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Derivations for the Gamma-Exponential Model
Derivation of expected hazard rates. By Bayes rule, posterior beliefs are
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Taking expectations of the hazard rate A with respect to these three posteriors yields the
following expressions:
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Lemma A.3 In the Gamma-exponential model, E}, [(; + X x,y+] satisfies Assumptions 1 and
2.

Proof. We use the following technical result.



Theorem A.1 Let q: A x R" — R, integrable in its first argument and differentiable in
the remaining n arguments, with [, q(X,0)dX\ € (0,00). Then the c.d.f. defined by:
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for every L € (A, 5\) 18 stochastically strictly increasing in every component of g if q(A, 5) 18
log-supermodular in (X, 0;), i.e. if dlogq(X,0)/0; is strictly increasing in \.
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the claim reads
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A sufficient condition for the latter inequality is that the RHS be strictly increasing in L. Since
the RHS is differentiable in L, it suffices that
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But, since f N md)\ = 1, this follows from the assumption that the LHS is strictly

increasing in A. m

It now suffices to show that for every x, y, t,t’, the c.d.f. associated with the posterior beliefs
T (A|x, y+) are stochastically strictly decreasing in ¢ and in ¢’ and strictly increasing in « and

in y. We prove all these results as corollaries of Theorem Al. Let 6= (x,y,t,t),
g\, 6) =7 () b (x|N) [1 = H (yN)][1 = F (] [1 = F(#|N)],
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Since the expressions
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are strictly monotonic in A, all monotonicity results follow from Theorem Al. The limit
limy o0 Bt [A| 2, y+] = 0 follows from:
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Lemma A.4 In the Gamma-exponential model, E;, [¢; + X x, y+] satisﬁes Assumption 3.

Proof. It is immediate to verify that SE: , [¢; + A z,y+] = —2-LE: , [¢, + A z,y+], as it
can be appreciated with the change of Varlable q=a+ 2t -, and

bs o g2
¢(q,y>6)=(5+1)q6 (a—y)

¢ P (g —y) "
d_, a¢ 4 _ 09
d . a¢ 9 09
dIEt,t’ [Cz + /\| xay_’_] (9q ax - 8q

Hence, setting G just a bit larger than 2 and thus G < -1 /2 satisfies the inequality in As-
sumption 3. For the first inequality, we show that it is strict at G =-1 /2 and therefore, by
continuity, for G slightly larger:
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Algebra yields
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We want this quantity to be strictly negative. This is so if the following derivative is strictly
positive for all 3, y:
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Note that for y < 0
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while x (3,0) = ¢% — 7% + ¢ PB(Ing—1In(q)) = 0, x (8, —00) = ¢ 7 — HELY—hnd _
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Lemma A.5 In the Gamma-exponential model, there exists a unique monotonic differentiable
equilibrium.

Proof. Proceeding by contradiction, suppose that for some x,y there exist two optimal
stopping times as first quitter. We can rephrase this as follows: for some 7, there exist signals
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Note that we can take (z,y) < 0, and (z/,3') < 0 by continuity of dV, (11|z) /dT1|t:TI and

dVy, (T1ly) /dri] 1, - Simple manipulations of Eq. (6) then yield:
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is continuous in &, has at most one zero, £, = a + 27 — ¢; (f + 2), and has the same sign as
&€ — &, So, suppose that 2’ < x. The conditions ¢, () = ¢4 (x +y) and @, (') = @, (' + )
require =’ + vy’ > = + y, and hence ' > y. But then, the condition ¢ (z) = ¢ (x +y) and
vp (') = pp (¢’ +¢) require that 2’ + ¢ < = + y, and we have a contradiction. A similar
contradiction is obtained when supposing that 2’ > . m

The Binary Prior Model

Suppose that the prize arrives according to an exponential process of intensity A, i.e. with
F, (t;|\) = 1 — e7*i. The prior is concentrated on two points:
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where \; > \¢ > 0. Conditional on )\, the private signal is distributed as Pr(z; < z|\) =
for z < 0. Therefore the posterior belief of A\; is
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This is differentiable in x,y,t,t'. Since ¢ is decreasing in z,y and increasing in t,¢' and the

expected hazard rate is decreasing in ¢, then the expected hazard rate is increasing in x,y and
decreasing in t,t'.
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This has the same properties as B, [p; (:|\)| 7, y] w.r. to x, ¢, . Because
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setting G =-1 /2, the inequalities in Assumption 3 are satisfied again if:
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The first inequality is already verified. The second inequality follows because:
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Finally, the following
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is sufficient but not even necessary to satisfy Assumption 4.
Specializing Propositions 2 and 3, player i, observing signal x and upon observing that the
opponent has left at time 7, will leave the race at time:
)
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is a measure of the prior bias in favor of ;.

From Proposition 5, we obtain the stopping time of a player ¢ with signal x, conditional on
the opponent j still being in the game is:
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In the symmetric payoff model g} (o5 ,(z)) = 077" (0}(z)) = x, so we obtain a closed-form
solution for the first quitting time:
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Finally, from Proposition 7, we obtain that in any equilibrium of the public information game,
for every pair of signals x, y, the first firm quits the race at time
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