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1 Intr oduction

This paperstudiesthe econometig problemsassocatedwith estmation of a stoctastic processthatis
endagenousy sampled. Our interestis to infer the law of motion of a discree-time stochasc proces
{pt} thatis obsened only at a subsebf times{ti,...,tn} thatdependon the outcomeof a probabilistic
samplingrule thatdepend®n the history of the processaswell asotherobsened covariates x;. We focus
onaparicularexamplewherep; denoteghe daily wholesa¢ price of a standadizedsted product There
areno formal marketsor centraized exchangesvheresteelis tradel. Insteal nearlyall steeltransa&tion
prices area resultof privatebilateral negotiaions betweerbuyersandsellers, typically intermediatedby
middlemenknown assteelservicecentes.! Eventhoughthere is no centra recordof daily transations
prices in the steelmarket, we do obsene tranactionpricesfor a partiaular firm — a steé servicecente
thatpurchaeslarge quantties of steelin thewholesde market for subsegentresalein theretal market.
The endogenousamplingproblemarisesfrom the factthatthe firm only recordsp; on the daysthatis
purchagssteel.

We introducetheendogenousamplingproblam in the context of pricespeculéion in the steelmarket
in orderto provide a conceteexample. However we believe that similar endogenosisamplingproblems
arisein mary othercontets. Examplesinclude financial applicationswheretransction pricesare ob-
sened at randomlyspacedntervals (seeATt-Sahala and Mykland, 2001, Engleand Russell,1999, and
RussellandEngle,1998),andin marketing applicdionswherethe prices of goodsthata householdur
chasesaregenerdly only recodedfor the itemsthe householdourchasd andon the datesit purchasd
them(seeAllenby, McCullochandRossi1996,andErdemandKeane 1996). However we arenot aware
of any economeic literaturethatis directy relevantfor handlingendogenosisamplingproblemsn atime
series context. Themostdirectly relatedwork is theliteratureon lik elihood-basednethodsor correcting
for endogenousamplingin cross-gctiona andpanelcontets (Heckman,1981,ManskiandMcFadden,
1981,andMcFadden 1997).

We present parametic analyss of the endogenousamplingproblemunderthe maintanedassump-

tion thatthe timing of steelpurchaesis partof anoptimaltradingstratgy that maximizesthefirm’s ex-

1it is a puzzlewhy centralizedexchangesxist for somecommoditiessuchas pork bellies, but not for steel. Rustand
Hall (2003 developatheoryof intermediatbn in which themicrostructue of tradein acommodityor assets endogenously
determinedDependingon the parametersf this modelthereareequilibria consistentvith all tradeoccurringvia a market
maler onacentralizedexchangepr all tradeoccurringvia decentralizedransactionsvith middlemen,or tradesggmenting
betweemiddlemenandmarket makers. This theorycould explain thevariety of differenttrading institutionsthatwe seein
differentmarkets,including the noneistenceof centralizedexchangedor steel.



pecteddiscounédtrading profits We derive aparametig partial information maximurikelihood(PIML)
estimaor thatsolvestheendogenousamplingproblemandefficienty estimats theunknovn parametes
of the Markov law of motionfor {p:} togeterwith the strucural paramegrsthatdetermire the optimal
trading rule. We alsointroducean altemative consstent,lessefficient, but computatioally simplersim-
ulatedminimumdistan@ (SMD) estimabr that avoids high dimensionanumericalintegrationsrequired
by the PIML estmator The SMD estimabr canalsobe viewedasa simulatednomentsestmator(SME)
(Leeandingram, 1991andDuffie andSinglebn, 1993),applied to a situdion wherethe dataareendoge-
nouslysampled.Using the SMD estimatoy we estimag the parametes of a truncaed lognormalAR(1)
modelof thewholesde price processedor paricular typesof steelplate. We usetheseestimagsto infer
theshareof thefirm’s discounéd profitsthataredueto markupspaidby its retal customes, andtheshare
dueto price specudtion. The latter measureshe firm’s succes in forecasing steé pricesandin timing
its purchaesin orderto “buy low andsell high”. The moresuccesiil thefirm is in specution (i.e. in
straggically timing its purchass), the moreseriaus arethe potental biases thatwould resultfrom failing
to accountfor theendogeneay of thesamplirg proces.

This paperoriginatedfrom previous work (Hall and Rust, 1999, 2000 and 2001) on modelingthe
speculéve tradng andinventoly investmentdecisons of a particular steelwholesale This firm does
minimal producton procesig: its mainactiity is to stockple quantitesof varioustypesof steé via bulk
purchagssat wholesa¢ pricesfrom steelproduces andotherlarge intermediaresin orderto profit from
subsequerresaleto retai customersata mark-up. This firm hasprovided us with a uniquenew dataset
with daily obsevationson purchaesandsales of themorethan2,300produdsit carries. While thesedata
areuniquein theirlevel of detal andquality, the firm doesnot recordary pricesin its computeized data
baseunlessa purchae, sale or adjugmentoccurs. The essencef the endaenoussamplingproblemis
thatwe only observepurchaseprices onthe daysthat purchasesoccut

Let{p:} denotehestochatic procesrepresentingthelowestprice offeredby ary sellerof apartiaular
steelproducton dayt. We assumehatthe firm obsenres p; at eachdayt, but it only record p; whenit
decidego placeanorder Letg? denotehequantiy ordergpurchasd)ondayt. Theendogenousampling
rule canbe statel asfoll ows:

p isobsered <= q’>0.

It is notatbnally corvenientto treatthe endogenousamplingproblemasa censoed samplingproblem:

i.e.,we setp; to somearbitrary valuesuchasp; = 0 wheng? = 0, andlet p; equalthe obseredpurchas



pricewheng? > 0. Notethatwe alsoobsevetheretail salegrices{ p{ } thatthefirm chagesits customers.
Sinceretdl salesoccurmuchmorefrequentlythanpurchaeson the wholesa¢ marlket, retal price data
{p{} canprovide a key sourceof informationfor learnng about{p;}. However on the subsetof days
whereboth p; and p{ areobsened, we obsere thatmarkupsp; — p; arequite volatile, andvary by time,
locaion, andtype of the customer In otherwords,thereis consideableprice disciiminationin theretal
marketfor steé. As aresut theretal price of steelp; is bestregardedasa noisy andbiasedsignalof the
wholesag price p; andtherdore theretdl price may not provide informaion thatis direcly relevantfor
estimaing the unknavn parametes of thewholesag price process’

The estmation methodswe proposerequres nestednumeri@l solution of a dynamicprogramming
problemthatdeteminethefirm’s optimaltradingstraegy. This mustbe donefor eachtrial valuefor the
unknovn parametevector8, andasa result the estimabdrs we proposeare computaibnally intensve.
However significart computatbnal savings canbe achiered by exploiting specid feauresof the solutions
to thesedynamicprogrammingproblems.Extendinga seminalresultby Scarf(1959)for a simplerclas
of inventay investmentroblens, Hall andRust(2001) shaved thatthe optimal specudtive invesiment
strakgy for afairly generaklass of commodityprice specuitionproblemsakestheform of agenealized
(S s) rule. In ageneraked(S s) rule, Sands) arefunctionsof the currentwholesaé price p andavector
of otherstatevariabkesx suchasinterestrates,demandshifters,andothervariables thataffect the firm’s
beliefs aboutfuture prices andsaledevels. ThefunctionsS(p, x) ands(p, x) satsfy S(p,Xx) > s(p,X). The
lower bands(p,x) is thefirm’s order threshotl: it is optimalfor the firm to placean orderwheneer its
current invenbry level g falls belov s(p,x). The upperbandS(p,x) is the firm’s target inventorylevel
wheneer the firm placesan orderto replenishits invenory, it ordersan amountsufficient to insure that

inventay on hand(the sumof the currentinventoly plusnew order$ equalsS(p, x).

20urtreatmenbf thewholesaleprice process{ p;} asanexogenoushspecifiedforcing process'thatis known upto a
finite numberof parameterss admittedy only afirst approxmationto reality. Theassumptionshat{p;} is obsenedeach
day by the firm andevolvesasan exogenos stochastiqrocessi.e. its realizationsdo not dependon actionsof the firm)
areparticulary strongrestrictonsthatwe intendto relaxin futurework. As we notedabove, pricesin the steelmarket are
determinedia bilateralnegotiations:thereis no centralmarket placewherethelowestpricecanbeeasilyobsened. Instead,
in orderto getpricequotespurchasinggentswithin thefirm mustcommunicatevith steelproducersr otherintermediaries
via telephor, fax, telex, or recently the WWW. Thuseachprice quoteinvolvesa smallmonetaryandtime cost. However
this leadspotental endogeneit problems,sincethe bestprice the firm is ableto negotiae depend®n the intensity of its
search/bajaining processandthis intensiy level could vary dependig on the conditionsit faces. We deferthe difficult
issuesassociateavith potentialendogeneitin {p; } to future researchHowever while amorerealistc modelof speculation
would resultin amorecomplicateddynamicprogrammingproblem, we believe the generalapproacheso estimationof the
underlyirg price processeslescribedn this paperwill still apply The main modificationis thatwhenthereis no central
wholesalemarket andthe“law of oneprice” doesnot hold, we would needto estimatea condiional probabiity distribution
representinghefirm’s beliefsaboutthedistribution of potental pricesavailableata givenpointin time.



Theorderthresholl function s(p, x) is the sourceof the endogenousamplingproblemsincethe firm
only recordsthe wholesaleprice p on thosedayswherea purchae occurs Therebre the endogenous

samplingrule canberestaed asthefoll owing thresholdrule:
P is observedff gt < s(pr,%). (1)

Conditioral ona purchaeoccurrng, we obsere anorderof sizeqp givenby

o = S(pt. %) — G, 2

andg? = 0 otherwise Usingthe generalted (S, s) rule asour modelof the endogenousetermiration of
samplingdates we proposeestimatorsthat areableto consstenty estimatethe unknovn paramegrs of
the{p:} processventhoughwe only have incompléde informaion on {p; }.

The mainideabehindthe likelihood basedapproactto solving the endogenousamplingproblem is
to write down alikelihoodthatreflect a correctly specifiedprobabilty law for the endogenosisampling
scheme. In somecasesconsisent, but lessefficient quasimaximumlikelihood and GMM estimators
have beenproposed.Theseestimabrs work by approprately re-weightingthe obsenationsto adjug for
the effects of non-ramdom sampling,similar in somerespets to the way the condiional probabiiti esin
the likelihoodreflectan approprate weighting of the outcomes.We follow this generalstrategy in this
paper and proposea partial information maximumlikelihood (PIML) estimato thatis consisent and
asymptottally normally distributed. However the PIML estmatorrequireshigh dimensonal numerica
integrationsthat canonly be feasbly donevia recursve quadratire, or by Monte Carlo or quasiMonte
Carlomethods.

We introducean alterrative lessefficient but computatbnally simpler simulaed minimum distane
(SMD) estmatorthat doesnot atemptto re-weght the obserationsin orderto insureconsiseng/ and
thusavoids the needfor high dimensonal integrations. The SMD estimatoronly relieson the ability to
simulaterealzationsof theoptimaltrading model. Thesesimulatonsarethencensoredn exactlythesame
way asthe obseveddataarecensord, anapproab thatis similarin mary respets to thestraegy of “data
augmentaon” usedn Bayesiarinferenceof latentvarieble models.Theideabehindthe SMD estmatoris
to chooseparanetervaluesthatresut in simulatednomentghatmatchthe obsened momentsasclosey
as possble, whereboth the real and simulatd dataare censord accordng to the samesamplingrule;
namelythe onegivenin equaton (1). Eventhoughthe momentsenteing the SMD criterion arebiased

andinconsstentdueto theendogenassampling problem, thefactthatwe cancensoithedataenteing the

4



simulaedandrealmomentsn the sameway impliesthatthe SMD estimaor itsdf is consigent. It should
beapparat thatalthoughthetwo estimationmethodsve presenterearespecialzedto ourparicular stee
example,it shouldbe straghtforwardto generake thesemethodgo othertypesof endogenousampling
problemshatarisein avariety of othercontexts.

Section2 descibesour datasetandintroducesthe steé speculabn andinventay problemthatmoti-
vatesthis reseach. Section3 presatsa paramatic, full informationapproactto inferenceusinga gener
alizaion of amodelof optimalcommodityprice speculabn andinventoly investmentdevelopedin Hall
andRust(1999,2000,2001). An independentcontibution of this sectionis to provide a tradablespec-
ification for unobseved statevariabkes affecing the specudtor’s trading decisonsthat accouns for the
frequantly binding inequdity constrants that purchase®f steé mustbe non-ngative. The factthatthis
constaintis strictly bindingatg? = 0 preventsthe useof standad Eulerequaion methodgo uncover the
trade’s decison rule andthe associatd endogenousamplingrule for wholesalesteelprices By intro-
ducinganunobseved state variable ,we derive anondgenerge conditional probability distribution for g
thatallows usto derive a partial information likelihood function for the full setof datathatwe obsere,
& = (o, 9, pr, Pf,X%). We establsh the consiseng of the PIML estmator by shaving that the values
of the joint process{§;, } on successie purchasalatest; (whenall component®f &; areobsened)is an
embeddedlarkov chain. Thisallows usto invoke a standardnformationinequdity algumento estdlish
the consiseng/ of the PIML estimator Via a standrd Taylor seriesapproxmationandan appealto an
approprate CentralLimit Theoremfor mixing procesesi,t is possibé to estdlish theasymptott normal-
ity of the PIML estimabr. Section4 introducesthe simulatel minimum distane estimatorand derives
its asymptoic distiibution. Secton 5 preserg someinitial Monte Carlo evidenceon the perfomanceof
the estimatorsproposedn this paperaswell asresuls of an empirical applicationto several plate steé
producs for which wholesag pricesareassumedo evolve accordng to a univariake truncatedlognomal
AR(1) proces. We estimatethe unknovn parametes of the price processandthe unknavn parametes
affecting thefirm’s costof purchasig andholdinginventor. We thenevaluatehow well our generaked
(S s) trading strategy fits thesedata,anduseour resuts to infer thefraction of thefirm’s discounéedprofits
aredueto the markupst chagesits retdl customes, andthefraction thatis dueto purecommaodityprice
speculéon, i.e., its successn timing purchassof steelin orderto profit from “buying low andselling

high”



2 Description of the Data and the Model of Price Speculation

In this secton we introduce the dataand descibe a generaked verson of a modelof commodityprice
speculséion introducedby Hall and Rust (1999, 2000, 2001) that allows for addiional covariaies and
unobseredstat variables. This modelprovidestheframework for inferenceandprovides thekey insights

thatenabledusto poseandsolve theendogenousamplingproblem.

2.1 The Data

Via apersonhcontactwith anexecutive atalarge U.S. steelwholesder, we acquire anew highfrequengy
micro datdaseon transationsin the steelmarket. This firm hasprovided uswith an ongoingdatafeed
thatenabls usto obsere virtudly all aspect®f its operatons,including the purchaseindsalepricesand
guantitesandtheidentiiesof its customerdor all of its 2300+ individud steelproductson a daily basis.
Theempirical resuts presentdin secton 5 arebasedn dataon every transation the firm madebetween
July 1, 1997to March14,2002(1191businesslays)for two of its highestvolumesteelproducs. For each
transctionwe obsene the quantty (numberof unitsand/orweightin pounds)f steelboughtor sold,the
salesprice the shipping costs andtheidentity of thebuyeror selle.

