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Abstract

This online appendix presents a number of additional theoretical and empirical
results regarding: (1) allowing workers to commute across locations; (2) the conditions
necessary for geographic trade costs to satisfy the triangle inequality; (3) the efficiency
of the competitive equilibrium; (4) approximating the spatial equilibrium using Fourier

series; and (5) incorporating multiple sectors.

1 Commuting

In this section, we extend our framework to allow workers to commute across locations. We
then show how commuting affects the estimated topography of amenities and productivities.
Suppose that an individual living in location i« € S derives utility from the amenity in
location ¢ and from the goods consumed in location ¢ but can potentially commute to other
locations to work. Because a worker consumes her goods at home, she chooses her work
location to maximize her nominal wage net of commuting costs:
w (s)

e e )

*We are extremely grateful to Xiangliang Li for excellent research assistance and to Michal Fabinger for
various comments on the derivations of the fourier series.
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where we assume ¢, (7, s) is a worker specific idiosyncratic term that is extreme value dis-

tributed. The density of workers living in 7 commuting to s can then be written as:

w(s)? C(i,s)7°
Jow (k) C (i, k)™ dk

7 (i,8) =

so that the total number of workers working in location i, L (i), can be written as

-\ —6

)= | w(s,3) L(s)ds = w(i)° C (s.9) s)ds
L= [aires=w [ oGt o)

We assume that workers choose where they live before they know where exactly they will

be commuting. Hence welfare equalization implies:

1 —w(z)uz

where w (7) is the expected wage (or, equivalently, the average wage of residents) in each

v,

location:

0 (i) = E l cw(gi)gv i, s)] — < /S w ()’ C (i, 5)~ ds)é @)
and where the price index is:
P(i) 7= /ST (5,1) 77 A(s)” T w(s) 7 ds. (3)
Note that the gravity equation with commuting implies the value of trade from 7 to s is:
X (,8)=T(@,8) "w@) "A@G) " P(s)” " w(s)L(s). (4)

In equilibrium, the total income earned in a location (which is equal to the product of

the wage in the location and the number of workers working in that location) is equal to the
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sales of the good produced in that location:

w (i) L (i) :/SX(Z',S) ds:/ST(i,s)l_Uw(i)l_UA(i)U_lP(s)o_lw(s)L(s) ds <=
w (i)’ L(i) A (i) = /S T (i, 5) " P (s)7 " 10 () L (s) ds <>
w ()" L (1) A®) 7 = /5 T (i,8) "W () 7u(s)” " (s)" L(s)ds <

w (i) L(i)A®)' 7 =Wwie / T (i,8) " u(s)” " w(s)” L(s)ds, (5)
S
where the last line used welfare equalization.
Also in equilibrium, the total income spent in a region is equal to the amount purchased

from all locations

@ (i) L (i) :/SX(S,Z') d5:/ST(s,i)l_”w(s)l_"A(s)”_lP(i)“_lw(i)L(i) ds
P(i)la:/ST(s,i)lgw(s)lUA(S)U1 ds <~

w (i)l_g U (2’)1_‘7 = Wie / T (s, i)l_a w (s)l_” A (s)(’_1 ds (6)
s

where the last line used welfare equalization. Note that the integral on the right hand side
is equal to P (i)lfg, so that equation (6) is equivalent to welfare equalization.

For a given trade cost function 7', commuting cost function C|, elasticity of substitution
o, shape parameter governing the idiosyncratic commuting costs @, productivities A and
amenities u, equilibrium is defined by functions L (determining the distribution of where
people reside), L (determining the distribution of where people work), w (determining the
wages earned when producing in each location), and w (determining the average wage earned
by a person living in each location) such that equations (1), (2), (5) and (6) hold.

Suppose we observe T', C', o, 6, w, and L; can we infer what the distribution of amenities
and productivities are? The answer is yes: given w, L, C', and 6, L can be determined from
equation (1). Similarly, given w, C, and 6, @ can be determined from equation (2). Then

note that equations (5) and (6) can be re-written as:

1

A) = <Vv1ff /S T(i,s)"° %u (s)“—lds>l_” (7)
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1

(i) = (Wl“’ /S T (s,i)' ™" (Z((j)))l_aA(s)”_lds>w. 8)

Equations (7) and (8) can be solved jointly to determine the distribution of amenities and

productivities.

