading in explaining macroeconomic activities.
We also show that the quantitative framework we construct can partially account for the

increasing consumption inequality over time within generational cohorts that Deaton and
Paxson (1994) document in U.S. data. That private information and incomplete insurance
provide a potential explanation for consumption inequality has been the theme of several
recent studies. These studies, including Green (1987), Atkeson and Lucas (1992, 1995), and
Banerjee and Newman (1991), are all theoretical investigations and have not addressed the
relationship between incentives and consumption inequality using a quantitative growth
model that features dynamic contracting such as the one that we develop in this paper.5 Of
course, our finding that private information and incentives can account only partially for
the observed pattern of consumption inequality is well anticipated. The literature on
inequality and its determinants shows that other factors, including ex ante heterogeneity in
ability, uninsurable idiosyncratic shocks, and borrowing constraints, also play important
roles in determining consumption inequality (see, e.g., Becker and Tomes, 1979; Deaton
and Paxson, 1994; Storesletten et al., 2004).
Finally, we illustrate how our model economy can provide a vehicle for conducting

various types of policy experiments. In particular, we use our model to analyze the effects
of requiring financial intermediaries to hold a fraction of their deposits as reserves. We find
that the cost of holding 10% of total deposits as required reserves is roughly 1% of
aggregate output. In equilibrium the economy holds more capital in total in response to an
increase in required reserves.
Section 2 presents the model, Section 3 discusses computation of the model, Section 4

explains how we calibrate the model, Section 5 presents the results, and Section 6 concludes.
2. The model economy

Time is discrete and lasts forever. The economy consists of a sequence of overlapping
generations, each of which contains a continuum of individuals. Each individual faces a
5Our model bears some resemblance to the model of Banerjee and Newman (1991) in that all individuals are ex

ante identical, risk-bearing is a consequence of the individual’s occupational choice, and only entrepreneurs bear

risk.
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time-invariant probability D of surviving into the next period. The total measure of
individuals in the economy is equal to one. We assume that each new generation has
measure 1� D, so that the number of births and the number of deaths are equal at any
point in time. There is one good per period in the economy; this good can be used both for
consumption and investment. Each individual, when alive, is endowed with one unit of
time in each time period. An individual’s preferences over streams of consumption and
leisure are given by

E0

X1
t¼0

ðbDÞtUðct; ‘tÞ, (1)

where ct denotes period t consumption, ‘t denotes period t leisure, and b 2 ½0; 1Þ is the
discount rate. Let C denote the space of consumption from which ct takes on values.

Each newly born individual decides to become either a worker or an entrepreneur. Each
individual’s ‘‘career’’ choice is irreversible. Workers save through financial intermediaries
in the form of interest-bearing deposits and supply labor to entrepreneurs in a competitive
labor market. Entrepreneurs use fixed amounts of capital and labor to operate risky
projects. In order to finance their projects, entrepreneurs sign dynamic lending contracts
with financial intermediaries. Financial intermediaries compete for new contracts, so that
new contracts earn zero profits in equilibrium.

2.1. Workers

Let r be the interest rate paid by the financial intermediary on deposits and let R ¼ 1þ r.
Let o be the wage rate per unit of time. In our stationary equilibrium (to be described in
Section 3), the prices r and o do not vary. Workers take these prices as given when making
their decisions. Workers begin life with zero assets and seek to maximize expected lifetime
utility subject to a sequence of period-by-period budget constraints.

Following Blanchard (1985) and Rı́os-Rull (1996), workers take part in an annuities
market to insure themselves against mortality risk. Specifically, competitive insurance
firms sell securities which pay one unit of the good in the next period if the agent is alive
and pay zero otherwise. Since agents do not value bequests, agents will use all of their
savings to purchase these securities. Equilibrium in the insurance industry requires that the
price of these securities be equal to the survival rate D.

The worker’s dynamic problem takes the recursive form:

Vwðd; r;oÞ ¼ max
c;d 0;h

½Uðc; 1� hÞ þ bDV wðd
0; r;oÞ� (2)

subject to:

cþ Dd 0 ¼ Rd þ oh,

and d 0X0, where d is deposits at the beginning of the period, d 0 is deposits at the beginning
of next period, h is the amount of time spent working, and V wðd; r;oÞ is the worker’s
lifetime expected utility given that he currently has deposits (or savings) equal to d and that
he faces prices r and o.6
6We do not allow workers to borrow since we restrict d 0 to be nonnegative. In the calibrated version of our

economy, it turns out that this restriction is not binding.
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Let d 0 ¼ f ðd; r;oÞ and h ¼ gðd; r;oÞ be the optimal decision rules associated with this
problem. In the steady state, these decision rules and the birth/death rate 1� D give rise to
a stationary distribution of workers across deposit holdings. In each period, fraction 1� D
of workers die and are replaced with an equal number of new workers, each of whom
begins life with zero assets. Consequently, fraction 1� D of workers have zero deposits,
fraction ð1� DÞD have deposits equal to d1ðr;oÞ ¼ f ð0; r;oÞ, fraction ð1� DÞD2 have
deposits equal to d2ðr;oÞ ¼ f ðd1ðr;oÞ; r;oÞ, and, in general, fraction ð1� DÞDt have
deposits equal to dtðr;oÞ. Suppose for the moment that the population (or measure) of
workers is 1.7 The total amount of deposits Dðr;oÞ held by workers is then:

Dðr;oÞ ¼ ð1� DÞ
X1
t¼0

Dtdtðr;oÞ, (3)

where d0ðr;oÞ ¼ 0. Similarly, the total amount of labor supplied by workers is given by

Hðr;oÞ ¼ ð1� DÞ
X1
t¼0

Dtgðdt; r;oÞ. (4)

Note that Dðr;oÞ and Hðr;oÞ can also be viewed as per capita quantities; i.e., Dðr;oÞ is deposits
per worker and Hðr;oÞ is hours per worker in the steady-state equilibrium of our economy.

2.2. Entrepreneurs

Each entrepreneur operates a long-lived project that produces output in each period of
the life of the project. Each entrepreneurial project requires in each period K units of
capital and L units of labor (in addition to the entrepreneur’s own labor). Project returns
are random and idiosyncratic. Specifically, let y be the amount of output produced by a
project in any given period. We assume that y takes on values from the finite set Y ¼
fy1; y2; . . . ; yng where y1oy2o � � �oyn. Let pi ¼ Prfy ¼ yig40,

P
pi ¼ 1. Project returns

are independent and identically distributed across time. We assume that the entrepreneur
alone directly observes the level of his output in any given period. In other words, outside
parties cannot observe the entrepreneur’s output.8

A new entrepreneur, like a new worker, has no wealth. In order to finance his project,
therefore, the entrepreneur must borrow in the credit market. Although each entrepreneur
has the same preferences as a typical worker, entrepreneurs, unlike workers, do not make a
labor-leisure decision; instead, each entrepreneur spends h̄ units of his time endowment
working and ‘̄ ¼ 1� h̄ units of his time endowment in leisure. Entrepreneurs (and their
projects) survive into the next period with (time-invariant) probability D.

2.3. The credit market and financial intermediation

Financial intermediaries arise in our model as institutions to provide risk-sharing for the
risk-averse workers and entrepreneurs. In each period, financial intermediaries raise funds
from a short-term credit market (by accepting deposits from the workers) in which all
7In Section 3, where we describe the equilibrium conditions of our stationary economy, the measure of workers

is determined endogenously.
8See Green (1987), Thomas and Worrall (1990), or Atkeson and Lucas (1992) for an analysis of the problem of

dynamic contracting under idiosyncratic risk with private information.
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agents can participate. Financial intermediaries also participate in a long-term credit
market in which they provide funds for entrepreneurs in exchange for payments. Since
financial intermediaries can hold a portfolio of contracts with a large number of depositors
and entrepreneurs, in the steady-state equilibrium on which we will focus our attention in
this paper, standard deposit contracts are optimal and there is no default risk for the
depositors. That is, in each period, for each unit of savings that the worker deposits in the
financial intermediary, the financial intermediary pays 1þ r units at the end of the period,
where r is the endogenously determined interest rate on deposits.

Since a typical entrepreneur’s project is long-lived and since the returns on this project
are private information, it is optimal for financial intermediaries and entrepreneurs to
enter into long-term dynamic credit relationships, instead of entering into a sequence of
short-term contracts, or having the entrepreneur borrow directly from the short-term
credit market each period. The structure of the optimal dynamic contract will be discussed
in the following section, but each dynamic contract specifies a history-dependent
repayment scheme to which the entrepreneur is committed, and in exchange for which
the financial intermediary promises to provide the resources that the entrepreneur needs to
operate his project throughout his productive life.

There is free entry into the competitive financial intermediation industry. As a result, in
equilibrium all financial intermediaries make zero profits. In principle, any coalition of
agents can establish a financial intermediary. Since financial intermediaries make zero
profits, however, who owns financial intermediaries is immaterial. Moreover, it is without
loss of generality to view the financial intermediation industry as consisting of a single
representative financial intermediary as we will do in the remainder of the paper.