Althoughthis is an exceptimally cleanandrich datasetwe only obsere prices on the daysthe firm
actualy madetransations: thefirm doesnotrecordary priceinformaion on daysthatit doesnottransact
(eitherasa buyer or seller of steel) This shortoming of our dataseis much moreimportantfor stegé
purchassthansteelsales since thefirm purchassnew steelinventol in thewholesalemarket muchless
frequantly thanit sells steelto its retal customersindeed, evenfor its highes volumeproductsit makes
purchagsonly aboutonceevery two weeks. The (S's) theorywe presenbelown predids that purchase
arenotmadeatrandom.Insteal, thefirm tendsto make purchaeswhenpricesarelow, sothattheaverage
price on the daysthe firm makespurchasswill be lower thanthe averagewholesaleprice on daysthe
firm doesnot purchae. The excepton to this generakule is thatthe firm maymake purchase evenwhen
prices arerelaively highif its invenbriesarelow. Corversely thefirm mayrefran from purchagg even
if pricesandinvenbriesarelow if it expectsthattherateof retal saleswill be depresedfor along period
of time, saydueto badmacroeconomiconditions. Thus,while the firm is attanptingto “buy low and
sellhigh”, its purchasalecisonsinvolve atradeof amonga numberof differentconsideations

We ill ustrae our databy plotting thetime seriesof inventoiesandpricesof oneof thefirm’s producs

in figures1 and2. This product which we call produa 4, is oneof highes volume productssold by this



firm. It is alsoa benchmarkproductwithin theindusty sincethe pricesof several othersteelproductsare
oftencomputedasa function of this products price. It is possibé to getweeklyandmonthly suney data
on pricesfor certin classs of steelproducs throuch trade publicationssuchas PurchasingMagazine
and AmericanMetal Market. However, since thete are no public exchangemarkets for steé products,
transctionin the steelmarket are carried out in private negotiaions. Hencetheseprice suneys rely
on participans in the steelmarket to repot truthfully the pricesthey paid or receved for varioussteé
producs. Thefirm often facesconsideably different pricesthanthosein the surey data.

As aresut, in our plotsof wholesag transactiam pricesin figure 2 (thelower curve with thelarge black
circles), we usedstraght line interpoltions betweenobsened purchas pricesat succssve purchas
dates.Theblackcircle at eachpurchasalateis proportonalto the sizeof the firm’s purchasen pounds.
This gives us our first visual indication of the endogenousamplingproblem. First, we seethat even
thoughwe have 1191 obserations on this firm, we obsere purchassin the wholesd market on only
184 days. Secondthe pattens of the black dots suggest thatthe firm is morelikely to purchasdarge
guantitesof steelwhenwholesa¢ pricesarelow, althoughothereconomidactos seemto beinfluencing
thefirm’s purchas decisonsaswell. Onekey facbor is thelevel of inventor: thefirm tendsto make large
purchagswhenits inventow is low. We alsoseethateventhoughwholesaé pricescontinuel to decline
during2000and2001,the firm’s largestpurchase®sf steeloccured during the “turning point” in prices
in early1998. Thefirm mayhave avoidedmakinglarge purchaesin late 2000and2001dueto economic
uncerainties resultng from the “dot com crash”andthe economicuncertinties following the 9/112001
terroristattadk ontheU.S.

Overall, our interpolaked plot of steelwholesalepricesin figure 2 suggestthat we shouldbe wary
of usingtherelatively small numberof irregularly spacedbsenatonsto make inferencesaboutthe un-
derlying law of motionfor {p;}. The obsened purchasericesareunlikely to be representate of the
unconditonal meanlevel of pricesin thewholesde marlket (espedlly if thefirm is attempthgto “buying
low andsell high”), andthe estimagd serial correhtion coeficientfor theseirregularly spacedransac-
tionsis unlikely to be a goodestimae of the serialcorrebtion coeficientbetwea daily wholesag prices
(assumingve wereableto obsene them).

Figure 2 alsoplotsthe intempolatedsequene of daily retal salesprices. Retail sales occuron about
two out every three businesgdays,sothe amountof intempolation in theretail price series is modest.The
wholesag andretdl pricesmaove in aroughly paralel way, althoughther appeardo be consideableday-

to-dayvariation in retail prices. Retail pricesarequotednetof transpaetation costs but still muchof the
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the high frequeng variation is dueto obserablefactos. Athreya (2002)finds that roughly 65% of the
high frequeng variaion in retai pricescanbe explained by obserablecusbmercharadterisics suchas
geograpltial location and pastvolume of purchasesThe remainng 35% of the variaion in retdl prices
appears$o bedueeitherto highfrequeng fluctuatonsin wholes#e pricesor to somesortof “informational
pricediscrimination”in theretail market. Usingthelimited numberof dayson which bothwholesaleand
retal prices are available, Chan(2001) finds that at most 50% of the variaion in retal pricescanbe
explainad by variaionsin thewholesde price of steel This conclusionis possibledueto thefactthaton
mary daystherearemultiple retail salesto differentcustomersThesefindingssuggesthata large share
of thehighfrequeng variaionin retal pricescanbeascrbedto price discimination,i.e. thefirm chages
higherpricesto moreimpatientor poorly informedretai customergseeChan,Hall andRust(2003)for a
moredetaikbdanalyss of bagaining, price settng, andpricediscriminationin theretal marketfor sted).
We concludk thateventhoughretal sales occurmuchmorefrequentlythanwholesag purchass, thefact
thatretail pricesinvolve a numberof otherdifferent consideations(including price discimination based
on obsenable and unobserable characgrisics of the custaner) suggesthatthe retal price is at besta
very noisyand(upward) biasedsignalof the underying wholesaé price.

Figurel plotsthe evolution of invenriesover the sameperiod. Purchasesf steelareeasiy recog
nizabk asthe discantinuousupward jumpsin theinventol trajectories. As is evidentfrom the saw-tooth
patten of theinventol holdings,thefirm purchassthe productmuchlessfrequenly thanit sellsit. The
firm’s opportunstic purchag behaior is very clearfor this product As canbe seenin figuresl and2,
duringthefirst tenmonthsof the sample from July, 1997 until March, 1998, thefirm heldrelaively low
levels of invenbriesat a time whenthe averageprice the firm paid for ste¢ was about20.5 cens per
pound.However asthe Asianfinancialcrisis deepend, foreign steelproducersegan cutting their prices
andaggresively increasingtheir exports. We seethis cleaty in our data,wherein April 1998,wholesa¢
prices droppedto 18.5 centsper pound. At thattime the firm madea large purchase As the price of
steelcontinuedto fall to historical lows duringtheremairder of 1998thefirm madea succes®n of large
purchagsthatleadit to hold historicaly unpre@dentechigh levels of inventoies. We view this asclea

evidencethatthefirm is attemptng to profit from a“buy low, sellhigh” straegy.



2.2 The Model

Our modelis anextenson of previouswork by Hall andRust(2001),who shovedthatin a broadclassof
commoditypricespecudtionproblemstheoptimaltradingruleis agenerakedversionof theclassic (S s)
rule from inventoly theory Theirwork canbeviewedaslinking contributionsby Arrow et. al. (1951)and
Scarf(1959)who first proved the optimality of (S,s) policiesin invenbry invesmentproblemsto more
recentwork by WilliamsandWright (1991),DeatonandLaroque(1992)andMirandaandRui (1997)on
therational expectatonscommoditystoraye model. Thefixed (S s) threshotisderived by Scarfunderthe
assumptia thatthe price (cost)of procuing (producing)invenbriesis constat arecleaty suboptimain
a specultive trading ervironment sincethe stocasticfluctuatonsin the price of steelaffects the firm's
percepion of the optimal level of invenbry S andthe threshold for purchasng new inventory s. Hall
andRust(2001)shavedthatthefirm’s optimal speculéive trading straggy is a genealizedthe (S;s) rule
whereSands arefunctionsof certan underlying stae variables includingthewholesée price of steelp.3
Beforewe describehow the generalzed (S s) rule allows us to formulae and solve the problem of
endogenousamplingof steelwholesée prices,we descrbethe notaton andkey assumptionsinderlyng
Hall andRusts modelof commoditypricespecuation. Thenwe formaly definethe (S s) trading strat@y,
andshav how in a broadclassof modelsof specution,the (S s) rule consttutesthe optimal strategy for
“buying low andselling high”. We assumehata middleman(which we alsorefer to asthe “firm”) can
purchas unlimited quantites of steelat a time-varying wholesa¢ price p; that evolvesaccording to a
Markov trarsition densityto be specfied belonv. We assumehatthe middlemansubsequeiy sellsthis
steelto retal customersat a retai price p{ thatincludesa randomlyvarying markupover the currert

wholesag price p; (if wethink of thefirm asselling to different customer®n differentbusinesslays,this

3This analysisextendsprevious resultsin the operationsresearcHiterature suchas Fabianet. al. (1959), Kingman
(1969),Kalymon (1971, Golabi (1985, SongandZipkin (1998), Moinzadeh(1997) and Ozekici and Parlar (199) that
prove the optimality of generalized/ersionsof the (S, s) rule whenthe cost(price) of producing(procuing) new invenory
fluctuatesstochastically While Hall and Rust(2001) are not the first to prove the optimality of generalizedversiors of
the (S s) rule, they build onthe OR literature by makingthe connectiorbetweenmodelsof optimalinventay policiesand
modelsof storageandcommodityprices. Moreover in the currentpaperwe computationalf solve andestimateour model.
Thuswe canformally comparethe model’s optimal policiesto the inventory policieswe seein the data. Besideshe work
notedabove, the mostcloselyrelatedrecentwork thatwe areawareof is the ambiticus paperby Aguirregabiria (1999)that
modelsprice andinvenbry decisionsby a supermarkt chain. A supermarktis similar to our steelwholesalein thatboth
typesof firms hold invertoriesof a substantiahumberof differentprodicts, purchasinghemin the wholesalemarket and
sellingtheirinvenbriesata markupto retail customersThekey differenceis thatpricesin supermarktsarealmostalways
postedsothereis no directprice discriminaton andthereis presumablya larger “menu cost” to changingpriceson a day
by day basis.Aguirregabiriaalsodid not directly addresgshe endogenousamplingissue,usingmonthly price averagesas
proxiesfor underying daily prices.For this reasonwe areunableto directly employ his innovative andambitiousapproach
to estimation.
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randomlyvarying markupis intendedo be a “reduced-form” approacho capturig the pricing andprice
disciminationdecisbnsby thefirm).

Oneachbusinesglayt thefollowing sequencef actionsoccurs:

1. At thestartof dayt the firm knows its inventay level q;, the currentwholesag price p;, andthe

valuesof the otherstat variables x;.
2. Given(q, pt, %) thefirm ordersaddiionalinventor gf for immediatedelivery.

3. Given (a, o, pt, %) thefirm setsaretail price p{ thatis modeledasa randomdraw from a densiy

y(pf o+ P, pt, %)

4. Given(at,of, pr, Pf, %) thefirm obseresareaizedretal demandor its stee) g, modeledasadrav

from adistribution H (gt | pt, pf, %) with apointmassatqg; = 0.

5. Thefirm cannotsell morested thanit hason hand,sothe actualquantiy soldsatidies
g = min{ox + o, ] (3)

6. Salesondayt determinethelevel of invenrieson handat the beginning of businesdayt + 1 via

the standad invenbry identity:
Grr1 = Ok +0F — G- (4)

7. New valuesof (pt1,%+1) aredravn from aMarkov trarsition densiy g(pes1, X1/ Pt, X )-

Notethatwe abstrat from delivery lagsandassumehatthefirm cannotacklay unfilled orders Thus,
wheneer demandexceedsjuantiy on hand,theresdualunfilled demands lost. Thus,in additionto the
censomng of thepurch&eandretal prices (pt, pf ), we only obsere atruncaedmeasuref thefirm’sretal
demandj.e., we only obseve the minimumof g{ andg; 4+ g° asgivenin equation(3). Sincethe quantiy
demandedhassupportonthe [0, «) interval, equaton (3) impliesthatthereis alwaysa posiive probability

of a stodout givenby:
5(q, p, p',x) = 1—H(alp", p,x). (5)

Sinceretal sales occurmuch more frequently that purchaesof new inventory, the retal sales price p{
providesanimportantsoure of informationaboutthe wholesag price p;. Presumablyor mosttransac-

tions we shouldhave p{ > p, reflectng nonn@ative markupsover the currentwholesag price of steel.

11



However asnotedabove markupsvary in anappareny randomfashionfrom dayto day, soatbestpf is
abiasel andnoisyindicabr of thewholesée price p;. In this versia of the paperwe bypasssomeof the
difficult issuesassocatedwith modelingendogenougrice setthg andprice discriminationby adopthg a
“reducel-form” modelof price setthg. We modelthe daily averageretdl price asa drav from a condi-
tional densityy(pf |a: + o, pt, % ). Thisway of modelingpricesis sufficiently flexible to beconsisentwith
avarietyof theoriesof bagaining andprice discimination by thefirm.*

Thefirm’s expectel salesrevenuefunction, ES(p, g,X) is the conditional expectaion of realzedsales
revenuep’q” giventhe currert wholesde price p, quantiy on handg, andthe obseredinformaion vari-
ablesx. Thefirm’sretail salesondatet is arandomdraw g; from aconditionaldistributionH (7| pf, pt, %)
that dependsn theretal price quotepf, the currentwholesaleprice p;, andthe valuesof the otherob-
senedstatevariables x;. We assumehatthereis a positive probabilty n(p’, p,x) = H(0|p", p,x) thatthe

firm will notmake ary retail sales on a particularday, soH canberepregntedby

ql’
H(d'|p", p.x) =n(p", p,x) +[1—n(p", p,X)% h(q|p", p.x)da, (6)

whereh is a continuousstiictly positive probabiity densiy function over theinterval [0,). Given this

stochatic “demandfunction”, thefirm’s expectedsalesrevenueES(p, g, x) is:

ES(p,a,x) = E{f'¢[p,q,x}
= E{p'E{min[q,q']|p", p,a,Xx}|p,q.x} (7)
0 q
= /o P [1—n(p". p.x)] [/0 a'h(g|p", p.x)dg" +3(a. p’, p.X)a| y(p|d, p,x)dp".