Figure 1 below presents the estimated composite productivities and amenities when the
commuting costs are assumed to be ten times larger than the trade costs estimated in the
paper, i.e for alli,j € S, C (i,5) = 10 x (T (i,7) — 1)+ 1. While the estimated productivities
are very similar to those estimated in the paper (see the top panel of Figure 13), the estimated
topography of amenities with commuting are substantially smoother across space, reflecting

workers abilities to work in nearby locations with higher observed wages.

2 Geographic trade costs and the triangle inequality

In this section we show that geographic trade costs satisfy the triangle inequality if and only
if the function f such that 7' (i,7) = f (¢t (4,7)), where t (i, j) is defined in equation (17) in
the paper, is log-concave.

The triangle inequality is said to be satisfied if and only if for all 7, j, k € S:
T (i k) <T(i,4)7T (4, k) (9)
Since t (4, 7) is defined as the least cost route from ¢ to j, for all 4, j, k € S we have:
t(i, k) <t(i,j)+t(j, k), (10)

with the inequality strict when j is on the least cost route from ¢ to k. Consider any function
f (t) that is monotonically increasing such that f (0) = 1. What conditions do we requite on

f such that the triangle inequality holds?

Proposition 1 The triangle inequality holds for monotonically increasing f such that f (0) =
L if and only if f is log subadditive, i.e. Inf(z+y) < Inf(x)+ Inf(y) for all z,y €

[0, %] ;2where D is the maximum distance between any two points in S.

Proof. We first prove that if f is log subadditive, then it satisfies the triangle inequality.
Suppose [ is log subadditive. Then for all i, j, k € S we have:

Inf(t(i,j)+t( k) <Inf(t@5)+InfEQ k).
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Because f is monotonically increasing, so too is In f. Then from equation (10) we have:

In f(t(i k) <Inf(t(ij)+t(5k)

Combining the two equations yields:
Inf (@i k) <Inf(t(ig)+Inf(k) < Tk <T@5)T 3Gk,

i.e. the triangle equality is satisfied.
We now prove that if f satisfies the triangle inequality, then it is log subadditive. Suppose
f satisfies the triangle inequality. Then for all i, j, k € S we have:

T(i,k) < T (0,)T (k) <= Inf (£(6,k) < I f (¢(i ) +In f (£ (G, k).

Note that for any x,y € [O, %}, we can find and ¢,k € S such that t (i, k) =z +y < D. We
can then find a j € S such that ¢ (i,j) = x and ¢ (j,k) = y and by simply moving from i

along the least cost route for x units. We then have for all z,y € R.:

Infz+y) <lnf(z)+Inf(y),

i.e. f is log subadditive. m

3 Efficiency of the competitive equilibrium

In this section, we derive the equilibrium conditions for the social planners problem and show
that the competitive equilibrium presented in the paper is efficient if and only if a4+ 8 = 0.
Consider the following social planner’s problem. The social planner chooses trade flows

and the population in each location to maximize total utility:
. N
max 1) L (2)" di,
a(si), L(S)/Q< ) L)

where

o

Q= ([ats= as) " a,

subject to the following constraints:
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1. First, the total population is equal to L:
/L(z’) di <L (11)

2. Second, the production in each location is constrained by the total effective units of

labor in that location:
/q (i,5) T (i, s)ds < A (i) L (5)"+ (12)

3. Third, the per capita welfare is constrained to be equal to W in every location:

( / q(s,0)7 1" ds) U/(Ul)u(z) > WL (@)’ (13)
The social planner’s Lagrangian can be written as:
L= f(fq(s,z’)%‘lds)“ila(i)L(i)ﬂdi—A(fL(z)dz'—i)
— [ G) L) (WL (@)~ (fals,0)' " ds) Y (i)ﬁ) di
— [ () ([ q(i,s)T (i,8)ds — A(i) L(i)**) di

Notice that with this formulation all the Lagrange multiplies are non-negative. The

problem yields the following first order conditions:

1. The FOC with respect to L (i) yields:

o

oL@ ([ a0 ds) T 001 n @ AG L@ =315 OWLEH) T =
and using the fact that in equilibrium, the constraint 13, binds we have
BW + (14 ) p (i) A() L (D) = A+ (1= )y (i) WL (i)™ (14)

2. The FOC with respect to ¢ (7, s) yields:

(L@f+7@»(/QQ@Wﬂmﬂ);w@£Y

Q=
l
—~
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S~—
I
=
—~
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and of course the two constraints 13 and 12.
Combining the two first order conditions and using the definition of @ (s) gives us the

consumption of each worker in location :

) =@ aer™ (L)) vy (L6 @) LaT . o)

where I'y (i) = ()\ +(1=B)y@OWL@GE) " =BLGE " Q (z)) - Substituting equation (16)

into the production constraint (12) yields our first equilibrium condition:

(e

L)' 0T, (i) = Wi / T(i,5) 7 A a(s) ™ L) (14 () L)) s
(17)

A_ g
where T’y (i) = <(%) (‘ﬁgﬁ +~(i) L (@)_B>> and we used the constraint (13) per capita
welfare is equalized everywhere (so that Q (i) L (i)”~' = W) and the definition of p (i, ).