2.4. The dynamic lending contract

As discussed in the previous section, financial intermediaries lend resources to
entrepreneurs so that investment and production can take place. The informational
asymmetry between financial intermediaries and entrepreneurs and the long-lived nature of
entrepreneurs’ projects imply that the optimal credit relationship between financial
intermediaries and entrepreneurs is itself long-lived.

We assume that both the entrepreneurs and the financial intermediaries are fully
committed to the contract. That is, neither the entrepreneurs nor the intermediaries are
allowed to leave the contract in any ex post state of the world.9 We also assume that
entrepreneurs cannot engage in side trades with outside parties. We assume that the
intermediaries are able to control the entrepreneurs’ consumptions perfectly, and the
entrepreneurs cannot hold deposits or trade on the annuity market.

With the above qualifications, we describe the dynamic lending contract governing the
credit relationship between a typical financial intermediary and a typical entrepreneur. The
financial intermediary seeks to maximize the net present value of the stream of payments
from the entrepreneur to the financial intermediary subject to incentive compatibility
(truth-telling) and promise-keeping constraints. The financial intermediary discounts the
future at the interest rate r, which it takes as given. In addition, when discounting future
payments the financial intermediary recognizes that, in any given period, a project will die
with time-invariant probability 1� D.
9To examine the wealth effects of limited commitment would be a useful extension of the paper.
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Following Spear and Srivastava (1987) and others, the state variable in the financial
intermediary’s dynamic problem is w, the amount of future utility that the financial
intermediary promises to deliver to the entrepreneur. The solution to the financial
intermediary’s problem consists of a pair of functions mðyi;wÞ and W ðyi;wÞ, where mðyi;wÞ
specifies the entrepreneur’s payment if his current promised utility is w and he reports that
his output is yi and W ðyi;wÞ specifies the entrepreneur’s promised utility at the beginning
of the next period if his current promised utility is w and he reports that his output is yi.
Let vðwÞ be the value function associated with the financial intermediary’s dynamic

contracting problem; vðwÞ is the expected net present value of the stream of payments from
the entrepreneur to the financial intermediary given that the entrepreneur’s current level of
promised utility is w. Promised utilities take on values in the state space W � ½ð1� bdÞ�1

Uðc; ‘̄Þ; ð1� bdÞ�1Uðc; ‘̄Þ�, where c and c are the minimum and maximum levels of
consumption in the entrepreneur’s consumption space C. The following recursive dynamic
programming problem determines the value function v and the optimal contract (i.e., the
optimal mðyi;wÞ and W ðyi;wÞ) for all w 2W ,

vðwÞ ¼ max
ðmi ;W iÞ

n
i¼1

Xn

i¼1

pi½mi þ R�1DvðW iÞ� (5)

subject to:

Uðyi �mi; ‘̄Þ þ bDW i � Uðyi �mj ; ‘̄Þ þ bDW j ; 8yi; yj , (6)

Xn

i¼1

p½Uðyi �mi; ‘̄Þ þ bDW i� ¼ w, (7)

yi �mi 2 C; 8yi, (8)

W i 2W; 8yi. (9)

Eq. (6) is the truth-telling constraint: given that the agent receives yi, he has no incentive to
report yj. Eq. (7) is the promise-keeping constraint; it ensures that the amount of utility
delivered to the entrepreneur (the left-hand side) is equal to the amount that has been
promised (the right-hand side). Finally, Eq. (8) states that the entrepreneur’s consumption
lies in the consumption space C and Eq. (9) states that tomorrow’s promised utility must
lie in the state space W.
Since an entrepreneur’s utility function is strictly concave, the optimal dynamic contract

provides (partial) risk-sharing to the entrepreneur. In other words, for all w, the payment
schedule m is increasing in y. Moreover, for least one pair of output levels yi and yj

satisfying yioyj, it must be the case that mðyi;wÞ is strictly smaller than mðyj ;wÞ. These
facts, together with Eq. (6), imply that W ðyi;wÞpW ðyj ;wÞ whenever yioyj and that
W ðyi;wÞoW ðyj ;wÞ for at least one pair of output levels satisfying yioyj. As a result, the
promised utilities of a cohort of entrepreneurs each of whom begins with the same
promised utility will spread out over time. Thus the optimal provision of intertemporal
incentives necessarily requires that inequality within a cohort of entrepreneurs increase
over time.
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3. Equilibrium

Let l be the fraction of newly born individuals who choose to become entrepreneurs; l is
an endogenous variable in our stationary equilibrium. Since the total measure of
individuals in the economy is equal to one, l is, in addition, the measure of entrepreneurs
in the economy and 1� l is the measure of workers in the economy.10

In equilibrium, each new individual must be indifferent between becoming a worker and
becoming an entrepreneur. Let w0 be the promised expected lifetime utility of a new
entrepreneur. Indifference between becoming a worker and becoming an entrepreneur
requires that the following condition hold:

Vwð0; r;oÞ ¼ w0. (10)

In other words, a new worker’s lifetime utility is equal to the amount of utility that a
financial intermediary promises to deliver to a new entrepreneur.

Market-clearing in the labor market requires that the following condition hold:

lL ¼ ð1� lÞHðr;oÞ, (11)

where the left-hand side is the aggregate demand for labor by entrepreneurs (recall that
each entrepreneurial project requires K units of capital and L units of labor) and the right-
hand side is the aggregate supply of labor by workers.

As noted in Section 2.3, we allow free entry into the financial intermediation sector. In
equilibrium, therefore, the value of a new contract to a financial intermediary is equal to
zero. The cost associated with a new contract is the net present value of the resources that
the financial intermediary must commit to the entrepreneur. We assume that capital used
in production depreciates at the rate d, so the cost of providing capital to an entrepreneur
in any given period is ðrþ dÞK . In addition, an entrepreneur’s labor costs in any given
period are equal to oL. The benefit associated with a new contract is the net present value
of the stream of payments from the entrepreneur to the financial intermediary. The
financial intermediary discounts future cash flows at the rate R�1D. The zero-profit
condition, therefore, reads

vðw0Þ ¼
ðrþ dÞK þ oL

1� R�1D
. (12)

In our stationary equilibrium, the representative financial intermediary holds a
stationary (time-invariant) portfolio of contracts. Each contract in the portfolio is indexed
by the current level of promised utility associated with the contract. Let the distribution of
promised utilities of the t-year-old entrepreneurs in the financial intermediary’s portfolio
be denoted Gt. The distribution Gt is determined by the law of motion (or decision rule)
W ðy;wÞ, the initial promised utility w0, and the stochastic process governing the evolution
of y. For example, G0 puts unit mass on w0, G1 puts mass pi on W ðyi;w0Þ, i ¼ 1; . . . ; n, G2

puts mass pipj on W ðyj ;W ðyi;w0ÞÞ, i ¼ 1; . . . ; n and j ¼ 1; . . . ; n, and so on. The economy’s
representative financial intermediary holds contracts for a portfolio of entrepreneurs of
10In our model, it is critical that l be an endogenous variable. Given the fixed amounts of capital and labor that

each entrepreneur can operate, specifying l exogenously would, in effect, imply that the level of aggregate output

is exogenous. An alternative modelling strategy is to fix l exogenously but allow entrepreneurs to choose the size

of their projects, as in Bernanke and Gertler (1989). Allowing such a choice in our model would add another

dimension to the state space of the dynamic contracting problem.
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different ages; let G denote the (time-invariant) distribution of promised utilities for the
contracts in the financial intermediary’s portfolio. Given our demographic assumptions,

G ¼
X1
t¼0

ð1� DÞDtGt. (13)

That is, the distribution G can be viewed as the weighted average of the distributions
associated with different cohorts of entrepreneurs, where the weights correspond to the
sizes of the cohorts.
In each period, the financial intermediary makes total payments equal to E to the

entrepreneurs in its portfolio. These payments are defined by

E ¼ ðrþ dÞK þ oL. (14)

Since each entrepreneurial project is identical, E can also be viewed as payments per
entrepreneur in each period. In each period, the financial intermediary also receives total
payments equal to M from the entrepreneurs in its portfolio. Formally,

M ¼

Z
mðwÞdGðwÞ

¼
X1
t¼0

ð1� DÞDt

Z
mðwÞdGtðwÞ, ð15Þ

where

mðwÞ �
X

pimðyi;wÞ

is the average payment that the financial intermediary receives from entrepreneurs whose
expected utility is w at the beginning of the period.
Let

X t ¼

Z
ðmðwÞ � EÞdGtðwÞ. (16)

X t represents the per capita net payments made to the financial intermediary by the cohort
of entrepreneurs who are t periods old. Next, let

Btþ1 ¼ RBt þ ð1� DÞDtX t; t ¼ 0; 1; 2; . . . . (17)

Bt is the present value of the assets that are deposited at the financial intermediary by the
entrepreneurs in its portfolio who are t periods old. Newly born entrepreneurs have no
wealth, so B0 ¼ 0. The total amount of deposits B1 that a cohort of new entrepreneurs
carries into the next period is then ð1� DÞX 0, i.e., the size of the cohort multiplied by the
per capita net payments of new entrepreneurs. Similarly, the total amount of deposits B2

that a cohort of one-year-old entrepreneurs carries into the next period is given by
RB1 þ ð1� DÞDX 1, i.e., the principal and interest on the capital with which the one-year-
old cohort begins the period plus the total payments made to the financial intermediary by
the cohort of one-year-old entrepreneurs. Finally, let

B ¼
X1
t¼0

Bt.
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B is the total amount of assets deposited by the entrepreneurs of all ages in the financial
intermediary’s portfolio.