In orderto stak the perperiod profit function, we needto descibe the coststhatthefirm incurs. The
main costis the costof orderng new invenbry, repregntedby the order costfunction c°(q°, p). We
assumehatthe firm incursa fixed costK > 0 associatd with placing nev ordes for invenory, which
impliesthatc®(q°, p) is givenby

o0 | PPL+K if g°>0
c*(a”.p) _{ 0 othewmise, (8)

“4Hall andRust(2000)solved a versionof the modelin which the firm choosesothg? and pf. In this case the value
function is no longer guaranteedo be K-concae, and the soluion to the inventoy problem may no longer be of the
generalizedS s) form. Solving this modeltakesconsiderablyonger thanthe modelpresentederefor two reasonsFirst,
theHall andRust(2000)modelrequiresa two-dmensionabptimizationinsteadof anone-dimensional optimization ateach
iterationof the Bellmanequation.Secondjn modelswith endogenosiprice setting thegeneralizedS, s) ruleis notalways
guaranteedo be anoptimal tradingstrategy. As aresultwe cannotrestrictour searchto the subclasof generalized S, s)
policiesaswe canwhenwe solve themodelpresentedhere. This greatlyincreaseshe computationatime requiredto solve
modelsthatincorporateeitherendogenosi(uniform) pricesetting(asin Hall andRust2000),or in modelsof baigainingand
pricediscrimination(asin Chan,Hall andRust,2003).
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The firm’s remairing costsare summarizedy the holding costfuncion c"(q, p,x). Thesecostsinclude
physical storaye costs,and “goodwill cost$ representingthe preset value of lost future businessfrom
customersvhoseorderscannotbefilled dueto a stoclout. Goodwill costscanbeviewedastheinvers of
the“convenienceyield” discussedin thecommaoditystorayeliteratue (Kaldor, 1939,WilliamsandWright,
1991).In this casea corvenienceyield emepgesfrom a desie to hold a buffer stockor precauibnarylevel
of inventaies in orderto minimize goodwill costsfrom stoclouts This allows the model to captue
otherreasos besidespure price specultion for holdinginvenbries® The firm’s singleperiod profits 1t
equalsits sales revenues)essthe costof new ordersfor invenory c°(g°, p) andinvenory holding costs
c"(g+q°. p.x):

m(p, p', o, g+ %) = p'®—c*(d, p) —¢"(q+° p.X). ©)
whereg® = min[q',q+ q°]. Eachperiodthefirm choosesnvesmentq? given { pt, g, % } to maximizethe

discounédpresenwvalueof profits:
V(pr, %) = maxE { Zp("t>n(pj, pﬁ,qﬁ,q%qj',xj)\pt,qt,xt} : (10)
J=

wherep = 1/(1+r) andr is thefirm’s discountrate. The valuefunctionV (p, g, x) is givenby theunique

solutionto Bellman’s equation

V(p.gx) = max W(p.a+c°,x) (e p)|. (11)

whereq is thefirm’s maximumstorag capady and

W(p,a.x) = [ES( P.a.x) —c"(q. p.x) +PEV(p.q. X)} : (12)

andEV denotegheconditional expectaton of V givenby:

EV(p,q,X) - E{V(ﬁ,max[o,q—dr],)?)\p,q,x) (13)
= Na(pax) [ [ V(E.ax)ar.x|pdpax

- Az(p,q,X)/d/V(p’,O,X’)g(p’XIp,X)dp’d%
Xl

q
+ As(p,q,X)/g/x,/O V(p'.q-d,X)h(dp.q,x)g(p’,X|p,x)dd'dp'dX,

5The firm obtainsmuchof its steelfrom foreign sources.In the modelordersoccurinstananeouslywith certainty In
practice however, delivery lagscanbe severalmonthsandthe steeldeliveredcanoften be of lower quality thanagreedon.
Thefirm doeshave theoption of refusingto take delivery if the steelis not of thequality promised.Having a buffer stockof
inventofes on handreduceghe costto firm of exercisingthis option. Also foreign producerof steeldo from time to time
rengye on previously negotiaeddeals failing to deliver the amountof steeloriginally promised.
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where

Mp.ax = [ (e Py P dp (14)
A2(p.GX) = /r[lfn(lor,|o,><)]6(|0',|o,q,><)v(|o'\|o,0|,><)d|or

As(p.G,X) = /p,[ln(lor,|o,><)]v(|or\|o,q,><)d|or

h(d|p.ax) = /prh(dlpr,p,q-/X)v(pr\p,q,X)dpr-

Theoptimaldecisbnrule g°(p, g, x) is givenby:
¢°(p.0X) = inf argmax |W(p,q+¢°x) (e, p)|. (15)
0<qP<0—q
We invoke theinf operabr in thedefinition of theoptimaldecisionrulein equaton (15) to handlethecase
wheretherearemultiple maximizingvaluesof q°. We effectively breakthetie in suchcasesy defining
a°(p,q) asthesmallest of the optimizing valuesof q°.

In this modelthe variables g andqg® do not enterassepaateargumentsin the valuefunction W given
in (12): ratherthey enterasthe sumg+ q° asshavn in equation(15). This symmetrypropery is a con-
sequencef ourtiming assumptias: since new ordersof steelarrive instantaneouslt, the firm’s expeced
salesinventol holdingcostsandexpecteddiscaintedprofitsonly dependnthesumq-+q°, repregnting
inventay on handatthebeginningof theperiodafter new ordess g° have arrived. It foll ows thatif thefirm
is holding lessthanits desirel level of inventoies S(pt, %) atthe startof dayt, it will only have to order
the amountg®(p,g,x) = S(p,X) — q in orderto acheve its target inventory level S(p,x). Anotherway to
seethisis to notethatwhenit is optimalfor the firm to order the optimalorderlevel solvesthefirst order

condition:

oW
—(p,q+a°%X) = p. (16)

oq°
If W werestrictly concae in g, there would be a uniquevalueof g+ q° thatsolvesequaton (16) for any
valueof p. Call this soluion S(p, x):

ow

aqo(lo,S(lmxxx) =p. (17)

Thenwe have g+ ¢° = S(p.x), or g°(p, g, X) = §(p.X) — q.
In turnsout thatif K > 0 the function W(p,q,x) will not be strictly concae. However underfairly
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generalcondiionsW is K-concaveasa function of q for eachfixed p.® Usingthe K-concaity propery
we canprove thatwheneer g > s(p, x), it is not optimalto order: q°(p,q,X) = 0. Whenq < s(p,x) the
symmetrypropety impliesthatq®(p,q,x) = S(p,X) — q asdisaussedabore. In particular Hall and Rust
(2001)proved:

Theorem 1: ConsiderthefunctonW(p,gq+ q°,x) definedn equation(12),whereW is definedn termsof
the uniquesoluion V to Bellmans equaton (11). Underappropriate regularity condiions givenin Hall
and Rust(2001),the optimal specuhtive trading strategy q°(p, g, X) takestheform of an (S's) rule. That
is, there exist a pair of functions (S s) satidying S(p,x) > s(p,x) where S(p,x) is the desied or target
invenbry levelands(p, x) is theinvenbry orderthreshdd, i.e.

(0} _ O If q 2 S( p: X)
a°(p,g,x) = { S(p.X)—q othemise (18)

wheee S(p,X) is givenby:
S(p:X) = argmaxqo<qq [W< P, %) —c°(c, p)} (19)

andthelowerinventoryorderlimit, s(p, x) is thevalueof q thatmalesthefirm indifferentbetweerordering

andnotorderingmore inventay:

s(p.x) = inf {qlW(p,q,x) — pa>W(p,(p.x),x) ~ pS(p.X) ~K}. (20)

By asimplesubstitition of the generakzed (S s) rule in equaton (18) into the definition of V in equaton
(11) we obtan thefollowing corollaries:

Corollary 1: ThevaluefunctionV is linear with slopep ontheintenal [0,s(p,X)]:

_ | W(p,S(p,X),X) — p[S(p,X) —q] =K if ge[0,s(p,X)]
V(p’q’x)_{w(p,q,X) if qe(s(p,x),q. 1)

Corollary 2: TheS(p,x) ands(p,x) functionsare non-inceasingin p andare strictly deceasirg in pin

theset{p|0 < §(p,x) < T}.
Corollary 3: If fixedcostsof ordering is zeo, K = 0, thenthe minimumorder sizeis 0 and

S(p.X) = (P, X)- (22)

6A functionW(p,q) : [p, Pl x [0,0] — Ris K-concaven its secondargumenty if andonly if —W(p,q) is K-corvexin its
secondargument.More directly, W(p, g) is K-concaven q iff 3K > 0 suchthatfor every p € [p, p|, andfor all z> 0 and
b > 0 suchthatqg+z<gandq—b > 0wehaveW(p,q+2) —K <W(p,q) + z[W(p,q) —W(p,q—Db)] /b.
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3 Maximum Lik elihood Estimation

This secton derivesthelik elihoodfunctionfor the commaodityprice specuationproblen presenédabove.
The problemis complicatedby the existerce of frequenly binding inequdity constrants on inventory
investment,q®. Thisimpliesthatit is not possibleto usestardardEulerequaton methodgo estimae the
unknovn parametes of the modelvia generéized methodof moments.Note that Theoreml doesyield
afirst ordercondition that could possiblyprovide a basisfor a generéized methodsof momenty GMM)

strakegy for estmatingthe unknovn parametes of themodel:

ow
a(pvs(pax)vx)_pzo' (23)

If weassumehatthereis additve measuremerrror € in thewholesag price p, orassumehate represents
otherunobsered (perunit) component®f the costof ordeing new invenbory, thenit is temptingto trea
equaton (23)asan“Euler equation"anduseGMM to estimateparametrsof themodel. Howeverther are
severalbig obstalesto thisapproachFirst,we do nothave a corveniert analytcal formulafor the partid
derivative of thevaluefunction,0W /dq. Secondaswe shav in Theoran 2 below, evenif theunconditonal
meanof € is zero,the condiional meanof € over thosevaluesof (p, ) for whichit is optimal to purchas
(i.e. for which g < s(p,x)), is geneally nonzeo. Finaly, thereis theissueof endogenousampling,and
thefactthatwe obseve purchasesnly anarelaively smallsubseof businesglaysin our overallsample.

Theseproblemsmotivatea searchfor an alternative lik elihood-baedapproactthatis capableof in-
corpording otherinformation suchasretail sales pricesin orderto improve our ability to make inferences
aboutthe { p;} process. We shav how to derive a non-dgyeneratelik elihood function via theinclusion of
asinglelID unobsevable statevariale €; in the firm’s optimizationproblem. The resultng condiional
probabiity distribution function for q° hasamasspointatg® = 0 thatreflectsthe frequently binding con-
straint thatinvenry invesinentcannotbe negative. This condiional distribution allows usto derve a
full-informaion maximumlik elihood estmatorthat provides a completesolution to the problemof en-
dogenoussamplingof the whole price process. It doesthis by integraing out the unobseved valuesof
thewholesak prices in periodswherethey areunobsered This likelihoodis theanalogof the Chapman-
Kolmogoros equaton for computingmulti-step transtion probabilties from a one-sep transition prob-
abilities. We will discusssomeof the dravbacksof this appro&h in orderto motivate computatbnally
simplerbut lessefficient simulatd minimumdistane estimatorin secion 4.

Someform of measurmenterror or unobsered stat variablemustbe included asone of the stae

variabkesx in the modelpresenédin secton 2. Without somesortof “error term” the modelyieldsa de-
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terministic optimal decison rule g°(p, g, x) thatcanbe contradictel by ary obseration (q¢, o, pr, %) that
doesnotlie onits graph.To avoid theresuling “zero likelihood” problem, considethecasewherethereis
anunobsered componenbf the perunit costof steel,denoté by ;. We assumehatthedistribution of &;
hassupporton the entire realline andcontinwus,strictly posiive densiy ¢(¢). Theorem2 belov derives
theimplied conditionaldistribution of g° given(p, g, x) formedby integratingout from thedeteministic

decisbnrule g°(p,q,X,€).

Theorem 2: Letg; bean (unobsevedto the econometcian) componenbf the per unit costof ordering
new invenbry. Assumehat{&;} isanlID processvhosedensiy @is continuaisandstrictly positive over
the entire real line. Thenthe optimaltradingstrategy is still a generlized (S, s) rule andthe condiional

distribution of the optimalorder quantity q° given(p, q,X) is givenby

F(a°lp.a.x) = Pr{q°(p,q,x.&) <q°|p,q,x}
+o00
= /_ ) 1{a°(p,q,x,&) < q°}(e)de

= @(g)de
/fl(p,x,q) )

. o s Y(pxq)
+ HS(p,x,s " (p,x.0)) <q°+q<q} @(e)de
S1(p,x,q+q°)
S (pxa)
+ Hd°+q>1q} @(g)de, (24)
where
St(pxq = inf{e/S(p,xe)=aq}
s (pxq = inf{e[s(p,x.e)=q}. (25)

Let f = dF denotethemixed disaete/ontinuouscondiional densty of q° given (p, g, x). It is givenby

s 1 pxg @E€)de if ¢?=0
Hellpax) ={ 5% P Pge)de if =g-q (26)
s onens
Theformulafor thedensty of g° in equation(26) canbe derived by differentiatng the conditional distri-
butionin equation(24) with respecto g° for q° in theinterval [S(p.x, s 1(p.x,q)) — q,q— q] to obtain:

1

0
dF (a°[p,a,X) = — (S (p.x,q+¢°)) (P,%,0-+0°). (27)

oqe
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Usingthedefinitionof S(p, x,€)

ow
a—q(pas(paxvs)ax):p+ea (28)

andtheinverseandimplicit functiontheorenswe obtain:

st 1 1

| o _ - 29
o PRIt = g p X S T(px,at ¢7)) 3  PPW(p,at o, X)/0% =

NotethatTheorem? impliesthatthetransitiondensiy for q° is mixeddiscieteandcontinuous with mass
pointsatg® = 0 andq® = q— g, andstrictly posiive densiy overtheinterval [S(p,x,s™*(p,x,q)) —q.d—d].
However thereis a“gap” wherethereis zerodensiy for q° in theinterval [0, S(p.x,s™(p,x,q)) — g] since
the quantty S(p,x,s™1(p,x,q)) — g representsthe minimum ordersizeimplied by the (S,s) modelin the
state(p,q,x). Thegapis problematic for maximumlik elihood estmationsincea single obsevationwith
an ordersmallerthanthe predicted minimum order sizewould resultin a zerovaluefor the likelihood
function. To obtainafully nondegenerat lik elihoodfunction, we would have to introduce a secondunob-
senable suchasanunobsevablecomponent of thefixedcostK of placinganorder If thedistibution
of thiscomponents suchthatther is positive probabilty thatthe combinedordercostK + v is arbitrarily
closeto zerofor sufficiently smallrealizationsof v, thenconsisentwith Corollaty 3 of secton 2, thegap
will bezero,thuseliminaing the possbility of a“zero likelihoodproblem” In practcefor thevaluesof K
we encouneredin our estimaton, thegapis sufiiciently smallthatzerolik elihoodproblemsdid not arise.
Therefae in orderto simplify the the modelandthe exposiion we decideal to omit the casewherethere
areunobserablecomponentsf K aswell asp.