One way to think about Bt and B is the following. Suppose that the optimal dynamic
contract leads to front-loaded (net) payments from a cohort of entrepreneurs, i.e., suppose
that X t decreases monotonically with t. Since the intermediary makes zero expected profit
on the contract, X t must be positive for t sufficiently low and negative for t sufficiently
high. Thus, there is a sense in which the young entrepreneurs (with X t40) are saving by
depositing at the financial intermediary while the old entrepreneurs (with X to0) are
dissaving by withdrawing deposits from the financial intermediary. In this case, both Bt

(the total savings of a t-year-old cohort of entrepreneurs) and B (the total savings of all
entrepreneurs) are positive. As discuss briefly below and demonstrate in Appendix A, in
equilibrium Bt converges to 0 as t goes to infinity. That is, as a cohort of entrepreneurs
ages, its total deposits at the financial intermediary vanish in the limit.

Suppose instead that payments are back-loaded, i.e., suppose that X t increases
monotonically with t. Then X t is negative for t sufficiently low and positive for t

sufficiently high. That is, entrepreneurs are borrowing from the intermediaries when young
and paying back their debt when old, so that both Bt and B are negative. In this case, in
order for the intermediaries to be able to lend to the entrepreneurs, the intermediaries must
borrow from the workers who receive in each period interest payments equal to �rB. For
this case, too, we show in Appendix A that Bt converges to 0 as t goes to infinity.

Appendix A contains a thorough discussion of the determinants of B, the assets that
entrepreneurs deposit with financial intermediaries. There, we discuss three mechanisms—
the ‘‘interest rate effect,’’ the ‘‘incentive effect,’’ and the ‘‘concavity effect’’—that
determine how X t varies with time. We also show that B is finite (implying that Bt

converges to 0) provided that new contracts earn zero profits and an entrepreneur’s
consumption space C is bounded.

Given the definition of B, it follows that:

rBþM � E ¼ 0. (18)

This equation states the financial intermediary’s budget is balanced at any point in time.11

Specifically, in each time period, the interest earned on the financial intermediary’s capital
exactly balances the difference between payments to and from the entrepreneurs in the
financial intermediary’s portfolio.

Market-clearing in the asset market requires that the following condition hold:

lK ¼ ð1� lÞDðr;oÞ þ lB, (19)

where B is given by Eq. (18). The left-hand side of this equation is the aggregate demand
for capital (assets) by entrepreneurs, while the right-hand side is the aggregate supply of
capital by workers and financial intermediaries.
11To see that rBþM � E ¼ 0, simply add up both sides of Eq. (17):

X1
t¼0

Btþ1 ¼ R
X1
t¼0

Bt þ
X1
t¼0

ð1� DÞDtX t.

Since B0 ¼ 0,
P

Btþ1 ¼
P

Bt ¼ B. Also, using Eqs. (15) and (16)
P
ð1� DÞDtX t ¼M � E. So B ¼ RBþM � E,

from which it follows that rBþM � E ¼ 0.
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We can now give a formal definition of a steady-state equilibrium:

Definition 1. A steady-state equilibrium consists of value functions V w and v, decision
rules f, g, W , and m, prices r and o, an initial promised utility w0, a distribution of
promised utilities G, deposits D, labor supply H, the amount of assets held by financial
intermediaries B, and a fraction of entrepreneurs l satisfying:
1.
 Given r and o, the value function V w and the decision rules f and g solve the worker’s
problem (2), and D and H are consistent with f, g, and the birth/death rate 1� D (i.e., D

and H are determined by Eqs. (3) and (4)).

2.
 Given r, the value function v and the decision rules W and m solve the dynamic

contracting problem (5), and the distribution of promised utilities G is the distribution
determined by the initial promised utility w0, the decision rule W, the stochastic process
for y, and the birth/death rate 1� D, (i.e., G is given by Eq. (13)).
3.
 New individuals are indifferent between becoming a worker and becoming an
entrepreneur (i.e., Eq. (10) holds).
4.
 The financial intermediary’s budget is balanced in each period (i.e., Eq. (18) holds).

5.
 The value of a new contract is equal to zero (i.e., Eq. (12) holds).

6.
 The labor market and the credit market clear (i.e., Eqs. (11) and (19) hold).

Finally, we note that when the equilibrium conditions are satisfied, the goods market
also clears in each period, i.e., aggregate output is divided between aggregate consumption
of workers, aggregate consumption of entrepreneurs, and aggregate investment. To see
this, let Y denote output per entrepreneur, let CW denote consumption per worker, and let
CE denote consumption per entrepreneur. By definition, Y ¼ CE þM, i.e., entrepreneurial
output is divided between entrepreneurial consumption and payments from entrepreneurs
to financial intermediaries. Inserting the definition of E (see Eq. (14)) into Eq. (18), we can,
therefore, obtain the following expression:

rB ¼ ðrþ dÞK þ oL� Y þ CE. (20)

Now multiply both sides of the market-clearing condition (19) for the asset market by r

and replace the term rB with the right-hand side of (20) to obtain

lrK ¼ ð1� lÞrDþ l½ðrþ dÞK þ oL� Y þ CE�.

Rearranging this expression and using the market-clearing condition for the labor market
(11) to substitute for lL yields

lY ¼ ð1� lÞðrDþ oHÞ þ lCE þ ldK .

Finally, note that the workers’ budget constraints imply that CW ¼ rDþ oH in a steady-
state equilibrium. Thus, aggregate output lY is divided between aggregate consumption of
workers (i.e., ð1� lÞCW), aggregate consumption of entrepreneurs (i.e., lCE), and
aggregate investment (i.e., ldK).

3.1. Equilibrium under complete information

It is useful to consider as a benchmark the behavior of our economy under complete
information, that is, under the assumption that entrepreneurial output is publicly
observable. Under complete information, Definition 1 continues to apply, except that the
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incentive constraint (6) in the firm’s optimal contracting problem need not be satisfied any
more. In this case, the optimal dynamic contract, which now achieves full risk-sharing,
solves the following deterministic dynamic program:

vðwÞ ¼ max
c;w0
ðȳ� cþ R�1Dvðw0ÞÞ

subject to c 2 C and

Uðc; l̄Þ þ bDw0 ¼ w,

where ȳ ¼
P

piyi.
Under complete information, however, dynamic contracting and financial intermedia-

tion are not essential for achieving the equilibrium allocation. Specifically, in an earlier
version of the paper (Smith and Wang, 2000), we show that under complete information,
the steady-state allocation defined by Definition 1 can be achieved with a more standard
market structure in which entrepreneurs are allowed to trade state-contingent securities,
save and earn interest in a short-term credit market, and take part in an annuities market
to insure themselves against mortality risk. We show that, under complete information, the
total amount of assets held by financial intermediaries in the economy with dynamic
contracting and financial intermediation is exactly equal to the total amount of
entrepreneurial savings in the economy with state-contingent securities. This further
confirms our interpretation that in the economy with private information, the assets held
by financial intermediaries can be viewed simply as entrepreneurial savings. In the case of
private information, however, this saving is delegated to the financial intermediaries, and
the motives for saving are more complicated. As we explain in Appendix A, with private
information assets held by financial intermediaries are essential for the efficient provision
of intertemporal incentives and hence essential for the working of the dynamic lending
relationship.

Finally, as we show in Appendix A, the equilibrium assets B of financial intermediaries
are positive under complete information in our economy. This result obtains because the
equilibrium interest rate must be greater than the rate of time preference of the
entrepreneurs and workers in order for the equilibrium amount of capital in the economy
to be positive. Assets held by financial intermediaries, or, equivalently, entrepreneurial
savings, reflect the desire of entrepreneurs to shift consumption from earlier to later in their
lives.
4. Numerical analysis of the model

In this section, we use numerical methods to study a realistically calibrated version of
our economy.
4.1. Calibration and computation

Assume the output produced by a project in any given period can be either low ðyLÞ or
high ðyHÞ. We assume that y is equal to yL ¼ ð1� sÞȳ with probability p and is equal to
yH ¼ ð1þ sÞȳ with probability 1� p, where s40 and p 2 ð0; 1Þ. In any given period,
therefore, the expected value of an entrepreneur’s output is ȳ.
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We let the instantaneous utility function Uðc; ‘Þ ¼ logðcÞ þ Z logð‘Þ. Given this
parameterization, we must choose values for the following model parameters: b (discount
rate), D (survival rate), Z (relative weight on leisure in the utility function), p (the
probability that the entrepreneur has high output), ȳ (expected value of an entrepreneur’s
output), s (parameter governing the variation of an entrepreneur’s output), K (units of
capital per entrepreneurial project), L (units of labor per entrepreneurial project), d (rate of
depreciation of capital), and h̄ (hours of work supplied by an entrepreneur in each period).
We let a period in the model correspond to one year. We let D ¼ 0:98, so that the

expected value of the length of an individual’s (working) life is 50 years. We set b ¼ 0:9633;
this choice implies that the equilibrium interest rate is approximately 4% (a standard
number in the existing literature). In general, we can choose b to match the observed real
interest rate.
Given the specification of the utility function, ȳ is simply a scaling parameter: without

loss of generality, we set ȳ ¼ 1. The capital-output ratio in our economy is given by

lK

lY
¼

K

Y
¼

K

ȳ
¼ K ,

where as in Section 3, Y is output per entrepreneur. To roughly match the capital-output
ratio in the U.S. economy, therefore, we set K ¼ 2:65.
We let d ¼ 0:1, implying a quarterly depreciation rate of approximately 2.5% as in many

existing macroeconomic studies. This choice for d implies that the steady-state investment-
to-output ratio is ðldKÞ=ðlY Þ ¼ 0:265.
We set p ¼ 0:5, in which case s can be interpreted as the standard deviation of an

entrepreneur’s output (moreover, when ȳ ¼ 1, s can be interpreted as the coefficient of
variation of an entrepreneur’s output). The value of s can be calibrated in at least three
ways. First, at any point in time, s is the cross-sectional standard deviation of output
across firms (entrepreneurial projects). Second, for any given firm, s is the standard
deviation of its output across time. Consequently, microeconomic evidence concerning
cross-sectional variation of output across firms or temporal variation of output for a given
firm could be used to calibrate s. Finally, as we show below, changes in the value of s have
a dramatic effect on the rate at which consumption inequality within a cohort of
entrepreneurs increases as the cohort ages. Thus one could use evidence on consumption
inequality (see, for example, Deaton and Paxson, 1994) to calibrate s.
The final three parameters for which we must choose parameters are L (amount of labor

per project), Z (the weight on leisure in the utility function), and h̄ (hours of work supplied
by an entrepreneur in each period). We choose L and Z by imposing two conditions on the
model economy: one, average hours of work per worker (i.e., H) is equal to one-third; two,
labor’s share of income is equal to 0.64 (this is a typical number from existing
macroeconomic studies). We interpret enterpreneurial consumption (i.e. CE) as labor
income, so that labor’s share of income is given by

ð1� lÞoH þ lCE

lY
¼

loLþ lCE

lY
¼

oLþ CE

Y
.

Note that when H ¼ 1
3, the expected amount of time that a new worker spends working

over the course of his lifetime is equal to one-third of his lifetime time endowment.
Accordingly, we set h̄ equal to one-third as well.
Appendix A describes the numerical methods that we use to compute equilibria.
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Table 1

s ¼ 0:5 s ¼ 0:25 s ¼ 0:1 s ¼ 0

r 0.03998 0.03998 0.03997 0.03997

o 0.3597 0.3608 0.3617 0.3622

l 0.19238 0.19245 0.19251 0.19255

B=K 0.0717 0.0724 0.0734 0.0744

w0 �37.670 �37.644 �37.601 �37.577

H 0.3335 0.3336 0.3338 0.3339

CW 0.1434 0.1438 0.1441 0.1443

CE 0.1331 0.1316 0.1305 0.1299

VarðlogðcEÞÞ (age 0) 0.0012 0.0008 0.0004 0

VarðlogðcEÞÞ (age 30) 0.129 0.069 0.024 0

Notes: s is the standard deviation of an entrepreneur’s output, r is the interest rate, o is the wage rate, l is the

fraction of entrepreneurs, B=K is the fraction of aggregate capital that is held by financial intermediaries (recall

that aggregate assets held by financial intermediaries are given by lB and aggregate capital is given by lK), w0 is

the expected lifetime utility of a new individual,12 H is hours of work per worker, CW is consumption per worker,

CE is consumption per entrepreneur, and VarðlogðcEÞÞ is the cross-sectional variance of the logarithm of

consumption within a cohort of entrepreneurs.
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4.2. Results

In our baseline model, we set s ¼ 0:25. In this case, we must set L ¼ 1:4 and Z ¼ 1:67 in
order to ensure that hours per worker is equal to one-third and labor’s share of income is
equal to 0.64. We also compute the equilibrium of our economy for three additional values
of s: 0, 0.1, and 0.25. When s ¼ 0, an entrepreneur’s output is constant over time, thereby
eliminating problems of moral hazard. Alternatively, one could imagine that an
entrepreneur’s output does vary over time but can be freely observed by the financial
intermediary. In this case, the optimal dynamic contract implements the same allocation
that obtains when s ¼ 0. We refer to this allocation, which features full risk-sharing, as the
first-best allocation. Table 1 summarizes the equilibrium values of key endogenous
variables for each of the four parameterizations of the model that we consider.

Table 1 contains several important results. First, financial intermediaries hold positive
amounts of capital in equilibrium: depending on the value of s, roughly 7% of the
aggregate capital stock is held by financial intermediaries. As we show in Appendix A, a
sufficient condition for B40 is that the payments to the financial intermediary of a typical
entrepreneur decline, on average, as the entrepreneur ages. In our calibrated economies, we
find that the average payments to financial intermediaries of a cohort of entrepreneurs do
decline over time. Fig. 1 illustrates this finding for the case s ¼ 0:25.13 For the case
s ¼ 0:25, Fig. 2 graphs the payment schedule mðw; yÞ for each value of y. Note that mðw; yÞ
is a decreasing function of w for each y. Fig. 3 graphs the law of motion for an
entrepreneur’s promised utility.
12To be precise, the numbers in the row labelled ‘w0’ are actually equal to w0 minus a typical entrepreneur’s

expected lifetime utility of leisure (which is a constant in our model).
13The horizontal line in Fig. 1 is the value of the resources that the financial intermediary commits to the

entrepreneur at each stage of the entrepreneur’s life.
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Fig. 1. Average payments of a cohort of entrepreneurs ðsigma ¼ 0:25Þ.
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Fig. 2. Entrepreneur’s payment to bank ðsigma ¼ 0:25Þ (upper line ¼ high output, lower line ¼ low output).
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As we discuss in more detail in Appendix A, there are several factors that contribute to
the determination of the size and sign of B, assets that are held by financial intermediaries
in equilibrium. First, there is the ‘‘interest rate effect’’ through which the entrepreneur’s
promised utility is pushed up over time because R4b�1; other things equal, the interest
rate effect implies that financial intermediaries should hold positive amounts of assets,
since, in this case, a typical entrepreneur’s payments to the financial intermediary tend to
fall over time. Second, there is an ‘‘incentive effect’’ which implies that the entrepreneur’s
promised utility falls over time when R ¼ b�1, in which case (other things equal) financial
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intermediaries would hold negative amounts of assets. The net impact of the two effects on
the amount of assets that financial intermediaries hold can be evaluated quantitatively. We
find that the interest rate effect dominates for low values of s but that the incentive effect
dominates for higher values of s (in our experiments, the incentive effect dominates when
s ¼ 0:5, but the interest effect dominates for the other values of s that we examined). Fig.
3, which graphs the law of motion for promised utility for the case s ¼ 0:25, summarizes
the net quantitative effect of the two offsetting mechanisms. Notice that promised utility
rises when the entrepreneur reports a high level of output and falls when the entrepreneur
reports a low level of output (the middle line in Fig. 3 is the 451 line). Although it is difficult
to discern in the graph, the average of the two decision rules (one for each value of y) lies
above the 451 line. In other words, the equilibrium law of motion W ðy;wÞ implies that the
stochastic process for the entrepreneur’s promised utility is a submartingale. Thus
promised utility tends to rise over time. For the case s ¼ 0:5, the counterpart of Fig. 3 is
qualitatively similar, but the average of the two decision rules lies below the 451 line, and
the entrepreneur’s promised utility is a supermartingale.