Let theconditionaldensiy of next period invenry gi+1 given(p, pf, X, 0, o) bedenoteddy p. From
ourdiscusionof themodelin secton 2, it is easyto seethe is a mixed discree/contnuousdensiy with
threeclassef outcomedor q;;1: 1) with probability n(p", p,x) the firm will not make ary salesand
Gi+1 = G + o; 2) with probabiity (1—n(pf, pt,%))d(pf, pt, G + o, %) thefirm will have a stocloutand
Gi+1 = 0; 3) otherwige ;11 is distributedcontinuouslyover theintenal (0, q: + g°) with densiy givenby
(1—n(pf, pt,%))h(a + 0 — Ge+1|Pf, Pr, %) whereh is thedensityof retail salesandgy = o + P — Q1 IS
theimplied valueof retal salesgiven (gt+1,0, ). We summarizehis as:

Theorem 3: The (mixal discrete/coninuous)densityof next period invenbry q’ given (p, p',q,q°x) is
givenby:
(1=n(p", p.x))3(p", p,q+0° X) if =0

Hdp,p",a,0%x) = ¢ n(p.p,x) if o =q+0° (30)
(1-n(p". p,x)h(q+a°—d|p", p,x) otherwie
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Under our setup,we canshav that the obserables {p:, p,q:, d°, %} evolve asa joint Markov proces
which alsohasa discrae/coninuoustransitionprobablity densityA. We statethisasTheoremy:
Theorem 4: Thejoint process{ pt, p{, ., d°, % } is Markov with (discrete/@ntinuous)ransition densiy A

givenby:

A(Pte1, Py, G2, Oy %1 P PE OO0, %) = O(Prets Xera| P %)
X M(Ck+|Prs PEL O, G- %)
X F(00 1] Pro1, O 1, %e41)

(
X Y(Pii1|Pot: Otr1 + 00y 1. %41)- (31)

Now conside the full informationcasewhereall of thevariables { p, pf, o, a°,% } areobseredover the
entire sampleperiodt =0,...,T.

Definition 1: Thefull information maximuniikelihood (FIML) estimatoré; is definedas:

6 = argrgaxlf<{pt, Pf, G O % 1| Pos PG, Go, 03, X0, 8), (32)
c

wherels is givenby:

T
If({p[7 ptr:qtaqtoaxt};r:ﬂ Po; pB:CIangaXOﬁ) = r!)\(pta p{aqfaq'?axt‘ Pt—1, p’l[’flaqtflaq’[oflaxtflve)' (33)
t—

where6 denotesa vectorcompromisingthe unknavn parametes of the densites{ f,g,h,n,u,y, @} and
the unknavn paramegrsenterng the firm’s costfunctions{c®, c"} andthefirm’sdiscountfacta p. Let ©
denotea compaciparametr space.

Now considerthe partial information casewherewe only obsene wholesaé priceson the subsebf n
trading days, T, = {t1,...,tn} atwhich purchassoccur To simplify notaton we assumeéwithout lossof
generalty) thatthe databegin on the day of thefirst obsered purchasgsot; = 0, andendon the day of
thelastobseredpurchaset, = T. Therelevantlikelihoodin this caseis amamgind likelihoodl! , formed
by integraing thefull likelihoodfuncton |+ in equaton (33) over wholesaé prices p; for all time indices
t in the complemenbf T,. For simplicity, we will considerthe casewhereretail salesare obsenedin
every period. Otherwise an additional setof integrationswould needto be perfomed over the values
of p{ for businessdayst whereno retdl sales occurrel. As notedin the Introduction,it is notatonally
cornvenient to corvertthe endogenousamplingproblem into a censord samplirg problem by definingan

obsered censoed price sequene { p; } in termsof the underlying uncensced price process{p; }. Thus,
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theobsevedpricesp; aregivenby:

P if >0
P _{ 0 otherwse. (34)

Definition 2: ThePartial Information MaximumLikelihood (PIML) estimato é$ is definedas:

ép = aregrgaXID({pta p{vqtvqtov)(t};l-zl‘ Po, pr07 Jo, q87xove)7 (35)
S

wherel , is givenby:

lp({Pt, PY. . &, X 11| Po. Pb. Go. A3, Xo. B) =/ / / / It [] 14 > s(pr.x. &) (e dpide:.
nJem P JET e

(36)
Thus,the PIML likelihood |, is derved from the FIML likelihood |+ by integraing out the unobseved
wholesag pricesover the datest ¢ T, that purchaesdo not occur The region of integrationis limited
to the region of the statespacewheremakinga purchas is not optimal. This is given by the indicator
function 1{1; > s(pt,%.&t)}. Noticethatthis region involvesthe unobsered statevariableg;. Thusthe
integrationmustbe doneover bothunobsevedvariabkes(p, & ) overall of theT — n dated ¢ T, atwhich
purchassdo notoccur

We will now sketchthe asymptott propeties of the PIML estmatorunderthe assumptiorthatthere
is only onefirm, but T — c. The asymptoticpropertes of the FIML estimabr are well known: the
logarithm of |; canbe approximatd asa (normalzed)sumof randomvariabks. Despitethe correhtion
in theserandomvariabksin succesive time periods, standardimit theoemsfor ergodic processesanbe
usedto shav thatthisnormalizdsumcorvergesto awell definedscorefunction. A standad “inf ormation
inequaity” argumentcanthenbe usedto shav thatthis scorefunction is maximizedatthetrue paramete
value 6%, assuminghatthe modelis correctly specified. A formal proof would require specificgion of
regulaiity condiions similar to Billi ngsley (1961) and White (1982) to ensurethat the corvergenceof
thesenormalizd sumsto the scorefunction is uniform andthatthe scorefunction is uniquelymaximized
at0*. Thesearestandad sufficient conditionsfor the consiseng/ of maximumlikelihood.

However the argumentfor the consiseng of the PIML estimaor is more complicded. The high-
dimensionhintegraionsovertheirregularly spacedntervalsbetweersuccesse purchasscreatdinkages
betweenthe obserationsin the PIML estmator When we take the logarithm of the likelihood it no
longerdecomposesto a normalzedsumof T randomvariables asin the FIML case.Thusthe standad

argumens usedto prove theconsiseng andasymptotimormalty in theFIML casedonotappeato apply
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in thePIML case At best thelogarithm of the PIML likelihooddecomposemto asumof n terms,where
eachtem is the logarithm of a high dimensionaintegral of the trarsition probabilty densty A over the
timesbetweersuccessie purchaes.However if thejoint proces { pt, pf, a, o, % } is ergodic we should
have n — oo with probability 1 asT — . Ourstrategy will beto dotheasymptotisfor the PIML estimato
asa function of the numberof purchasen rathe thanasa function of the numberof time periods T over
which the firm is obsened. In orderto derive the asymptott propeties of the PIML estimator we will
usethefactthatthestateof the processatsuccesise purchas datess anembedded/darkov chainandthe
sequencef realzedstate betweensuccessie purchassforms a segmenéd Markov chain. We will then
arguethatthesegmentedMarkov chainis ergadic, whichwill allow usto applytherelevantlimit theorems
to estabish theasymptotigpropetiesof the PIML estmator

Let {&:} denotethejoint Markov processn theoem4, i.e., the processwhosevalueatt is givenby:

EtE(ptap’lt‘aqtaqtoaXt)' (37)

Definition 3: Thepurchasesetr is givenby:

r={(&g)|a°=0}={(&e)[a<s(p.xe)}, (38)
andthesetof purchasedatesT, = {ti,....tn} is definedrecursively as:
tia=inf{t>t|&erl}. (39)

Definition 4: Let{¢;} denoteheembeddedprocessassocatedwith {;} andl". Thisis thediscrete time

Markov processwhich is observe at successivepurchasedatest € Ty, i.e.,

{ZI} = {Eti } (40)

We derive the trandtion densty v for the embeddegrocess{{;} asat; —t;_;-steptranstion densiy for
succesye visits to the purchaesetr .
Lemma 1: Theembeddegroces {{;} is a Markov chain with transtion densty v givenby:
VelGlt1.8) A& & 0= [ [ [ T (080 £ TIAEE 1 8)0E e (@)
&ia+1/& 111 Si—1J/&-1¢ 1 +1
Definition 5: Let {wi} bethe segmentedprocessassociagd with {&;}, i.e. the processfor which wy; is
definedas the realizzd (obsewed)valuesof {&;} for the sequenceft; —ti_; time periodsfollowing the

purchaseatt; ; until thepurchaseatt;:
W = (Eti71+17 ce 7Eti)- (42)
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Notice that the numberof componentsn the segmentwy; is a randomvariable equalto the difference
ti —ti_1, in thesuccessie timesthat{¢; } visitsthepurchasesetr .

Lemma 2: Thesggmentedroces {w;} is a Markov chain with transtion densty vs givenby:

vs(wi|oy-1,0) = (43)
ti+1 ti+lfl

/ / / / [T M&l&-1,8) [] 1 {o > s(pex.&)}ae)dpder.

Pi+1 S 841 P18 -1 t=t+1 t=ti+1

Thus,thetranstion densiy for thesegmentedchain{w; } is basi@lly theproductof thetranstion densties
for theuncensore {§; } processbetweersuccasie purchagsatperiodst; andt; 1, ﬂ:i;ﬁ“)\(édét,l,e),
but integrated over theregion of ( p;, &) spacebetweertime periodst; + 1,...,ti;1 — 1 whenpurchasesgre
not obseved. The approprateregion of integration is definedby the productof the indicator functions
[{a: > s(pt, %, &)} thatspecfy thatthe relevantprice pathsarethosefor which invenbrieslie above the
s(p,x, €) band,sothatit is not optimalto purcha@eduringthistime interval.

Notice thatdueto the Markov propety for {x;}, only the lastelementof the sggmentw;_1, & ,, is
neededo fully determinethe conditional probabilty of w; = (&; ,+1,...,&;). Lett =t 1 —t;, bethe
duratbn betweensuccessie purchaes,or in the languageof Markov processs,the recurrencetime for
succesivevisitsto thepurchaesetl. If themearrecurencetimeto I isfinite, E{t1} < o, theproces{:}
will visit " infinitely oftenandthe numberof visits n obsened over ary horizonT tendsto infinity with
probability 1 asT — .

Assumption 1: TheMarkov chain {&;} is ergodic(i.e. it possesesa uniquestationary distribution), the
purchasesetr is recurrent(i.e. E{1} < ), andthe embeddednd sggmentedorocesses{{;} and{wi}
are ergodicMarkov chains.

To studytheasymptott propetiesof the PIML estimatorit is usefulto rewrite thelik elihoodfunction

|p asa productof n— 1 temms, eachof which descibesthe integratedlik elihood betweerthe n purchas

dates:

n—1

p({Pt. P, 0, O X -1/ Po. Pb, Go. 6. %0, 0) = _ers(UJi+1|®ia9)- (44)

=
By Assumptionl andthe Renaval Theoremfor Markov chairs (see,e.g. Resnick1992),we have with
probabiity 1

n 1
lim = = ——. 4

Thus,aslong asE{t} < o, the process{&;} visits I' infinitely often andn — c with probabiity 1 as

T — . Therebrewe will carry outthe asymptott analysis indexing the samplesize by the numberof
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purchassn rathe thanthe totd numberof time periodsthat the procesds obsered, T. To estdlish
consiseng of the PIML estimaor, it is cornveniert to work with the normalizdlog-likelihoodfuncions.
First, we multiply anddivide thelikelihood |, by a productof the conditional densites of the recurence

times["= Pr{t = ti;1 —ti|&;, 0} where

Pr {T _tl+1_tl|‘ﬁtme} / / I {qt|+1 < S pt|+1axt|+1ast|+1 })\ Etu+1‘5tu+1 1 ) (46)

t|+1 tip1
ti1—1

[ / / / / I{qt>s<pt,xt,st)}x<zt\zt1,e>datdst] dE,,de .
&1 /841 & 118, —1t— t.+1

Takinglogsanddividing by n— 1 we obtan thefoll owing form for thenormalizel log-likelihoodfunction

1
m IOQIP({pta p’l['aqtaqtoaxt};r:ﬂ Po, pr07q07q87X0ae)

1 n-1 1
- n—-1 Izllogp(wHHwi i1 —1,6) + Y leogpl‘{t|+1—t,\u)i ,0}
1 n-1 1 n—1
B n-1 i; ((*)i-',-]_,()\} e> —1 ((*)i-l-la(*)i’e): (47)
where
P(wita|ov,tivg—1,0) = (48)

[ {a > s(pt, %, &)} q(€)dprde;.

/ t.+1 Et|Et 1, ) tiy1—1
&;

i+1-1t= t+1 Pr{t,+1 t.\Et,,G}t =tj+1

Iy,

Thus, p is the conditicnal densityof the segmentw; ;1 giventhe previous sgmentwy, andgiventhatthe

|+l 1

lengthof sgmentw; 1 is tji; 1 —tj, i.e. theduraton betweenpurchaesat timest; andt;, 1. Comparing
equatons(44) and(49) andnoting thatdueto the Markov propery we have Pr{t|w} = Pr{t|§} whenthe

lastsubvectorin wis &, we seethat
vs(f|2,8) = p(wf] . T, 0)Pr{T|w,6}. (49)

Note that w1 implicitly contansthe information ont;,.1 —t; sincethis duraton is alsoproportonal to
the lengthof w1 aswe canseein Definition 5. Thus,since the reaized value of the duration between
succesye purchassti, 1 —t; isimplicitly determind by w;, 1, wesuppress§ .1 —t;j in formula(47)in order
to emphasizeéhatthe normalzedlog-likelihood function canbe written asa normalizd sumof random
variabks that dependon the reaizations of an emgodic sggmentedMarkov chain{w;}. Under suitabe

regulaiity condiionsonthemomentsof thefunctonsvj, j = 1,2, Assumptionl andthe Ergodic Theorem
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for Markov processsimply thatasn — o we have with probabilty 1:
1 , .
mizlvj(ooiﬂ,(,oi,e)—>E{vj(oo,oo,9)}, j=12. (50)
wherethe expectaion is takenwith respetto theinvariantdistribution for (w’, w) andis givenby
E{vi(,0.0)} = / / Vi (), 00, 8)vs(ded |0, 8°) (dew,67), | =1,2. (51)

wherevs(w'|w, 8*) is thetrarsition densityfor the segmentedorocesgivenin equaton (44) and(w, 6*)
is the invariant distribution for the segmentedchain {w;}. Using the alterrative representadon of |, in
equaton (47), we arenow ableto verify the consiseng of the PIML estimator Notethatasn — o, the
existenceof theergodic limits in equaton (51) imply thatthe following limits hold

1
logp (i 1|oy,tiva —1i,8) — E {logp(wf|w,T,0)}, (52)

n

1
n-1

i=
and
1 n—1
— 21 logPr {ti1—1|&,0} — E {logPr{t|w,8}}, (53)
n—1.¢£

wheret is therecurencetime to thepurchasesetl". We have

E {logp(w/|w,T,0)} = / i [/Iog p(oo’\oo,r,6)p(dw’|w,T,6*)] Pr{t|w, 0 }Y(dw,0*).  (54)

Notethatfor any w andrt, the Informationinequalty guarateesthatthe expresson in bracletsin (54)is

maximizedat6 = 6*. Similarly we have
E {log[Pr{t|&,0}]} = E{log[Pr{t|w,B}]} = / ilog [Pr{T],0}] Pr{T|, 0" }W(dw) (55)

will alsobe maximizedat8 = 6*. This impliesthatthe limiti ng expecta log likelihoodis maximizedat
0*. Standad uniform conssteny argumens canbeusedto shav thatwith probalility 1 we have ép — 0
asn — oo,

We concludethis secton with a brief sketchthe derivation of the asymptotiadistribution of the PIML
estimaor. If modelis correctly specfied andappropiate regulaity condiions hold, the first ordercon-
ditions for ép canbe expandedin Taylor seresaboutthe true paramete*. Applying a CentralLimit

Theoremfor mixing procesesto the key scoretermin this Taylor seresexpansiononecanshow that

VN [6p— 87 — N(0,1°1(8%) (56)
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where
1(8°) = n(6%) + 2(6%)

where
2

L(6) =E { agae' log [p(e¥|w, T.67)] }

and
92
1(6) ~ £{ 555 100lPr {tfie. 67}

Furtherit is not difficult to shav thatthe differencebetwee the informationmatricesfor the FIML and
PIML estimaorsis aposiive semi-déinitive matrix. Thisimpliesthatthereis indeedalossof information,
andtherdore anincreasen variance causé by the endogenousamplingproblem. However aslong as
ourmodelis correctly specifiedthePIML estimatowill beconsstent.If themodelis misspedied, thena
modification of agumentsin White (1982)canbeusedio shav thatthe PIML andFIML still corvergeand
have anasymptottally normaldistiibution, but they corvergeto avalueof 8* thatminimizesthe Kullbeck
Lieblerdistane betwea the parametic modelandthetrue datagenerang process Theformulas for the
asymptott varianceof the estimabrs mustbe changedo the outer productof the informationandthe
inverse Hessiasof thelog likelihoodwhenthe modelis misspecifiedsince in thatcasethe covariarce of
B, isno longergivenby theinverse of theinformaion matrix, seeWhite (1982).