A third and final mechanism is at work in our economy: the ‘‘concavity effect’’. This
mechanism tends to push the average payments of a cohort of entrepreneurs down over
time. In particular, as shown in Fig. 2, the payment schedule mðy;wÞ is a concave function
of w for each value of y. Thus, as the promised utility levels of a cohort of entrepreneurs
spread out over time, Jensen’s inequality implies that average payments to financial
intermediaries of this cohort will fall over time even if the law of motion for promised
utility is an exact random walk with no drift. As discussed above, promised utility levels in
fact tend to drift (either up or down) over time. When promised utility levels drift up over
time (leading average payments from a cohort of entrepreneurs to financial intermediaries
to fall over time), the third mechanism provides another force that tends to push payments
down over time. When promised utility levels drift down over time (leading average
payments to financial intermediaries to rise over time), the third mechanism counteracts
the effects of this downward drift. Quantitatively, we find that, when s ¼ 0:5, although the
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entrepreneur’s promised utility drifts down over time, the third mechanism (due to the
concavity of the function m) dominates, so that the average payments of a cohort of
entrepreneurs again fall over time.
Fig. 4 displays (an approximation to) the equilibrium distribution of promised utilities G

for the case s ¼ 0:25.14 The distribution has a large variance, reflecting the fact that the
promised utility of unlucky entrepreneurs (those with streaks of low output) falls over
time, while the promised utility of lucky entrepreneurs (those with streaks of high output)
rises over time. As discussed above, however, promised utility tends to rise on average
when s ¼ 0:25. This fact is reflected in the mean of G, which is slightly higher than the
initial promised utility w0 of a new entrepreneur.
A second important finding contained in Table 1 is that private information has very

small effects on aggregate economic activity, even when s is large. Although increases in s
tend to depress aggregate output and aggregate capital (l falls as s increases), the
quantitative effects are tiny. The effects on the welfare of a newly born individual are
somewhat larger: when s ¼ 0:25, for example, a new individual is worse off, relative to the
case s ¼ 0, by the equivalent of 0.4% of per period consumption. Nonetheless, the welfare
effects of private information in an economy with dynamic contracting are small in an
absolute sense. In other words, the optimal provision of intertemporal incentives by means
of the dynamic contract is very effective at mitigating the effects of private information.15

Even when s is large, the equilibrium allocation is close to a first-best allocation (i.e., one
that would obtain in the absence of private information).
A third important finding that emerges from Tables 1 and 2 concerns heterogeneity in

consumption within a cohort of entrepreneurs. Deaton and Paxson (1994) document that
14Fig. 4 is a histogram based on the first 10,000 simulated values for promised utility; see Appendix A for details

concerning this simulation.
15Khan and Ravikumar (2001) make a similar point.
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Table 2

c ¼ 0:01 c ¼ 0:05 c ¼ 0:1

r 0.03999 0.04005 0.04014

o 0.3608 0.3607 0.3606

l 0.1923 0.1916 0.1906

B=K 0.073 0.076 0.079

w0 �37.645 �37.648 �37.652

H 0.3333 0.3318 0.3298

CW 0.1437 0.1429 0.1420

CE 0.1316 0.1319 0.1322

Notes: See Table 1.
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in U.S. data the variance of the logarithm of consumption within a cohort of individuals
increases dramatically as the cohort ages (from 0.25 at age 25 to 0.47 at age 55). Table 1
shows that our model economy exhibits the same pattern: for example, when s ¼ 0:5, the
variance of log consumption within a cohort of entrepreneurs increases from roughly zero
at birth (since entrepreneurs are ex ante identical) to 0.13 at age 30. Although this increase
is not as large as the one observed in the data, it nonetheless indicates that the optimal
provision of intertemporal incentives could be one force explaining increasing dispersion of
consumption over time within a cohort of ex ante identical individuals.16 Fig. 5 graphs the
cross-sectional variance of log consumption against the age of the cohort for the case
s ¼ 0:25. This figure shows that the cross-sectional variance increases linearly with the
cohort’s age, a shape which is roughly consistent with the facts documented in Deaton and
Paxson (1994).

As a final point, note that since dynamic contracts are very effective in an environment
in which financial intermediaries cannot observe an entrepreneur’s output, it is clear that
the effects of introducing CSV (i.e., allowing financial intermediaries to observe an
entrepreneur’s output by paying a fixed cost) would be small.

4.3. Static vs. dynamic contracting

How do dynamic contracts compare to static contracts in mitigating the effects of
private information in equilibrium? This section answers this question by studying the
allocations that obtain when financial intermediaries are restricted to use static contracts,
that is, contracts that reflect one-shot interactions between the financial intermediary and
the firm.

One problem that arises here is that under the current information structure, it can be
trivial to make dynamic contracts dramatically more efficient that static contracts. In
particular, static contracts require that the entrepreneur’s payments be constant across the
states of the entrepreneur’s output in order to enforce truth-telling. This implies that the
static contract provides no risk-sharing. Moreover, holding constant the mean and
dispersion of returns on the entrepreneur’s project, equilibrium aggregate output under
static contracts is zero if there is a positive probability of a zero return for the
16See Storesletten et al. (2004) for an alternative explanation.
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entrepreneur. To get around this difficulty, we modify the information structure of our
model by assuming that there is a CSV technology: at a cost a40, the intermediary can
monitor the entrepreneur’s report of y. This CSV technology allows (full) risk-sharing to
be feasible at a cost, and it also allows lending and borrowing to take place even if there is
a positive probability of a zero return for the entrepreneur’s project.
Under static contracting, the entrepreneur’s expected utility w is constant over time.

Because there are only two output states in our calibrated economy, it is straightforward to
show that the financial intermediaries’ optimal monitoring strategy is either to monitor in
the state of low output or not to monitor at all. This implies that, given a level of promised
utility w, the expected value of the financial intermediary is equal to

vðwÞ ¼ ð1� R�1DÞ�1 max½vMðwÞ; vN ðwÞ�, (21)

where vMðwÞ is the expected value of a (one-period) contract if the intermediary monitors
the entrepreneur and vNðwÞ is the value of a (one-period) contract if the intermediary does
not monitor the entrepreneur. Specifically, letting mi denote the entrepreneur’s payment in
state i,

vM ðwÞ ¼ max
mL;mH

ðpmL þ ð1� pÞmH � paÞ,

subject to:

0pmioyi; i ¼ L;H,

and

pUðyL �mLÞ þ ð1� pÞUðyH �mHÞ ¼ ð1� bDÞw.

In addition, vNðwÞ ¼ ð1� R�1DÞ�1mn, where mn satisfies

pUðyL �mnÞ þ ð1� pÞUðyH �mnÞ ¼ ð1� bDÞw.
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Notice that given concavity of U, the optimal contract with monitoring provides the
entrepreneur with full risk-sharing: yL �mL ¼ yH �mH. The optimal contract without
monitoring, on the other hand, provides the entrepreneur with no risk-sharing.

Because the expected utility of an entrepreneur is constant in an equilibrium with static
contracts, entrepreneurs’ total deposits B at the financial intermediary are equal to 0.
Formally, an equilibrium with static contracts consists of prices r and o, an initial
promised utility w0, a fraction of entrepreneurs l, and a value function v for the
intermediary such that: one, newly born consumers are indifferent between becoming a
worker and becoming an entrepreneur (see Eq. (10)); the intermediary behaves optimally
(see Eq. (21)); the labor market clears (see Eq. (11)); the asset market clears (see Eq. (19)
with B ¼ 0); and the intermediary earns zero profits:

vðo0Þ ¼
ðrþ dÞK þ oLþ A

1� R�1D
,

where A denotes the expected cost of monitoring (A ¼ pa if the intermediary monitors and
equals 0 otherwise).

Before comparing the allocations that obtain under static and dynamic contracting, we
note that in the environment with dynamic contracting, we do not allow intermediaries to
have access to the CSV technology.17 Consequently, the comparisons that we make below
between static and dynamic contracts should be regarded as lower bounds on comparisons
between static and dynamic contracts when a CSV technology is available in both settings.

We solve for the critical value of the cost of monitoring a for which the welfare of a
newly born individual (i.e., w0) is the same under both static and dynamic contracting. This
critical value depends on s, the coefficient of variation of an entrepreneur’s output. For
s ¼ 0, there exists no such value: as reported in Table 1, w0 ¼ �37:577 under dynamic
contracting, but w0 ¼ �37:585 under static contracting. This is equivalent to a per period
consumption loss of 0.05%. The reason for this loss is that even when there is no private
information, the dynamic contract, unlike the static contract, allows an entrepreneur’s
promised utility to grow deterministically over time. As we discuss in Appendix A, this
growth is optimal in an environment in which the equilibrium gross interest rate satisfies
R4b�1.

For large enough values of s, however, there do exist positive values of a for which w0 is
the same in both contracting environments. For s ¼ 0:1, 0:25, and 0:5, these values of a are
0.0011, 0.0041, and 0.0059, respectively.18 Recall that an entrepreneur’s average output is
equal to 1. For s ¼ 0:1, therefore, newly born individuals are better off (worse off) in the
environment with dynamic contracting if the monitoring cost is more than (less than)
roughly 0.1% of output. For s ¼ 0:5, newly born individuals are better off (worse off) with
dynamic contracts if the monitoring cost is more than (less than) roughly 0.6% of output.
Because entrepreneurs are monitored only in the low state, aggregate monitoring costs as a
fraction of aggregate output are half as large as these percentages. Given the stark nature
of the model, it is difficult to calibrate the monitoring cost. Nonetheless, the clear lesson
17Solving for an equilibrium in which intermediaries are allowed to use dynamic contracts and have access to

CSV is difficult and beyond the scope of this paper.
18For large enough values of a, the intermediary chooses not to monitor in equilibrium. For the values of a

considered here, the intermediary does choose to monitor.
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from these results is that dynamic contracting is more effective than static contracting at
mitigating the effects of private information unless monitoring costs are very small.19
5. A policy experiment

The purpose of this section is to show that the quantitative framework we have
constructed provides a vehicle for conducting various types of policy experiments. As an
example, in this section, we analyze the effects of requiring financial intermediaries to hold
a fraction of their deposits as reserves. These reserves cannot be used to finance projects
and thus do not earn interest; they are essentially stored goods.20 In this case, the market-
clearing condition in the asset market is

lK ¼ ð1� lÞð1� cÞDðr;oÞ þ lB, (22)

where c is the reserve ratio.
For the case s ¼ 0:25, Table 2 summarizes the equilibrium effects of three different

reserve ratios (1%, 5%, and 10%).
Table 2 (which should be compared to the second column of Table 1) shows that the cost

of holding 10% of total deposits as required reserves is roughly 1% of aggregate output
(compare the level of l in the third column of Table 2 to that in the second column
of Table 1). Notice, however, the economy’s total capital stock, which is equal to
lK þ ð1� lÞcDðr;oÞK, increases. For instance, when c ¼ 0:1, lK þ ð1� lÞcDðr;oÞ ¼
0:210K , a roughly 9% increase over 0:192K , the total capital stock when c ¼ 0.
Our model is also suitable for other policy experiments. For example, another natural

policy experiment is to evaluate the impact of public policy (e.g., capital taxation) on
people’s choices of their occupations.
6. Conclusion and extensions

This paper develops and implements a general equilibrium model with private
information in which borrowers and lenders enter into long-term credit relationships.
We calibrate the model to U.S. aggregate data and use the model to analyze the impact of
informational frictions on the behavior of the macroeconomic aggregates and on the
welfare of individuals.
A key assumption in our model is that there are no aggregate risks, so that the

macroeconomic aggregates do not vary over time. An important extension to our model
would be to introduce aggregate uncertainty in the form of common shocks to the
productive opportunities of entrepreneurs. This extension would allow us to examine how
financial intermediation affects the propagation of aggregate shocks. Introducing
aggregate uncertainty is a challenging computational problem since agents in the economy
then need to keep track of the dynamic behavior of the distribution of asset holdings across
19We also find that, relative to dynamic contracting, static contracting lowers the equilibrium fraction l of

entrepreneurs, thereby reducing equilibrium output (which is proportional to l in our environment). Moreover,

this reduction in output becomes larger as the monitoring cost increases.
20Huybens and Smith (1998) and Ennis (2001) also study the implications of reserve requirements for

macroeconomic variables. The loan contracts that they incorporate in their models are one-period contracts, and

their models are not calibrated to the U.S. economy.
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workers and of the distribution of promised utilities across entrepreneurs. This is the
subject of ongoing research.21

Appendix A

In this appendix, we discuss in detail the determinants of the assets held by the financial
intermediaries. As a starting point, it is useful to notice that optimal dynamic contracting is
not necessary for the existence of the assets held by financial intermediaries. Assets held by
financial intermediaries can arise in our model as an equilibrium phenomenon even when
full optimality of the long-term contract is not assumed.

To see this, let s ¼ fmtðh
t
Þg be any incentive compatible contract that the financial

intermediary and the entrepreneurs wish to enter into (this contract need not be an optimal
one). Here ht is the history of reported outputs of a t-period-old entrepreneur up to and
including period t and mtðh

t
Þ is the payment from the entrepreneur to the financial

intermediary in period t conditional on t. Let Ht denote the set of all possible histories of a
t-period-old entrepreneur. Then the per capita net payments from a cohort of t-period-old
entrepreneurs to the financial intermediary can be written

X t �

Z
Ht
½mtðh

t
Þ � E�dF tðh

t
Þ,

where F t is the distribution of history ht over Ht. As in Section 3, let B0 ¼ 0 and define Bt

for tX1 recursively using Eq. (17). Then, as in Section 3, B is equal to
P1

t¼0 Bt.
If B is well-defined (i.e., if B is finite), then it must be the case that limt!1 Bt ¼ 0.

Proposition 1 shows that Bt diverges as t goes to infinity if the zero-profit condition for
new contracts (see Eq. (12)) is not satisfied. In other words, if the value of a new contract is
not zero, then B is not well-defined.

Proposition 1. If the zero-profit condition for new contracts does not hold, then Bt diverges as

t goes to infinity.

The proofs of the propositions in this appendix are relegated to the end of the appendix.
Although the zero-profit condition for new contracts is a necessary condition for B to be

well-defined, it is not a sufficient condition, as illustrated by the following example.
Suppose that the contract s is such that

X t ¼
1� R�1D
1� R�1gD

� gt,

where 1ogoRD�1. It is straightforward to verify that the zero-profit condition (30) is
satisfied in this case. Using Eq. (17), one can show that, for tX0,

Bt ¼
R�1ð1� DÞ
1� R�1gD

ððgDÞt � DtÞ.

Thus Bt goes to zero as t goes to infinity if and only if 0ogDo1. If, on the other hand,
D�1ogoRD�1, then the zero-profit condition is satisfied and yet Bt diverges so that B is
not well-defined.
21In particular, we are currently exploring whether the ‘‘approximate aggregation’’ findings of Krusell and

Smith (1998) extend to the economic environment in this paper.



ARTICLE IN PRESS
A.A. Smith Jr., C. Wang / Journal of Monetary Economics 53 (2006) 847–877870
Proposition 2 shows that if an entrepreneur’s consumption space is bounded and the
zero-profit condition for new contracts holds, then B is finite.22

Proposition 2. If new contracts earn zero profits and if an entrepreneur’s consumption space

C is bounded, then B is finite.

If the contract is such that X t is constant for all t, then the zero-profit condition (30)
implies that X t ¼ 0 for all t and thus Bt ¼ 0 for all t. For example, if the long-term contract
is just a sequence of identical one-period contracts (as in the model of Carlstrom and
Fuerst, 1997), then Bt ¼ 0 for all t and B ¼ 0. Conversely, if Bt ¼ 0 for all t, then by
applying Eq. (17) repeatedly it is easy to show that X t ¼ 0 for all t. In general, however, Bt

is not constant at zero in equilibrium. In fact, Bt can be positive, negative, or zero,
depending critically on the sequence fX tg, i.e., on the profile of the per capita net payments
that a cohort of entrepreneurs makes to the financial intermediary as the cohort ages.
Suppose, for example, that the equilibrium contract s is such that fX tg is a strictly

decreasing sequence. Then the zero-profit condition (30) implies that there exists T40
such that X tX0 for tpT and X to0 for t4T . As a result, one can show that there exists
S4T such that fBtg

S
t¼0 is an increasing sequence and fBtg

1
t¼S is a decreasing sequence

(whose limit is zero provided C is bounded). Moreover, Bt40 for all tX1, implying that
B40.23

Conversely, suppose that fX tg is a strictly increasing sequence. In this case, there
exists T40 such that X tp0 for tpT and X t40 for t4T . As a result, there exists S4T

such that fBtg
S
t¼0 is a decreasing sequence and fBtg

1
t¼S is an increasing sequence (whose

limit is zero provided C is bounded), from which it follows that Bto0 for all tX1 and
Bo0.
A.1. The case of CARA utility

To gain further insights into the determinants of B, the assets that financial
intermediaries hold in the equilibrium of our model, it is instructive to study an example
for which we can explicitly characterize the structure of the optimal contract. Specifically,
we will consider the case of exponential utility Uðc; l̄Þ ¼ � expð�c� l̄Þ (for analytical
convenience, we allow consumption to be negative; for simplicity, we set l̄ ¼ 0). This
example allows us to obtain several analytical results which show how several different
mechanisms interact to determine the size of B. In Section 5, we use numerical methods to
study a calibrated economy in which individuals have constant relative risk aversion
(CRRA) utility functions. The mechanisms that we discuss in detail in this section for
the case of exponential utility continue to play key roles when individuals have CRRA
utility.
Under exponential utility, the value function for the problem of optimal dynamic

contracting takes the form vðwÞ ¼ A0 þ A1 logð�wÞ, where A0 and A1 are constants, and
the optimal contract takes the following form: mðyi;wÞ ¼ logðm�i Þ þ logð�wÞ and
22Note, however, that boundedness of the consumption space is not a necessary condition for B to be well-

defined, as illustrated by the preceding example when goD�1.
23To see that Bt40 for tX1, suppose that there exists t�40 such that Bt�o0. It must be the case that t�4S,

since B0 ¼ 0 and fBtg
S
t¼0 is an increasing sequence. In addition, since limt!1Bt ¼ 0, there exists s4t� such that