Thedrawbackof the PIML estimabr is thatit is computatiomlly intensve dueto thehighdimension&a
integrationsthatarerequirel to evaluatel ,. Sinceno purchassof steelare obseved on the majority of
businesgddaysin our sample the meantime betweenpurchaesis about10 businessdays,so thaton av-
eragel0 dimensimal integralsmustbe calcdatedfor eachterm enteing thelikelihood. Althoughthere
have beenimportantadvancesn simulaton estimaton andlow discrepany methodsor computinghigh
dimensionhintegrals (see e.g. Rust, Tralb and Wozniakowski, 2002), the PIML will still be a fairly
computatbnally burdensomestimabr. A seconddravbackis thatif our interestis primarly on making
inferencesaboutthe law of motionfor {p;, X }, the otherstrucural parametrsthat mustbe estmatedto
adjustfor the endogengy of the samplingprocessamountto nuisane paramegrs. Errorsin the specfi-
catian of thefirm’s optimalinvegmentandspecudtionproblemwill resut in inconsstentestimaesof the
parametes of interestin thetranstion densty g( pt+1, %+1/Pt, %)-

It is possibleto consderthe useof flexible reducedform speciicationsfor the densites enteing the
overalldecomposibn of thetranstion densityA givenin Theoremd. However without somestrong prior

parametic restictions on someof thesedensiies, it is doubtil that an unresticted model wherethe
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densites (g,, f,y) aretregded asunknovn objeds to be estimaed non-paametri@lly is evenidentfied.
In partiaular the (S s) modelcombinedwith the obsenationsof retdl transation pricesprovidesstrong
identifying restictions, limiting how far the wholesaleprice process{ p:} candrift away from obsered
retal pricefor a given sequene of obsered purchass. In paricular, astheimplied markupgetslarger
or smaller the (S,s) modelpredcts that the numberof ordersshouldbe increasingand decreasig in a
correspondingfashion. Giventhe obsenred sequencef purchass, this propery enablesusto separgely
identify theparamegrsof g(p’,X|p,Xx) andthestrucural parametrsof the (S, s) model. Howeverif anon-
parametic modeldoesnotimposeary sortof profit maximizingor lossminimizing behaioral motivation
onthe partof thefirm, thenthewholesat market price { p; } coulddrift arbitrarily far awvay from theretai
prices { pf } withoutthere beingary strongeffectonthelikelihoodof theobseredsequenceof purchaes.
Thusit seemghatit would be quite difficult if notimpossithe to non-paametrially identify the form of
g(p’,X|p,x) andthe trading rule usedby the firm whenwe only have acces to endogenouslgampled

data.

4 Simulated Minimum DistanceEstimation

This secton introducesa simulatd minimumdistanceestimator (SMD) that may be lessefficient than
the PIML estimator, but which doesnot requite the high dimensionhintegration andis much easierno
compute.Similar estimatorshave beenproposd in othercontets by Lee andingram(1991)andDuffie
andSingleton(1993). Theideabehindthe SMD estimatoris quite straghtforward, andis similarin spirit
to the methodof “calibration”. The maindifferenceis thatthe SMD estmatoris basedon anexplicit sta-
tistical criterionfunction thatenablesisto computeasymptott distributions for the parameteestimadr,
evaluatethefit of alternative specificaibns,andto conductgoodnes®f fit tests.

The SMD estimatolis simply the parameteraluethat minimizesthe distarce betweera setof simu-
latedandsamplemomentausingthe obsened censoredbsenratons. First we calcubtesamplemoments
usingthe censoed obsenationsin thedata,i.e. with p; = 0 wheng? = 0. Thenwe geneateoneor more
simulaked realizationsof the (S,s) modelfor a giventrial value® of the unknovn paranetervector We
defineésmdasthevalueof 8 thatminimizesa quadratt form in the differencebetweerthe samplemo-
mentsfor theactuad dataandthesamplemomentf thesimulatel data,wherethesimulatel datahasbeen
censord in exactly thesamefashionastheactua data,i.e. we setp; = 0 wheneer the simulatel valueof

g¢ = 0. Thuseventhoughvariousmomentsasedn censorediatamay bebiasel, inconsstentestimators
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of the correspondingmomentsof theergodic processn the absene of censoing, this doesnot preventus
from derving a consisent SMD estimaor for 8*. In factwe shov thatthe SMD estmatoris consisent
evenif we useonly asinglesimulaedrealzation of the (S s) model.

The asymptoit varianceof the SMD estimatoris multiplied by a facor (1+ 1/S) whereS is the
numberof simulatons.Consequenyi thereis anefficiency gainto runningadditional simuldionssinceit
reduceghevariane of theestimabr. However the“penaty” to forming an SMD estimabr basedn only
asinglerealzation appearselaively small: theasymptoic varian@ is only twice aslargeasthevarian@
of anestmatorthateliminatesall simulation noiseby letting S— . Thisincreagin variane seemsmall
in comparisorto the substanal reducton in computatbnal burdenfrom usingonly a single simulaton
of themodel. Estimatbn still requiresa nestel fixed point algorithm to solve for the optimal (Ss) policy
andare-simulationof the modelusinga fixed setof randomshocks(seebelow) eachtime the paramete
0 is updated sothe SMD estmatoris still faily computatonally demanding.lts otherdravbackis that
it requiresthe analystto determinean appropiate set of momentsto repregnt the relevant metric for
assessng the distance betweerthe predictons of the modelandthe data. In prindple aninfinite number
of differentmomentconditionscould be specifiel, but only afinite numbercanbeusedin pracice.

Let {&:} denotethecensord processntroducedn secton 3 (i.e. with p; = 0 wheng? = 0), andlet 6
denotehelL x 1 vectorof parametrsto beestmated.The SMD estimabr is basenfinding a paramete
valuethatbestfits aJ x 1 vectorof momentsf the obsenedprocess:

T

= Y hEE ), (57)

whereJ > K andh is a known (smooth)function of (§,&;1) that determing the momentswe wish to
match.Weincludeg; andits lag&; 1 asagumentof h in orderto handlesituatonswerewe aretrying to
fit momentsuchasmeansandcovarian@sof thecomponentsf &;. It is straichtforwardto allow moments
thatinvolve morethanonelag: we only includea singke laggedvalueof & in our preseration below for
notatonal simplicity.

By Assumptionl, the process{§;} is ergadic so that, with probabiity 1, ht convergesto a limit
E{h(¢,&)} wheretheexpecationis takenwith resgctto theemodicdistibutionof (£, &) (i.e. thelimiti ng
distribution of (&;1,&;) ast — ). Undersuitabk addiional regulaiity conditions,acental limit theorem
will holdfor ht, i.e. we have

VT [hr — E{h}] = N(0,Q(h)), (58)
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where
Q(h) =E{(h(&,&) —E{h})(h(&',§) —E{h})'}, (59)

wherethe expectaion in (59) is takenwith respecto theergodic distribution of (€', €).

Now assumaét is possibéto generge simulaedrealzationsof the{&; } processfor ary candide value
of 8, andthatthis processis censord in exactly the sameway asthe obsered {§:} procesis censored,
i.e., with pr = 0 wheng? = 0. Thesesimulatons dependona T x 1 vectot u, of IID U(0,1) random
variabkesthataredravn onceatthestat of theestimaton procesandheldfixedtheredter in orderfor the
estimadbr to satisly stohasticequiconinuity conditionsnecessarto estdlish asymptoic normality of the

SMD estimator We will consdersimulatel processesof theform

{Et({us}sgtaevEO)}v t= 2T (60)

wherefor eacht > 1, & ({us}s<t, 6, o) is acontinuouyy differentiablefunction of 8. Thenotaton {us}s<t
reflecs the factthatthe simulatel processis adaptedto the realzation of the {u;} process,i.e. thefirstt
realzedvaluesof {&;({us}s<t,0)} dependnly onthefirstt realzedvaluesof {us} andnoton subsequen
realzedvaluesof us for s > t. Notethatwe allow the simulatal proces to dependon thefirst valueg g of
the obseveddataasaninitializing condifon.

To shaw thatit is possble to construt suchsmoothsimulabrs, considerthe unidimengonal case
where; € R! for allt. LetA (&, 1/&;, 0) denoteits transtion densityandP(&; ., 1|&;,8) bethecorresponding
conditional CDF. Thefirst valueof thesimulakdprocesis simply setto theobsevedvalueg o. Usingthe

probability integral transform,we candefinegs(us, 6,&o) by:
€1(u1,6,&0) = P~ (uy/€0,6). (61)

Clearly &1(u1,8,&p) will bea continuouty differentialle function of 8 if P~1(uy|€o,8) is a continuously

differentiabk function of 8. Now definerecursively fort =24, ...

& ({Us}s<t,0,80) = P (e |& 1({Us}s<t 1,6,0),6). (62)

We canseerecursvely that&: ({us}s<t, 0, &o) will bea continuowsly differentiabk function of 8 provided
thatP~1(u|€,8) is a continuouslydifferentisble function of & and®.
In thecasewhere{§;} is themultidimensionaproceswith & = (p, pf, G, o, % ), we cando asimilar

simulaton asin the univariat casedescrbedabove, usinga factoization of thetranstion densiy of {x;}
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into a productof univariat conditional densties suchasgivenin Theoremd4. For example,if &; hastwo

componentss; = (§1¢,&2¢), supposéhatits transtion densityA canbefactorel as

A(&t11/&,08) = A2(&2t+1/€1t41,&,0)A1(E1t+1/&t,0), (63)

with correspondingonditional CDFsdenotedy P; andP,. Now we cangenerége simulatonsof {§; } that
will besmoothfunction of 6 justasin theunivariate case gxceptthatin thetwo-dimensioal casewve need
to generat two randomU (0, 1) variables u; = (uyt,Uyt) for eachtime periodsimulaed. For exampleto

generat asimulatedvalueof &1 = (§1.1,§2,1) we compute

€11 = Py(u11/0,98)
&1 = Pyl(u1/€11,%0,0). (64)

Clearly, the resuting realization for & is of the form &1(u1,&o,0) andwill be a smoothfuncton of 6

providedthatP; andP, aresmoothfunctionsof (§,8). Continung recusively we have:

E1t41 = Ppi(Uit1/&,0)

Eati1 = Py t(Uptr1l€1ti1.&1,0). (65)

The resuting simulatons take the form {&:({us}s<t,0,&0)} andwill be smoothfunctons of 6 provided
thatP; andP, aresmoothfunctonsof their condtioningarguments, 6).
Now conside usinga single simulaed realizationof {&:({us}s<t,0,&0)} to form a simulatel sample

momenthr ({us}s<T, &0, 0) givenby
T
hr ({Us}s<1,80,6) = % Zlh(at({us}sgtaeaEO):Et—l({Us}sgt—laea €0)) - (66)
t=

Let ({ullscT,...,{US}s<T) denoteSIID T x 1 sequenesof U (0, 1) randomvectorsusedto generse the
Sindependentealizatiors of the endogenouyg sampledoroces {&;({u.}s<t,0,€0)},i = 1,...,S Define

hsT(6) astheaverageof Sindependat time averagesht ({U}s<T, &0, 0)
13 :
thT(e) = §|Zl hT ({UIS}SSTv an e) (67)
Definition 6: Thesimulated minimum distanceestimator éT is definedby:
or = argmin(hs (6) — hr)'Wr (hs7(8) —hr), (68)
c
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where W is aJ x J posiive definie weightingmatrix.

In orderto simplify the asymptoic analyss, we initially assumehatwe have a correct paranetric
specifiationof theendogenousamplingproblem.Thatis we make
Assumption 2: Theparametrc modelintroducedin sectio 2 is correctly specifed,i.e., therisaf* € ©

sudh that:
{&({us}s<t,6%,&0)} ~ {&} (69)

thatis, whenB = 6%, thesimulakedsequeneinitializedfromtheobserve valueg o hasthesameprobability
distribution astheobservedequencdé; }.

We believe thatit is possibe to relaxassumptin 2 to allow the parametic modelto be misspecified,
following ananalyss similarto thatof Hall andinoue(2002)who chaiacterzedtheasymptott propeties
of the GMM estimatorin the misspedied case We conjectire thattheir analyss will alsoapplyto the
caseof SMD estmationandthat the asymptoticpropertesof the SMD estimatorthat we derive for the
correctly specfied casewill still hold, exceptthatnow 6 is interpretal asthevalueof 6 theminimizesthe
distance betweernthe momentsof the true datageneating processandthe paranetric simulate process,
wherethe expectaion is takenin thelimit asbothS— o andT — c.”

We now sketchthe dervation of the asymptott distribution of the SMD estimabr, listing the key
assumptiasandshaving how its asymptott variancedepend®n the numberof simulatons S,
Assumption 3: For any 8 € O the process{&;({us}s<t,0,&0)} is ergodic with uniqueinvariant densiy
(&) givenby:

WE18) = [ MEIEB)cw(Ele). (70)
DefinethefuncionsE{h|8}, OE{h|6}, andOhs1(6) by:
E(he} — [ (& E)ANE I B)du(Ele)
OE{h|6} = %E{me}
Ohr(8) = hsr() (71)

Assumption 4: 0* is identified; thatis, if 8 # 6%, then E{h|8} # E{h|6*} = E{h}. Furthemore,
rank OE{h|6}) = L andlimt_,.. Wr =W with probability 1 wheeW is a J x J positive definitematrix.