Bs4Bt� . But this is a contradiction, since fBtg
1
t¼S is a decreasing sequence.
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W ðyi;wÞ ¼ w�i w, where ðm�i ;w
�
i Þ solves the following optimization problem:

max
ðmi ;wiÞ

N
i¼1

XN

i¼1

pi logmi þ
R�1D

1� R�1D
logwi

� �
ð23Þ

subject to:

mi40; wi40; 8i ð24Þ

expð�yiÞmi þ bDwip expð�yiÞmj þ bDwj ; 8yi; yj ; ð25Þ

XN

i¼1

pi½expð�yiÞmi þ bDwi� ¼ 1: ð26Þ

The constant A0 ¼ 1=ð1� DR�1Þ½
Pn

i¼1pi logðm
�
i Þ þ DR�1=ð1� R�1DÞ

Pn
i¼1pi logðw

�
i Þ� and

the constant A1 ¼ 1=ð1� R�1DÞ.
Let fwtg denote the stochastic process of an entrepreneur’s expected utility. Under

exponential utility, this process can be described as follows: if t ¼ 0, then wt ¼ w0; if tX1,
then wt ¼ w�i wt�1 if yt ¼ yi. Moreover, Prfwt ¼ w�it w

�
it�1
� � �w�i1w0g ¼ pitpit�1 � � � pi1 for all t

and all ðit; it�1; . . . ; i1Þ 2 ~N
t
, where ~N ¼ f1; 2; . . . ;Ng. These facts imply thatR

logð�wÞdGtðwÞ ¼ t
P

pi logðw
�
i Þ þ logð�w0Þ.

24 We use this result below in order to
characterize the behavior of the sequence of per capita net payments fX tg.

Note that mðwÞ �
P

pimðyi;wÞ ¼
P

pi logðm
�
i Þ þ logð�wÞ. Hence,

X t �

Z
ðmðwÞ � EÞdGtðwÞ

¼
X

pi logðm
�
i Þ � E þ

Z
logð�wÞdGtðwÞ

¼
X

pi logðm
�
i Þ � E þ logð�w0Þ þ t

X
pi logðw

�
i Þ. ð27Þ

Clearly, X t is either monotonically increasing or monotonically decreasing in t, depending
on the sign of

P
pi logðw

�
i Þ. It follows that Bo0 if

P
pi logðw

�
i Þ40, B40 ifP

pi logðw
�
i Þo0, and B ¼ 0 if

P
pi logðw

�
i Þ ¼ 0. Moreover, given Eq. (27) and the zero-

profit condition (12), one can show that

B ¼ �
D

ð1� DÞðR� DÞ

X
pi logðw

�
i Þ.
24To see this, first note that
R
logð�wÞdGtðwÞ ¼ logð�w0Þ þ Zt, where Zt �

P
ðpitpit�1 � � � pi1 Þ

logðw�it w
�
it�1
� � �w�i1 Þ (the summation is over ðit; it�1; . . . ; i1Þ 2 ~N

t
). Next, we show by induction that Zt ¼

t
P

pi logðw
�
i Þ holds for all tX1. It clearly holds for t ¼ 1. Let tX1 and suppose that Zt ¼ t

P
pi logw�i . Then

Ztþ1 ¼
X
ðit ;...;i1Þ

ðpitpit�1 . . .pi1 Þ
X
itþ1

pitþ1 ½logðw
�
it

w�it�1 � � �w
�
i1
Þ þ logðwi�

tþ1
Þ�

¼
X
ðit ;...;i1Þ

ðpitpit�1 � � �pi1 Þ logðw
�
it

w�it�1 � � �w
�
i1
Þ þ

X
ðit ;...;i1Þ

ðpitpit�1 � � � pi1 Þ
X

pitþ1 logðwi�
tþ1
Þ

¼ Zt þ
X

pi logw�i

¼ ðtþ 1Þ
X

pi logw�i .
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Note that aggregate amount of assets held by financial intermediaries B exists even though
the optimal contract (payment scheme) is not bounded (so that the conditions of
Proposition 2 are not satisfied).
With exponential utility, then, the shape of the sequence fX tg, and hence the size of B,

depends critically on the sign of
P

pi logðw
�
i Þ. What determines the sign of

P
pi logðw

�
i Þ?

There are several factors. First, because of private information, full intertemporal risk-
sharing is not achievable, and the optimal dynamic contract implies that on average the
entrepreneur borrows against his future income. Consequently, relative to full risk-sharing,
on average the entrepreneur’s expected utility falls over time. In particular, when R ¼ b�1,P

piW ðyi;wÞow, as shown by Green (1987), Thomas and Worrall (1990), and Atkeson
and Lucas (1992). We call this tendency for promised utility to fall over time (when
R ¼ b�1) the ‘‘incentive effect’’. Since an entrepreneur’s payment to the financial
intermediary increases as promised utility falls, the incentive effect, other things equal,
causes X t to increase over time.
Second, recall that the optimal provision of intertemporal incentives implies that the

distribution of promised utilities of a cohort of entrepreneurs spreads out over time. The
optimal payment schedule mðyi;wÞ is a concave function of w for each value of yi, so
Jensen’s inequality implies that X t decreases as t increases even if the law of motion for
promised utility is an exact random walk (with no drift). Specifically, if

P
piw
�
i ¼ 1 (orP

piW ðyi;wÞ ¼ w), then
P

pi logðw
�
i Þo0. We call this the ‘‘concavity effect’’.25

Lastly, a key parameter in the determination of the assets held by financial
intermediaries is R, the rate of interest at which financial intermediaries discount future
cash flows. As R increases, the financial intermediary becomes less patient, in which case it
is optimal for the financial intermediary to receive payments from the entrepreneur earlier.
That is, a higher R causes X t to tend to decrease over time. Conversely, a lower R causes
X t to tend to increase over time. We call this the ‘‘interest rate effect’’. Formally, we have

Proposition 3. In the case of CARA,
P

pi logðw
�
i Þ is decreasing in R, and there exists R̄4D

such that BX0 if and only if RXR̄.

Finally, it is useful to note that under complete information with exponential utility, the
optimal contract takes the form: W ðwÞ ¼ ðRbÞ�1w and mðwÞ ¼ ȳþ logð1� R�1Þþ

logð�wÞ. In this case, the incentive effect and the concavity effect play no role in
determining the sequence fX tg. Instead, the interest rate effect determines whether fX tg is
an increasing, decreasing, or constant sequence. Specifically, fX tg is a strictly decreasing
(increasing) sequence when R4b�1 (Rob�1); when R ¼ b�1, fX tg is a constant sequence.
So B40 if R4b�1, Bo0 if Rob�1, and B ¼ 0 if R ¼ b�1.
To sum up, this appendix shows that the size and sign of the assets held by financial

intermediaries depends critically on how the per capita net payments to the financial
intermediary of a cohort of entrepreneurs change as the cohort ages. In an example with
exponential utility, we show that this payment schedule is either strictly increasing, strictly
decreasing, or constant. We also show that, in general, the amount of assets that financial
25A static contracting example sheds light on why the payment schedule is concave in promised utility. Suppose

that there is no uncertainty and that the entrepreneur has a constant endowment y. The contract requires the

entrepreneur to make payment m to the financial intermediary; in addition, the contract delivers to the

entrepreneur his reservation utility w. In other words, the contract must satisfy: uðy�mÞ ¼ w, where u is the

entrepreneur’s concave utility function. Then m ¼ y� u�1ðwÞ, which is a concave function of w. Adding

uncertainty to this setup does not change the results.
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intermediaries hold in equilibrium is positive (negative) when the payment schedule is
decreasing (increasing) and is zero when the payment schedule is constant. In addition, we
show how three mechanisms—the incentive effect, the interest rate effect, and the
concavity effect—interact to determine the shape of the payment schedule. Finally, we
show which features of the optimal contract are critical for understanding each of these
effects. Although we study in the next section an economy with CRRA utility, all of the
insights gleaned from the example with exponential utility also apply to this economy.

A.2. Proofs of Propositions
Proof of Proposition 1. Iterate on Eq. (17) to obtain the following expression for Btþ1

(for tX0):

Btþ1 ¼ Rtð1� DÞ
Xt

i¼0

ðR�1DÞiX i. (28)

Ignoring the term 1� D, Btþ1 is the product of two terms, the first of which (Rt) goes to
infinity (since R41). Consequently, Bt diverges as t goes to infinity if

lim
t!1

Xt

i¼0

ðR�1DÞiX ia0. (29)

Now note that the zero-profit condition (see Eq. (12)) can be written in terms of the X t’s as
follows:

X1
i¼0

ðR�1DÞiX i ¼ 0. (30)

Thus the left-hand side of Eq. (29) is simply the zero-profit condition. &

Proof of Proposition 2. The zero-profit condition (30) can be written

Xt

i¼0

ðR�1DÞiX i þ
X1

i¼tþ1

ðR�1DÞX i ¼ 0,

from which it follows (using Eq. (28)) that

Btþ1 ¼ � ð1� DÞRt
X1

i¼tþ1

ðR�1DÞX i

¼ � ð1� DÞR�1Dtþ1
X1
i¼0

DiX tþ1þi.