"Whenthereis misspecificationthe standardormulafor the asymptott covariancematrix whenthe modelis correctly
specifiedwill generallynot be consistentvhenthe modelis misspecified However similar to the caseof maximumlik eli-
hoodestimationof misspecifiednodels(White, 1982),therearealternatve estimatorof the asymptoticcovariancematrix
thatareconsistentvhenthe modelis misspecified.
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The conssteny of the SMD estimator can be estabishedby providing appropiate regulaity con-
ditions underwhich the simulaed processs uniformly ergodic, i.e., underwhich with probabilty 1 we

have

lim sup|(hst(8) —hr)'Wr (hs1(6) —hr) — (E{h8} — E{h|8"})W(E{h|8} —E{h/6"})| =0. (72)

T—2gco
Assumption3 guaraneesthatthe uniqgueminimizerof (E{h|6} — E{h|6*})’'W(E{h|6} — E{h|6*}) is 6",
andthis combinedwith the uniform consiseng/ resut implies the consiseng/ of Br. The asymptott

normality of 61 canbe estdlishedby a Taylor series expanson of thefirst ordercondiion
(hst(B7) — hr )Wy Ohs 7 (87) = 0. (73)
Expandinghs T (87) aboutd = 6* we have
hst(6r) = hst(8") + Ohs(Br)(6r - 67), (74)

wherebr denotes avectorthatis (elementwise)ontheline segmentbetween@T and6*. Substituting (74)

into thefirst ordercondition for Bt in equation(73) andsolvingfor (éT —6*) we obtan
(Br — ") = — [Ohst(Br)Wr Ohg 1 (67)] o Ohst(Br)'Wr [hsT(8%) —hr], (75)

wherewe assumehat [Ohs (81 )"Wr Ohg(8r)] is inverible, which will be the casewith probabilty 1
for sufficiently large T dueto assumptins3 and4. Now multiply bothsidesof equaion (75) by /T and
applya Centrd Limit theoren to thedifference/T [hs1(8*) — hr] to obtan

VT [hs(6%) —hr] = N(0,(1+1/9Q(h,6%)). (76)

Toundersandthisresut, notethaths T (6*) is anaverageof Sindependenteaizationsof {&;({us}s<t,0,&0)},
which by assumptior? hasthe samedistibution as{}. As aresut eachof thetermsenterng hgr(6*),
hr ({ul}s<T,0*), hasthe sameprobabilty distibution ashr andaredistibutedindepenently of ht. The

CentralLimit Theoremappliedto hr yields
VT [hr —E{h|8"}] = N(0,Q(h,8")). (77)
Similady, for eachi = 1,...,Swe have
VT [hr({U}s<T,6°) —E{h|6"}] = N(0,Q(h,6")). (78)
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Notethat
1
S.

S
[hs7(6") —hr] = [ Zl[hT({UL-}ng, 6%) —E{h[6"}] + E{h[6"} — hT] : (79)

sothatwe have

VT [hsr(8) —hr] — [gimxo , (80)

where(Xo, X1,...,Xs) arellD N(0,Q(h.8*)) randomvectors.lt follows immediatey thatthe asymptote
distibution of /T [hsT(8*) —hr] isN(0, (1+1/S)Q(h,6%)). Usingthis resut andequaton (75) we have

VT [Br —6"] = N(0, (1+ 1/9A; AN, 81)
where

A1 = [OE{h[6"}]'WO[E{h|6"}]

As = [DE{h|6"}/WQ(h,6")W[DE{h|6*}]. (82)

Borrowing from the literatureon generazed methodof momentsestimation, the optimal weight matrix
W = [Q(h,6%)]~! resuts in an SMD estimatorwith minimal variance. In this casethe asymptoic distri-
bution of 6 simplifiesto:

Theorem5: Considerthe SMD estimaor 61 formedusinga weightng matrixWr equalto theinverseof

a consisentestimaor of Q(h,6*). Thenwehave:
VT[Br — 69 = N(0,(1+1/9A 1) (83)

wheie:
N= [DE{h|e*}’[Q(h, 9*)]*1DE{h|9*}] . (84)

The mostimportant point to noteaboutthis resultis thatthe penaty to forming an SMD estimabr using
only a single realzation S= 1 of the endogenougl sampledprocess{&;({us}s<t,0,&o)} is faily small.
Thevarianceof thereslliting estimatoiis only twice aslargeasanestimabr thatcomputeghe expecttion
of hr ({us}s<T,0) exactly, suchaswould bedonevia Monte CarlointegrationwhenS — co.

The SMD estmatorcanbeimplementedn practce by solving

br = argmiths1 (6) ~hr)’ [((h.6)] " (hs7(8) —hr), (85)
where
Q(h,0) = 1 &(0)& ()’ (86)



where
&(8) = h(&({us}s<t,0,&0), &t—1({Us}s<t—1,6,&0)) —hr ({Us}s<T,&0,0). (87)

Thus, an estmate of the optimal weighting matrix Q(h, 8) is recomputd eachtime the parametr 6 is
updated.

More efficient estimatorscanbeobtaina by selecing “efficientmomentfunctions” h suchasthescore
of the partial informationmaximumlik elihoodfuncton derivedin sectbn 3. Suchanestmatorcanattan
the CramerRao efficiency boundderived for the PIML estimatorin equaton (56). However the score
involvesaratio of integrals,andit is not clea thatthes integralscanbereplacel by simulaton estimate
andstill obtainaconsisentSMD estimaor. If accuatenumericaintegrals arerequred,thecomputaibnal
adwantageof the SMD estimatoris lost andit may be lesscomputatbnally burdensomeao computethe
PIML estmatordiredly. Thisis atopic for future work. We notethatthe definiion of the SMD estimato
canbe extendedto allow momentsformedfrom the sggmentedViarkov chain{w;} definedin secton 3.
This formulaion would berequiredin the casewhereh is the scoreof the parial informaion likelihood
function, since the component®f the scoreinvolve the segmentedchainasshavn in section3. Using
momentdrom the segmentedchaininvolvessomeminor modifications of theargumentgivenabove. We
now do the asymptotts asa function of the numberof purchases rather thanthe total numberof time

periodsT overwhichtheprocesis obsered. In this casewe definethe samplemomentsh,, by

n-1
nfll i; h(odi1, ), (88)

andthesimulaedmomentss(8) canbedefinedaccodingly, usingthesimulaedprocess & ({ul}s<t,6,&0)},
i=1,...,StoconstuctSIID realzationsof thesegmentedorocess

Finally, we notethatit is appearghatit is possibk to relax assumptior thatthe parametic model
is correctly specified. As long asassumptins 3 and4 hold, there will still exist well definedlimiting
momentsfor the simulated process, E{h|6}, for each® € ©. Define®* asthe valuethat minimizesthe

distancebetweerthe simulatel modelandthetrue datageneréing proces:
8" = argmin[E{h|6} — E{h}]'W [E{h|8} —E{h}]. (89)
6O

whereE{h} denoteghelimit of ht asT — o for thetruedatageneréing processlf thevalueof 8* that
minimizesthis distanceis interior to the parametr spaced, thenthefoll owing first ordercondition must
hold at6*:

(E{h|6*} — E{h})'WOE{h|6*} = 0, (90)
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whereE{h} denotesthe long run or ergodic expectaion of h with respectto the true datageneating

processThisimpliesthatast — o therandomvector

X = OE{h|6* YW (h(& ({Us}s<t, 6%,€0)) — (&), (91)
satigies
ImE{X} = 0
limecov(X) = Az (92)

for somel x J covarian@ matrixA\,. Howeverin themisspecifiedase/\, maynotequalthesamdormula
asthe/\; givenin equaton (82). Usinga suiteble Centrd Limit theoemfor mixing proceses we should
have

VTOE{h|®" YW [hr ({u},6") —hr] = N(0,A2). (93)

Following a Taylor expansionargumentjust asin the correctly specfied caseabove, we shouldbe ableto

derive the samegeneraform for the asymptott distribution of Bt in the misspecifie casej.e.

VT [Br —6°] = N(0, (1 + 1/9ATIAANAY), (94)
where
N = [DE{h|9*}’WDE{h\e*}] (95)
andwhere
\/‘TDhT({uS},G*)’Wr [hr ({us},0") —ht] = N(0,A3). (96)

The mainoutsandingissueis to actualy estdlishthelimiting asymptoic distribution thatis conjedured
in (96) andrelakt the asymptott covariarce matrix A3 to the asymptott covariance matrix A, in (93).
As we notedabove, we believe thatresuls of Hall andInoue(2002)on GMM estimaton of misspedied
modelscanbe adaptedo estabish the asymptott distribution of the SMD estimatorin the misspedied
case. However given the spaceconstaintswe leave this topic, togetier with Monte Carlo tess andan

empirical applicdion of the SMD estmatorfor a misspecifiednodel,asatopic for subsequetrreseach.

5 Empiric al Application

To illustratethe simulaed minimumdistane estimabr, we consder a specialcaseof the modelin which

thereare no addiional stak variabks, x. In this case the (S's) bandsareonly functionsof the curren
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wholesat price, S(p) ands(p). We first estimae the modelusingdatageneratd from the modelitsdf.
In this case we know the modelis correcty specified,andwe know the true paramegr vector Second,
we estmate the modeltwice using actwal datafor two productsfrom the steelsenice center Finally,
we decomposehe firm’'s profits by productinto four components.We usethis decompositin to infer
the shareof the firm’s profitsthataredueto markupspaid by retail customersandthe sharedueto price
speculéion. We alsousethis decomposibn to compareghegenerbmanages purchasig decisimsto the

modelstrading rules

5.1 A specialcaseof the model

Consideraversionof themodelin which thefirm’s generbmanagesolvesthefoll owing problem:

maxEm Ephof — (e, pr) — c( + P, 97
nax 5 o' { e~ (e p) —ax+ o)} (@7)

subjectto (3) and(4), andwhere

0 othewise,

M+ p) = o/ +cp.

0 ; 0
Co(qt07pt) _ {ptq+K if >0 and

As before, the managettakes the wholesde price p; andquantiyy demandedy asgiven. The manager
knows p; before deciding gf. The managethendraws gf. The ordercostfunction, c°(-,-) andholding
costfuncton, c"(-), aredescibedin section2. The holding costfunction is a squareroot sothe margind
corvenienceyield is decreaingin thelevel of inventaies.

We assumehewholesat price evolvesaccordng to atruncatedlognomal AR(1) process:

log(pr11) = Mp+Aplog(pr) +wf (98)

wherewf is an IID N(0,03) sequence.lf we let 1, and G, denotethe uncensore meanand standad

deviation of thewholesaleorice distribution, we cancompute

8p = \/109(33 + ) — 2l og(ip). (99)
Using G, we cancomputep, andap by:

Hp = (1= Ap)(log(Hp) — G5/2) and 0p = Gp x /1— A3 (100)

P
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Thefirm setstheretail price by usingafixedlinear markuprule overthe current wholesaleprice
Pl = 0o+ 01p. (101)

Thefirm dravs aquantty demandedf eachperiod from a mixedtruncaedlognomal distribution condi-
tional on p; Thatis, with probabiity n, g¢ = 0, andwith probabiity 1—n, g is dravn from atruncaed
normaldistribution with locaion parametepq(p) = pp — ¢log(pr). Both g, thepriceelasttity of demand,
andn arefixed,time-invariantconstars.

Let Jy andoq denotethe unconditonal meanandstardarddeviation of the quantty demandedistri-

bution. We cancompute

flq = l0g () — 62/2 and 8q = 1 /10g(33 + ) — 2l0g({ly)-

Thenthe meanandstandad deviation of quantty demandedaonditionedon p; anda sales occuring, pg

andag, arecomputedoy:

Mg = Plg+ € % M/ (1—Ap) and ag = \/65—@ X &3/(1—23).
Finally 6 denoteshe (L x 1) parametewectorto beestmated:0 = {K,ao,a1,Ap, Pp, Op, Ky, O, G. @} -

5.2 Computation

The SMD estimaton procedurerequresusto solve for the optimalinvenbry invesmentrule eachtime
we evaluatethe criterionfor a newv parametevector We solve the model by the methodof parameter
izedpolicy iteration (PPI). The PPlalgoiithm involvesapproximaitng the valuefuncton V (p,q) givenin

equaton (11) asalinearcombinaion of N basisfunctions,{$1(p,q),$2(p.,q),....dn(p,q) }:
N
n=1

We discretizethestatespacento M pairs(p,q), andwe denotehemt" pairby (pm, gm). Thuswetransbrm

thevaluefunction into a systemof M linear equationsvith N unknovns {9 1,9>,....,9n}:

N
z Inbn(Pm,Om) = o< max [ES( Pm; Gm) — €°(q°, Pm) — Ch(Qma Pm) +
n=1 <Q°<g—0Om

N
pE{ Z8n¢n(p,ama){oan—qs+q0])‘pman}] form:lv"':M' (103)
n=1
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As the namesuggestsPPlemplgys aniterative straegy to find the N coeficients on the basisfunctions
thatsolve the systemof equatonsin (103). Givenaninitial guesf the coeficientvector §, we solve the
two-perbd problemon theright-handsideof (103)for eachdiscrdizedpair (p,q). Thisyieldsan(M x 1)
vectorcontaning the currentestimateof the optimaldecisbn rule q°(p, ) ateachgrid point (p,q). Note
thatalthoughwe discreizedthestak variabkes,q° is acontinuousvariablesubjecto thefrequenly binding
constaint: 0 < g° <q—a.

Usingthedecisbn rule vector we constucttwo (M x N) matrices P andEP, with element$n, , and

EPmn givenby:

Pnn = ®n(Pm, qm)
EPnn = E{0n(P’,0m—0°+0°(Pm.0m))|Pm:Cm} -

Definethe (M x 1) vectory with them'" elemenigivenby

Ym = ES(Pm, dm) — °(°(Pm; Gm) Pm) — C"(Gm, Pm).

andletthe (M x N) matrix X begivenby X = (P — pEP). Thenthe systenof equatons(103)canwritten
in matrix form asy = X3. If M = N andX is invettible, the solution for 9 is simplyé =y/X. If M >N,
we form an approximatesolution usingordinary leastsquaesestmation,i,e. §= (X"X)~1Xly. Usingé
asour updatedcoeficient vector we iterate on this procalure until the coeficient vectorcornverges to a
fixedpoint.

We approximagd the value function by a completeset of Chebyche polynomiak of degree3 in
p andq (soN = 10). We discrdized the stae spaceinto 225 (p,q) pairs chooshg 15 discrete values
for p and 15 discrde valuesfor g. The grid pointsarefixed at the Chebyche zeros,so they aremore
hearily weightedtoward the boundaris of the statespace. This parametgzation of the valuefunction
doesnot guaranée concaity of the valuefunction; neverthdess,for the problemat handwe found PPI
to be relaively accurag, robust andfastcomparedo altemative solutionmethods. SeeBenitezSilva,
Hall, Hitsch, Pauletto,andRust(2001)for detailed comparsonsof the PPl algorithm with othersolution

technguesfor avariely of different models.

5.3 Estimation

We have consideablefreedomin our choiceof momentdunctions,theh vector to usein thecriterion. As
discusedabove, the mostefficient momentfuncionswe couldusewould bethe scoreof the partial infor-

mationmaximumlik elihoodfuncton dervedin secton 3. However giventhedifficultiesin computingthe
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high dimensonalintegralsinvolvedin evaluatingthe score,we instead matchthe meansandhistogams
(four of thefive quintile bins)of the p, p", q°, ¢°, andq processefor atotal of 25 momentconditions. We
setthenumberof simulatons, S, to 10.

Computinghistogambinsrequirstheuseof indicaor functions. However indicatorfunctionswould
creae discontnuities into the criterionfunction, sowe usedlogistic transbrmsof theindicaor functions,
approxmatingl {x <y} by thelogistic functionexp{(x—y)/0)}/(1+exp{(x—y)/o}) for asmallpositive
numbero. Theresuting estimaton criterion is asmoothfunction of theparametes, asdiscussdin secton
4. However, in or simulatonswe did not allow for unobsevedIID components; to thewholesag order
price p; asdescibedin secton 3. Withoutthe smoothimg provided by the €'s, the estimaion criterionis
no longerguaraneéedto be continuouslydifferentiable Therea®n is thateventhoughthe s(p) function
is a continuoudy differentialle function of 8, small shifts in s(p) canhave a disconinuousimpacton
simulaed ordes. For examplea smallchangen 6 thatshifts a given point (p,q) from beingabove the
s(p) bandto belaw it would resut in a disconinuousshift in simulatedpurchaesfrom 0 to S(p) —qg. In
fact, we did find regionsin the paramete spacein which concentated“slices” of the criterion function
had“steps”and“cliffs”’ However, asyou canseefrom figure 3, therearerelatively few pointsthatare
nears(p) atlow priceswherethe gap betweenS(p) ands(p) is large. Most simulatd pointsare close
to s(p) only at high priceswhereS(p) is very closeto s(p) andthusthe potental discontnuity caused
by shifts in s(p) is small. With the additioral help from the averagingthat occursin formulating the
simulaed momentswe obsenedthatthe estimaton criterion appeaed to be smoothfor mostparamete
values. To guardagainstpossibledisconinuitiesor local minima, we employed MATLAB'’ s constained
minimizaion routinef mi ncon. m andwe visually inspecéd concentatedslicesof the criterionfunction
after eachestimaion. However we acknavledgethat even though plots of the objective appearo be
smooth,theremay be “microscopic” disconthuities in the slopesin the criterionthatmay beresponible
for unusuallysmallestimate standad errorsthatwe discusselow.

As presatedin equatons(86) and(87) of the previous secton, the inverseof the optimal weighting
matrix, Q(h, 8) is the variancecovariane of the restlualsfrom the simulaion sequenceHowever if the
modelis corredly specfied, thenwhen8 = 0%, the simulatd sequenceavill have the probabilty distribu-
tion asthe obsered sequencetherebre we useinvers of thevariancecovarian@ matrix of theresduals
of theobseredsequencasourweighting matrix, W, wheretheresdualsaregivenby €, = h(&;, & 1) — hr
whereh is the samplemeangivenin formula (57). Sincethis weighing matrix is just a function of the

samplemomentsjt remaingfixedthroughoutheestimaion.
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Simulaton 1 Simulaton 2 Simulation3
parameten  truth point standad point standad point stardard
estimate | error estimate | error estimagé error
K 100 108.6 11.6 138.7 16.5 87.4 10.5
(o) 1.50 1.46 0.66 1.80 0.47 1.45 0.45
a1 1.15 1.13 0.04 1.11 0.03 1.20 0.03
Ap 0.990 0.991 0.0003 0.989 0.0007 0.990 0.0003
Hp 19.50 20.06 0.60 20.10 0.49 19.78 0.55
Op 5.60 6.39 0.29 6.18 0.27 5.33 0.30
Hq 150.0 137.1 6.5 157.1 4.7 130.3 3.6
Oq 300.0 363.5 25.2 270.3 12.1 250.5 11.4
C 1.50 1.31 0.17 1.41 0.17 1.62 0.21
[0) -2.5 -2.69 1.36 -1.87 1.37 -2.67 1.01
r 0.075/365| 0.075/365 0.075/365 0.075/365
n 0.35 0.35 0.36 0.33
x2(15) 381 187 217

Tablel: Estimaton resuts on datageneratd by themodel.
Two parametersverefixed prior to estimation The daily interestrate,r, wassetto 0.075/%5, andthe fraction of daysin which
quantiyy demandeds zero,n, wassetto 1— (Y 1(gf > 0))/T.

In our initial exercise there aretwo setsof simulaions: first, we fixed the parametr valuesin the
modelto thosein secondcolumnof table 1; we solved the model and creaed threesimulateddatasets
of 1191 periads from the model; secondusingthesesimulaed datasets,we estmatedthe modelusing
our simulatel minimum distanceestimabr. The point estmatesand standrd errors for eachof theten
parametes arereportel in tablel. Priorto estimation,we settheinterestrateequalto its’ truevalueand
n equalto thefraction of daysin which no saleoccured.

Thequantiy dataarein hundreal-weight(i.e. in 100's of pounds)sothepriceparametrsarein dollars-
perhundedweight(or centsperpound).Thefixedcost K, is setto $100perorder Theparamegr choices
for pp ando, imply theuncensced price processhasa meanof $17.60perhundredweightor 17.6cents
per poundanda standad deviation of $3.70dollars per hundredweight. The paramegr valuesof pg, 0q
and¢ imply theaveragesaleis 107hundred-weghtor 1,070pounds.Theinterestrater is setto 7.5percem
perannum.The storagecostnetof corvenienceyield, @ is set-2.75dollars persquarée hundred-wajht,
sothe cornvenienceyield dominateghe storagecost.

For mostof theparametes, thepointestimatesseenrea®nablycloseto theirtruevalues.For example,
all threeof the point estimate of the AR(1) coeficient of the wholesat price processA ,, arewithin

two-tenhs of one percentof the true value. All threepoint estmatesof the fixed cost, K, are sensibé
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particularly giventhedifficulty in estmatingK. Thefixed costof ordernglargdy determinsthedistane
betweerthe Sands bandsandthusthe minimumordersize To accuragly idenify thisfixedcostrequires
numerousdbsenrations of daysin which thefirm is holdinginventoly levels closeto s pariculardy atlow
prices. Giventherelatively few daysthe firm purchass,paricular atlow prices,therearevery few days
thefirm holdsinvenbriescloseto s.

While we feel the SMD estimato delivers sendble point estimats, only two-thirds of the point es-
timatesarewithin two standad errois of the true values. Several of the numericé standad errors seem
implausbly small, particularly giventhevariation in the threepoint estimats. For example,the standad
deviationsof the threepoint estmatesfor K andA , areconsideably larger thantheir estimatel standad
errois. Moreover, the estimaton procedire providesa formal criterion of the validity of model. Sincethe
numberof momentconditionsexceedshe numberof paranetersestimate (J > L) themodelis overiden

tified. Following Hansen1982),we usethe objective functionto testthe overidentfying restrctions

g hsT® =) [Q)] " (hsr(8) —hr) =X -L) (104)
In bottomrow of table 1 we repot the valueof this x? staistic for eachof threeestimates.In eachcase,
themodelis decisvely rejected. Thesmallstandad errorsandthelarge Chi-squaed statsticsmaybedue
to smalldisconinuitiesin theestimaion criterion,aresut of our failureto accountfor unobserable com-
ponentse; of orderpricesp;. Theseresuls suggesthatalthowgh the consigeng of the SMD estimatoris
notjeopadizedby smalldisconinuities,theestimagdcovariancematrixandstandad errois maybemuch
more sensitve to small discontnuitiesin the simulatd moments.In future work we planto investgate
how discontnuities could affect the asymptoic properies of the SMD estimabr, but this investgationis
beyond the scopeof this paper Our resuls suggesthatin the absencef anasymptotictheorythat ac-
countsfor discantinuitiesin the estmationcriterion,it maybeimportantto includeunobsevablessuchas
& in thesimulatonsin orderto smoothout thesedisoontinuitiesin orderto obtan consiséntestmatesof
theasymptoic covariancematrix.

We now estimatethe modelfor two product independently In table2 we reportthe point estimats
andstandad errorsfor the paranetersof the modelfor productswe call product2 and4. As befor, the
interestrater, andn arefixedprior to estimaton: r is setto 0.075/365We did not attemptto estimatethe
parameten alongwith theotherparamegrs. Insteadwe usedaninitial consisentestmatorof n equalthe
fraction of daysno saleoccured. The geneal managemould not provide us specfic dataon thefirm’s

borraving andlending(mary salesnvolve trade credt), but told usthatoneandthreeguartempointsover
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Product2 Product4
parametr point standard| point standad
estimae error estimate error
K 39.2 6.1 59.6 6.9
Oo 1.33 0.98 0.99 1.10
o7 0.98 0.04 1.10 0.05
Ap 0.992 0.0006 0.984 0.003
Hp 24.40 0.66 18.55 0.60
Op 7.98 0.25 4.83 0.41
Py 215.2 7.7 301.8 6.9
Oq 747.6 41.8 496.5 31.1
C 1.48 0.20 0.92 0.15
[0} -2.70 3.65 -2.72 2.74
r 0.075/365 0.075/365
n 0.34 0.34
x%(15) 522 334

Table2: Estimatdbn Resuls usingdatafor product2 andproduct4.
Two parametersverefixedprior to estimation For bothproducs, thedaily interestrate,r, wassetto 0.075865; for eachproduct
individually, thefractionof daysin which quantiyy demandeds zero,n, wassetto 1— (S 1 (gf > 0))/T.

ashorttermLIBOR ratewasagoodestimateof theinterestrate they facal. Theaverage3-monthLIBOR
rateover the periad studiedis about5.75,which implies an averageannualborraving ratefor thefirm of
about7.5%.

Although we estimagd the parametes for eachof theseproduct independetty, it is reassuringthat
several of the point estimate are similar acrossthe two products It is reasonhble to expectthat the
parametes, K, dg, 01, Ap, ¢, and@to bequite similar, if notidenical, acrcssproducts? In generathisis
case.After we estimatedthe models,we asled the generaimanagemhat he estimagéd the fixed costsof
placing anorderto be (thisfixed costcorrespndsto theparamegr K in our model). His estimaé was$50
—the midpointof our two estimates.The mainfixed costto orderng is the value of the geneal manager
andhis adminidrative assisant's time in takesto completethe papervork.

The mamginal costof storageparametr, ¢, is negative for both productsso the maiginal corveniene
yield dominateghephysical costsof storaje. Thisresultis consiséntwith theobserationin thecommod-
ity storag literaturethatnegative storgje costsareakey deteminateof theautocorelationin commodity
prices. We experimentedwith variousfunction formsfor the holding costfunction andstock-outpenaly

functions. If the mamind value of holding invenbriesis small wheninvenbriesare closeto zero(i.e.

8We couldhave estimatedhemodeljointly acrosghetwo products,constrainng thesevalueto beequalacrosgroducts.
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Simulated Realizations of States Variables, p and q
3 T T T T

inventory holding (in 1,000,000 pounds)

1 L :
10 12 14 16 18 20 22 24
purchase price (in cents per pound)

Figure3: Scaterplotof purchaserice andinvenbry holding pairs from a simulaton for product4. The
solidlinesarethe S(p) ands(p) bandsfrom themodel.

whenthewholesalepriceis high), the optimal strakgy is for thefirm to effectively shutdown by holding
no invenbriesuntil thewholesalepricefalls. In otherwords,the s(p) bandequalszerofor p greate than
somethreshotl. While we do obsere nearzerolevelsinventoiesin thedatafrom timeto time, thesenear
stocloutlevelsdo notpersis for morethanafew days.If themamind valueof holdinginvenbriesis “too
large” evenwhenthefirm is holding large levels of invenbries,the modelimpliesthe firm should(coun-
terfactually) alwayshold invenbriesnearits capady constaint. Hencewe found having somecorvexity
in theholding costhelpful in matchingmeanandspreadof invenoriesholdingswe seein thedata.
Theendogenousamplingproblem is illustratel in figures3, 4, and5. In figure 3 we plot we the S(p)
ands(p) bandsderived from the optimal decisons rulesfor the manages problem usingthe estimaéed
parametevectorfor produd 4. Dueto thefixed costsof orderng, the (p) bandis stiictly above the s(p)
bandalthoudh the differencebetweerthe two bandsdecreaesasthe priceincreaes.In otherwords,the
minimumordersizeis adecreamg functon of the price. In figure 3 we alsoscaterplota setof simulaed
statespacepairs(pt, ¢;). Accordingto thefirm’s optimaltradirg rule, thefirm only makespurchaeswhen
the (pt, qr) pairis belov thes(p) band(in the southwestorne of thegraph).In thesimulaton presated,

this occurslessthan16 percentof time.
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Simulated Inventory Holdings
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Figure4: Simulatedinvenbry datafrom theestimaéd Figure5: Censoredsolid line) anduncensaed (dot-
modelfor product4. ted line) purchaseprices, p; from a simulaton for
produd 4.

In table 2 we alsorepot the minimized SMD estimaton criterion. Although both modelsare for-
mally rejeced, the modelsat the estimate parameteraluescaptue several of the salientfeauresof the
inventay andprice data. fact of inventoy invesmentbehaior thatwe obsere in our data(for further
discus#on, seeHall andRust,1999).Figures 3, 4, 5 highlight someof the strengthsof themodel. First, in
the datapurchase aremadeinfrequently. Figure5 preserd the censord anduncensogd purchaseprice
series, p;. Thesolid line is the analogof whatwe obseve in the data: we lineatly interpolated between
the pricesat which transa&tionstook place;the dottedline includesthe unobseved pricesat which no
transctionsoccured. During periodsof low prices(e.g. days100-200,350-400and 750-800)the firm
aggrestvely madepurchaesto build up large levels of inventores. The large levels of invenbrieswere
slowly dravn down aspricesinevitably rose Notether wereonly four purchase madebetweerbusiness
days200and320. Thusafterexploiting alow price opporunity, thefirm maysubsequeht make no new
purchagsfor mary days. Secondwe obseve both smallandlarge purchaesin the data. Again this can
beenin bothgraphs.In figure3 whenthe (p;, ;) pair (dot) is belov the s( p) band,the sizeof the orderis
thevertical distancebetweerthe S(p) bandandthe (pt, o) pair (dot). Whenthepurchasericeis lessthan
16 centperpound,we obsene bothlarge andsmallorders.Whenthe purchas priceis above 18 centsper
poundwe only obsenre smallorders In figure 5, the sizeof the marker is propotional to the sizeof the
purchag. Again oncecanseethatthe modelpredctsreldively large purchasesvhenthe priceis low and
relaively smallpurchaeswhenthepriceis high. Third, in the datawe obsene periodsof with highlevels

of inventaiesandperiodswith low levelsof inventoies. Fromthescatteplot in figure 3 andthetime path
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of inventoiesplottedin figure4 we canseethatthemodelpredids thatinvenbory levelswill vary overthe
samplebetwea almostzeroand2.0million pounds.

The main shortcomilg of the estimaton is our inability to matchthe downward trend of the price
procesghatwe seein almostall of thefirm’s products As illustrated in 2 thewholesaleprice for produd
4 fell from 20 centsper poundin 1997to aboutl2 centsper poundin 2002. No suchtrerd is evidentin
simulatonssuchastheonepresengdin figures4 and5. In our model,prices arestatonarythoughhighly
persstent.Consequentlyascanbeenseenin the (S s) bandsplottedin figure 3 the optimaldecison rules
imply countefactualy thatthe firm shouldmake only smallpurchase andhold low levels of inventaies
wheneertheprocuementpriceis above 17 centsperpound.Fromfiguresl and2 we seethat,for produd
4, the firm madelarge purchaesaround18.5 centsper poundin April 1998,andaroundl15 dollars per
hundredweightin thelaterpartof thesample.