Since C is bounded, the sequence fX tg is bounded, implying in turn that the sumP1
i¼0D

iX tþ1þi is bounded (since 0oDo1). Defining Zt �
P1

i¼0D
iX tþi, we can now write:

B ¼
X1
t¼0

Bt ¼ �ð1� DÞR�1
X1
t¼0

DtZt.

Since the sequence fZtg is bounded and since 0oDo1, B is finite. &
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Proof of Proposition 3. Let a ¼ R�1D=ð1� R�1DÞ. To show that
P

pi logðw
�
i Þ is decreasing

in R we need only show that
P

pi logðw
�
i Þ is increasing in a. Let X ðaÞ ¼

P
pi logðm

�
i Þ, and

Y ðaÞ ¼
P

pi logðw
�
i Þ, where X and Y are written as functions of a to emphasize that they

depend on a. Let

O � ðX ;Y Þ : X ¼
X

pi logðmiÞ; Y ¼
X

pi logðwiÞ; ðmi;wiÞ s:t: ð24Þ; ð25Þ; ð26Þ
n o

.

Note that O is not a function of a. Then for all a, ðX ðaÞ;Y ðaÞÞ solves the following
optimization problem:

max X þ aY ,

s:t: ðX ;Y Þ 2 O. ð31Þ

To prove the proposition we need only show that Y ða2ÞXY ða1Þ for all a1 and a2 satisfying
a24a140. Suppose Y ða2ÞoY ða1Þ. Now either X ða2Þ þ a1Y ða2Þ4X ða1Þ þ a1Y ða1Þ or
X ða2Þ þ a1Y ða2ÞoX ða1Þ þ a1Y ða1Þ must hold. Suppose the first inequality holds. Then
clearly ðX ða1Þ;Y ða1ÞÞ is not a solution to the programming problem (31) at a ¼ a1, a
contradiction. Thus, to prove the proposition, we need only show that the second
inequality cannot hold either. Suppose the second inequality holds. Then

Y ða1Þ � Y ða2ÞX
X ða2Þ � X ða1Þ

a1
,

which, together with Y ða2ÞoY ða1Þ and a24a1, in turn implies

Y ða1Þ � Y ða2Þ4
X ða2Þ � X ða1Þ

a2
,

or equivalently,

X ða2Þ þ a2Y ða2ÞoX ða1Þ þ a2Y ða1Þ.

This contradicts the assumption that ðX ða2Þ;Y ða2ÞÞ is a solution to the programming
problem (31). To complete the proof, notice that

P
pi logðw

�
i Þ is positive for R sufficiently

close to D, and it is negative if R is sufficiently high. &

Appendix B

In this appendix, we describe the numerical algorithm that we use to compute equilibria.
The steady-state equilibrium can be computed by finding the prices r and o that solve the
pair of equations F1ðr;oÞ ¼ 0 and F2ðr;oÞ ¼ 0. The function F 1 corresponds to the zero-
profit condition (12), while the function F 2 corresponds to market-clearing in the asset
market (see Eq. (19)). To evaluate these functions, we proceed as follows:
1.
 Choose r and o.

2.
 Solve the worker’s problem (2) and calculate D and H according to Eqs. (3) and (4).

3.
 Solve the dynamic contracting problem (5).

4.
 Use the market-clearing condition in the labor market (see Eq. (11)) to solve for l:

l ¼
H

H þ L
. (32)
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5.
2

app
2

Use Monte Carlo simulation to compute an approximation to M, as defined in Eq. (15).
Specifically, use a (pseudo)random number generator to generate a sequence fytg

N
t¼0 and

a sequence futg
N
t¼0, where the ut’s are independent and identically distributed and each ut

is uniformly distributed on the ½0; 1� interval.26 Use these simulated sequences to
generate a simulated sequence fwtg

N
t¼0, where wt is promised utility in period t. In

particular, proceed as follows:
(a) Set w0 ¼ V wð0; r;oÞ and t ¼ 0.
(b) If utp1� D, then the entrepreneur dies at the beginning of next period and is

replaced by a new entrepreneur. In this case, set wtþ1 ¼ w0. Otherwise, set
wtþ1 ¼W ðyt;wtÞ.

(c) Increment t. Iterate on steps (b)–(d) until t ¼ N.
6In p

roac
7Not
Given fwtg
N
t¼0 and fytg

N
t¼0, the approximation to M is computed as follows:

M̂ ¼ N�1
XN

t¼0

mðyt;wtÞ.
6.
 Evaluate F1ðr;oÞ and F 2ðr;oÞ, defined as follows:

F1ðr;oÞ ¼ vðV wð0; r;oÞ; rÞ � ð1� R�1DÞ�1E, ð33Þ

F2ðr;oÞ ¼ lK � ð1� lÞD� r�1lðE � M̂Þ, ð34Þ

where l is given by Eq. (32) and E ¼ ðrþ dÞK þ oL.27

We use Newton’s method with numerical (one-sided) derivatives to find the values of r

and o which set the functions F 1 and F2 to zero.
Given our functional form assumptions for the utility function, the consumer’s problem

can be solved using a guess-and-verify approach (in this case, the value function takes the
form VwðdÞ ¼ a0 þ a1 logðd þ a2Þ, where a0, a1, and a2 can be expressed as functions of the
structural parameters b, D, R, and o). The optimal decision rules for the worker’s problem
are then given by

d 0 ¼ f ðd; r;oÞ ¼
oðRb� 1Þ

R� D
þ Rbd

and

h ¼ gðd; r;oÞ ¼
gRþ ð1� gÞDRb� D

R� D
�

Rð1� gÞð1� bDÞ
o

d,

where g ¼ 1=ð1þ ZÞ.
Note that we allow workers to choose negative hours. If we were to impose the

constraint hX0, then we would be forced to solve the worker’s problem numerically. In
our calibrated equilibrium, very few (roughly 0.5%) of workers choose negative hours, so
allowing negative hours is not important from a quantitative standpoint. In this sense, little
would be gained by incurring the cost of using a numerical algorithm.
ractice, we use antithetic variates when conducting the Monte Carlo simulations. For our problem, this

h increases numerical accuracy without increasing computational cost.

e that we have emphasized the dependence of v on r by introducing r as an explicit argument of v.
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Alternatively, one can interpret leisure in the worker’s utility function as, say, house-
cleaning services.28 The worker can either provide these services himself when he is not
working in the market or he can purchase these services in the market at wage o. Under
this interpretation, the utility function takes the form uðc; 1� hm þ hcÞ, where hm is the
amount of time that worker spends in market activities (so that 1� hm is the amount of
house-cleaning services that he provides himself) and hc is the amount of house-cleaning
services that he purchases in the market. The worker’s budget constraint then takes the
form: cþ Dd 0 þ whc ¼ Rd þ whm, or cþ Dd 0 ¼ Rd þ wðhm � hcÞ. Now define h ¼ hm � hc,
so that the utility function becomes uðc; 1� hÞ and the budget constraint becomes
cþ Dd 0 ¼ Rd þ wh, as in the original formulation of the problem. If hX0, then there is an
indeterminacy in the choice of hm and hc, but if ho0, then it must be the case that hm ¼ 0
and hc40 (since market hours hm cannot be negative).
Using the formulas for the worker’s decision rules, one can derive analytical expressions

for deposits per worker and hours per worker (recall from Section 2.1 that dtðr;oÞ is the
deposits of a worker who is t periods old):

Dðr;oÞ ¼ ð1� DÞ
X1
t¼0

Dtdtðr;oÞ ¼
oDðRb� 1Þ

ð1� DRbÞðR� DÞ
,

HðrÞ ¼ ð1� DÞ
X1
t¼0

Dtgðdt; r;oÞ

¼
gRþ ð1� gÞDRb� D

R� D
�

Rð1� gÞð1� bDÞDðRb� 1Þ

ð1� DRbÞðR� DÞ
.

Note that, under our functional form assumptions on the worker’s utility function, the
total amount of labor supplied by workers does not depend on the wage o.
We compute the solution to the dynamic contracting problem using numerical methods

similar to those described in the Appendix to Krusell and Smith (1998).29 When
implementing these methods, we take advantage of the fact that one of the incentive (truth-
telling) constraints (in particular, the one associated with the low state) never binds, while
the other incentive constraint (in particular, the one associated with the high state) always
binds. In the simulation of promised utilities described above, we use 500,000 antithetic
pairs (i.e., in terms of computation time, N ¼ 1; 000; 000).
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