An oftensuggestedolution to this trendproblemis thatwe assumehatthe log of steelprices follow
arandomwalk. For product4, if we concerrate out all the other parametrs exceptA p, the criterion
surface is a steepy slopedandsmoothcup centeed around0.984 so the small standarcerror assocated
with the AR(1) coeficientis not surprsing. But the concentatedcriterion surfaceactualy turnsdown
slighty between995and1.01. (The modelstill solvesnumericaly for valuesof A, slightly greate than
one.) The globalminimumis still locatedat 0.984,but thereappeas to be a local minimum just above
1.00.Howeverif we assumehelog price procesdollows a (truncatedyandomwalk, theoptimaldecison
rulesimplies frequant small-to medium-sizeordess suchthattheinvenbry level fluctuatsclosely around
afixedtamge level. A versionof the modelwhich assumesog(p;) follows a randomwalk will notimply
thelargevariaion in invenbory holdingsthatwe seein thedata A secondootental solutionis to detend
the data. However whenwe first staredworking on this project, no onewe talkedto expectal steelprice
to decine 40%in four years.To someextentwe arejust working with too shorta sampleperiod. A third
candidae solution is to addan additional macroecoomic stae variable Sucha variablecould allow for
“high price” regimesand“low pric€’ regimes. As we discus belav, we view this third solution asthe

mostpromising.
5.4 A profit decompositionexercise

Finally, we usesimulatonsof theestmatedmodelto deducdahereldiveimportane of capital gainsversus

markupsfor the overall profitablity of the firm. By substiuting the law of motionfor invenbries(4) into
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thefirm’s objective function, (97), the dismuntedpresat valueof the firm’s profitscanbe expressedy
T
pTIpr, P, G O + ) p'(pl — PG +Gopo+ Y P (P — (1+7)pa)ch —
2 % 2o

%pl a)K — %pc G+, Pt) (105)

Thefirsttermontheright handsideof equatian (105)canbeinterpreted asthediscountedpresenvalueof
themarkuppaidby thefirm’sretal customersver the current wholesa¢ pricewhile thethird termcanbe
interpretedasthe discountedpresentvalue of the capital gainsor lossfrom holdingthe steé from period
t — 1 into periodt. Thefourth, andfifth termsarethe discounéd presat valuesof the ordercostsandthe
holdingcostsincurred by thefirm over the sampleperiod.

Sincethisdecompogion depend®nthewholesalgricepathbetweemurchase, we simulatebetween
purchag datesvia importane sampling.Thatis, for eachinterval betweersuccesise purchas dateswe
simulake wholesé#e price pathsthatareconsiséntwith the estmatediaw of motion (98) andthe obsenred
purchaeg prices at the beginningandendof theinterval. Sinceour theoryimplies thatthefirm placesan
orderarytimethequantty fallsbelowr theorderthredold, s(p), wetruncae thesimulatedoriceprocessy
rejeding ary pathssuchthatq; < s(p;) for ary draw within thesimulaged paths.We discus our simulatbn
methodin moredetal in theappendix

Wefirstemplogy thisdecompogion to evaluatethegenerbmanages actualperformane overthefour-
and-ahalf yearsampleperiodfor products2 and4. For a giveninterpolatal price serieswe decomposed
thefirm’s profitsusingtheactualdatafor g, of, andg?, ourfixedvaluefor theinterestrate r, andour point
estimaesfor K, andg. In table3 we reporttheaveragedecomposion from 100simulaedwholesée price
paths.As discwssedin theintroduction,the price of steelfell stealily over the sampleperiod. Never the
less,by our accountng, the firm made$375,000(product2) and$435,000(produd 4) from the markup
andcapital gainson eachof thesetwo productover the four-and-a-halfyearperiod? Ignoring the fixed
ordercostandtheretunsfrom thecorvenieneyield, about71 percen{product2) and85 percen{produd
4) of theseprofitscamefrom the markup,while theremaining29 and15 percenttamefrom capitd gains.
We find it remarkableandevidenceof the geneal manages acumenin steeltrading thatthe firm made
positive capitd gainsover this perioddespitethe price of steelfalling about40 percent While thefirm's
success$n price specuditingis goodfor its profits, it increagsthe potental biase from failing to accoun

for theendogendy of the samplingprocess

9profitsarediscounedbackto July 1, 1997.
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Simulated and Actual Inventory Holdings
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Figure6: Actual (dashedine) andcounteffactual(soiid line) invenbory holdingsfor produd 4.

Censored Order and Sell Prices from the Counter Factual Experiment
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Figure7: Counterfadual uncensore purchaserices (dottedline), censoed purchas prices(solid line),
andretdl prices (dasiedline) for produd 4. For the censoed purchaserice seres,the sizeof the marker
is propotionalto the sizeof thepurchase.
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As adiagnosic of our model,we comparehe generbmanages perfomanceto the model’s predic
tions. In this exercise we take asgiven the 100 interpolatedwholesag price series the firm’s quantiy
demandedseres,andthefirm’s initial level of inventoies for eachproduct But in this casewe let the
models optimal decisbn rule dictae whenandhow muchto order? Invenbriesfoll ow theaccumulan
identity givenby equaion (4). As reportal in table3, hadthegeneramanagercounteffactudly followed
the optimal orderstrategy implied by our model,his discounéd profitsfrom the markupwould have been
modestlysmaller:$2,000lessfor product2; $23,000essfor product4. However, his capitalgainswould
have beenconsideably larger: $63,000morefor product2; $225,146morefor product4.

The modelimplies thatthe firm shouldaggreswely price specuhte. In figures6 and7 we plot the
prices andinvenory holdingsfor onesimulaton of the model. In figure 6 we plot boththe actualinven-
tory holdingsalongwith the implied holdingsunderthe models decison rules. In figure 7 we plot the
correspondingetdl andwholesalegrice paths.Themodel’s counteffactuad invenory pathdiffers consid
erably from the firm’s actualinvenbry path. In the beginning of the sample years1997and1998,when
priceswerehigh,themodelimpliesthefirm shouldhave madefrequentsmallpurchassandheldrelatively
low levelsof inventores. As wasdiscusedin theintroduction,in April 1998whenthewholesaé price of
steeldroppedrom 20 centsperpoundto 18.5centsperpound,thefirm built upits invenory of product4
substanally. In contrastthe modeldoesnot view 18.5centsasa particularly goodprice; ascanbe seen
in the (S's) bandsplottedin figure 3, thetamet invenbry level at 18.5centsis around300,000pounds.In
April 1998,thefirm’sinventol of produd 4 exceeded®,000,00Qpounds.

It is not until Decemberl999when pricesfell belov 13 centsa poundthat the modelrecommends
holdingmorethan1,000,00Q)oundsof invenory. However duringDecembed 999andJanuay 2000,the
generalmanagetet his invenory of product4 fall to almostzero. The sharpcontastbetweenmodels
counteffactualinvenbry policy andthefirm’s behaior is alsoevidentduringthe seconchalf of the sam-
ple. In this period, the firm heldrelatively low levels of invenbries,whereaghe models inventoly was
oftenin excessof 2,000,00@pounds.Theonly time duringthe samplethatthe modelsinvenbory holdings
traclked well the firm’s inventorl holdingswasin thefirst half of 2001. Basicaly, the modelrecommends
thefirm’s purchasg straegy shouldhave beenthe opposie of whatit did: thefirm shoutl have heldlow
inventay levelsin 1997,1998and1999,andhighinvenbry levelsin 2000,2001,andthe stat of 2002.

10We placedonead hoc restricton on our decisionrule. In mid-Decembe000,the G.M. hadan opportunity to buy a
limited quantty of products2 and4 for a little over 10 centsper pound. The G.M. boughtasmuchashe could at these
prices.Our modeldictatedthathe shouldhave purchasedarge quantitesattheseprices.For the counterfactualexperiment
we constrainedhe modelpurchaseno moresteelthanwe actuallyobsene onthesedates.
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This counteffactualexerciseis “rigged” in the model’s favor in onedimensionand‘“rigged” againg
the modelin another Sincewe usedthe entire sampleperiod to both estmatethe model and evaluate
themodels perfomance the model“knows” the meanandthe standad deviationsof pricesandquantiy
demandedor theentireperiod. Themodelknows, whereaghegeneramanagedid notknow, thata price
of 18.5cens perpoundin the Springof 1998 wasan above-averageprice for the 1997-2002period. In
this way the modelhasan advantageover the managerHowever the modelis constainedto sell at most
the quantty of steelthe generaimanagemctualy sold. The modeldoesnot getthe opporunity make any
saleshegeneal managemight have hadthe optionto make but decidedo turndown.

While we do not reportan out-ofsamplecompari®n betweenour modelandthe generd manager
if we had estimate the modelthroughthe Fall of 2001, andthenusedour modelto dictae purchase
for the firm for the Winter and Spring of 2002, our model would still have outperbrmedthe genera
manager In the Fall of 2001, the firm was purchagg steelaround10 to 12 centsper pound. We told
the geneal manageat thattime thatour modelrecommendeduilding up inventores at theseprices He
did not follow this advicesincehe anticipatedfurther price declines. He amgued(andto be honest,we
did not disagee)thatour modeldid not take into accountthe potental slovdown in the economyin the
wake of the terrorist attak of Septembef 1, 2001that he expectedto reducedemandor steé. He also
expectednew producton capady from the Nucor Corporaion to put addiional downward pressue on
prices. However, with the bankriptcy of BethldhemSteelin October2001aswell asboththeanticipation
of anincreaseandtheactud increasein steé tariffs imposedoy Presic&ntBushin March 2002,steelprice
increasedabout20 percentin the Springof 2002to the 12 to 14 centrange In the Springof 2002, we
remindedhegeneramanagethatin thefall ourmodelrecommendetebuild up inventoies. He sighed,
“| wish| had”

In thiscasepurmodel“got it right” but perhapsotfor theright reasonsOur modelwaspreditingan
increasein pricessinceour modelalwaysexpectspricesto retum to thesamplemean.Our modeldoesnot
useinformation on wherethe economyis goingasa covariat for prediding steelpricesor steelsales. For
example,thereis noway for our currentmodelto updateexpectadions of steelpricesin responeto news,
suchasPresidehBushsdecison to imposesteeltariffs. To obtainamorerealisticmodelthatmightbeable
to rationalize the generbmanages appaently morecautiots speculate stratgy, we would needto add
macroeconomistatevariabkesx. Thenwe coulduseour modeljointly with amacroecaomicforecasting
modelto provide conditional invenbry level recommendatins to the firm suchas“If you expectthe

economyto remainstrong,the modelrecommendsolding invenbriesin a rangefrom X to Y; if you
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expecttheeconomyto wealen,..” Theseadditionalstat variables would enableusto captue appaently
non-stéionaly featuesof steé prices (suchaspersstenty increasingor decreaig pricetrajedoriesover
relaively long periodsof time), andwould sene asadditional covariaesthatshifting the (S, s) bandsup
anddown in responsdo news of persstentmacroeconomishocks,helping the modelto betterfit the

obseredpurchaseandinvenory data.

6 Conclusion

In this paperwe develop two economeic proceduesfor estmatingan endogenoug-sampledMarkov
processWefirst derive aparametic partial information maximumlik elihood(PIML) estmatorthatsolves
theendogenousamplingproblan. While the PIML estimabr efficienty estmatesthe unknaovn parame-
tersof a Markov transtion probabilty, it requiresrepeatdly computingnumericalapproximatbnsto high
dimensionhintegrds. Therefoe we introdue analtemative consistat, lessefficient, simulatedminimum
distance (SMD) estimabr. This estmationmethodis computaibnally simplerthanthe PIML estimabr,
but it still requiressolving the dynamicprogrammingproblemat eachtrial valueof the unknovn param-
etervectorfor the endogenousamplingrule. Using this samplirg rule, the SMD estmatoris ableto
consisently estmatethe unknovn paramegrsof the Markov processeventhoughtheeconomeician has
incomplee information ontheprocess.

While this reseach was motivatedby a new datasefrom a single steé wholesale, mostdataset in
whichagentsave the choiceof whetherandwhento participatein a marketactiity will beendogenousl
sampled.In mostmarkets the only pricesrecordd arethe transation prices— economeiciansalmost
never get to obseve prices offered but not transated on. For example,econometidiansrarely get to
obsere thewagesunemplyedjob seelers areofferedbut refusel? It shouldbe straghtforward to apply

the SMD estimabr to othertypesof endogenousamplingproblemsthatarise in time seriescontexts.

1A counterexampleis the limit orderbooks for equities postedon ECNssuchasww. i sl and. com But specialistson the
NYSE arevery reluctantto revealary information abouttheir limit orderbooks.
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Appendix: Simulating Price Pathswith Fixed Starting and Ending Points

We thankMichael Keanefor suggeshg andexplaining this procealureto us.

We assumehat wholesé#e prices follow the AR(1) process given in equation(98) of the paper To
simplify the presenttion in this appendix,let p; denotethelog(p:). Assumewe obseve p, andp, on
dated; andt,, but we do not obseve ary priceson datesin betweenWe wantto simulat realzationsof
{Pt,+1. Pt,+2, ---, P,—1} thatareconsisentwith both p;, and p, andthelaw of motion(98). Lett =ty —t1,
betherecurencetime.

We write the price systemusingstatespacenotaton usinga nonstandat orderingof the statevector:

1 10 0000 ..00 1 0
P, 0 00100 00 Pt -1 0
Pt, Hp O Ap 0 0 O 00 Pt—1 Op
Pbt1 [=( 0O 0O 0 0 10 00 Pu |+ O |w. (106)
Pti+2 0 0 0 001 00 Pti+1 0
' pb1] [ O O O O0O0O .. 10]|[pp2] [ O]

We rewrite this equationusingmorecompacinotaton as:
p’ = Ap +CwP (107)

wherethep denoteghe vectorof loggedpricesandthe prime denots the next periods values.

We thencomputethevarianceeaovariancematrix of the price vector:

+1 )
Q= Z)AJCC’A’J.
J:
We thencomputethe Cholesly decomposibn of the (2:1+2,21+2) elemens of Q = YY. This allows us
to write p’ — pp = YN wheren is avectorof shocksdravn from a stardardnormaldistribution. Writing in

moreexpansve notaton yields

Py —Hp V11 0 0 0 Nty
P, — Hp U21 U2 0 0 Nt,
Put1—Hp | = Vst U2z Uz ... 0 Nu+1 | . (108)
| Pt—1—Hp | | Ut+11 Ut412 Urga3 ..o Urgar4l | | Ne—1 |

Sincewe know py, andp, we cansolve for ny, andny, directy from

(Py —HMp) = LNy

(P, —Mp) = L21Ny, + L22N,.
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{Nty+1,Nty+2, .-, Nt,—1} arerandomdraws from a standad normaldistribution. Oncethen vectoris con-
struded, we useequaion (108)to computethe simulatel price vectorp’ = Y + p,. Notethateachof the
simulaed pricesis afunction of n, andn,.

To constriet asinglesimulaton for the entire time periad we repeagdthis procedirefor eachinterval
betweensuccesive purchas dates.For eachinteval, we thenapplied an acceptaoe/regctioncriterion.
Sinceour modelimpliesthatthefirm makesa purchas wheneer currentinventoresfall belon theorder
threshold s(exp(p)), we rejectedpathssuchthatexp(p;) < s () for any t; <t < t. For eachinterval,
we repeatd the procedue descrbed above until we found a paththat did not violate the orderthresh
old constrant. For both productsthereareintervals in the price seriesin which we could not find ary

accepablepaths.In thesecasesye acceptd oneof therejecedprice paths.
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