Substituting equation (16) into the definition of @ (s) yields our second equilibrium con-

dition:

<1 +7(s)L (3)_B>1_0L (s)P0 ) = WlU/T (i,8) 7 A a(s) L)V, (i) 7 di
(18)

We further need to derive one more equation to characterize the ratio of /W

To proceed multiply both sides of equation 15 by (s)" 7 (L () 4+~ (s)) Q(s), we
get

[

[ (L6 +96) QWIT (o) 7 di = 1() Q) (L () +7(5)

Integrate the above equation and equation (12), by changing the order of integrals it is
easy to show that [u(s)Q(s) (L ()" 4+~ (s)) ds = [ (i) A (i) L (i) di.
Multiply both sides of equation 14 by L(7), and implement integration, we get
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AL = /BL <>dz+/< 1)~ () Q)a <>dz+/<1+a>u<i>A<é>L<z’>a+ldz’
— (1 +atB) L) 7)) Q)i+ (a+B) /7 i) di
where [L (i)’ (i) Q(i)di = W = LW. Hence:

: N1—8 ;-
A:(1+a+5>v‘v+(a+5)v‘vh(“ﬂ<” @ (19)

which immediately implies A = W if and only if a + 8 = 0. Indeed, because 7 (i) > 0, if
a+ (> 0 then —13-\/— > 1 and vice versa.

Thus, the solution of the social planner’s problem, constituting of functions for v (7),
L (i), and variables \,JW such that (17), (18), the aggregate labor constraint (11) and labor

market clearing constraint (19) hold. This allows to to prove the following proposition:

Proposition 2 The distribution of the population in the competitive equilibrium is a solution

to the social planner problem (i.e. is efficient) if and only if « + 5 = 0.

Proof. Prior to beginning the proof, it is helpful to re-write the equations characterizing

the social planner problem:

as well as the equations characterizing the competitive equilibrium solution:

L) Dy (i) = Wi /S T (i,s) 7 A a(s) 7 L (s) P w (s)7 ds

w ()7L (1)) =W /S T (s,i) 7 A(s) " a (i) w (s) 7 L (s)*“ D ds

For the first “if” part, it is straightforward to show that o + f = 0 implies that SP
is the same as CE When a + B = 0, from above we know that A = W, which im-
plies that (1=2) ( —3 —1—7( VL (i )_6> — 1+ v(s)L(s)””. In this case, the social plan-

l—a
ner problem equations are identical to the competitive equilibrium equations when w (i) =
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C (1 +(s)L(s)” ), where C' is some scalar. As a result, any distribution of population
satisfying the competitive equilibrium will also satisfy the social planner conditions.

We prove the second “only if” part of the proof by contradiction. Suppose that a+ 3 # 0
but the competitive equilibrium distribution of labor satisfies the social planner conditions.

Note that we can write the first social planner equation as:

W (i) = W' / T(i,s) 7A@ a(s) " L(s) PV k()7 L)V ()7 ds

%—B . -8
ﬁ"r'Y('L)L(Z)

1+7(s)L(s) P . Because this equa-

where w (i) = (1 +7(S)L(s)_5> and k(1) = (%)
tion is a (linear) eigenequation, we know from the generalized Jentzsch theorem that there
exists a unique w that solves the equation for any given & (i) and labor distribution L ().

Similarly, we can write the first competitive equilibrium condition as:
w (7:)0 _ Wl—a/T (Z, S)l—a A (i)a—l i (S>0'—1 L (S)H-ﬁ(o—l) L (i)a(a_l)_l w (8)0 dS,

which again is a linear eigenequation, so there exists a unique w that satisfies each equation
given a labor distribution L (i). Since the distribution of population (by assumption) is the
same in both eigenequations, this immediately implies that @ (i) = ¢w (i) if and only if

k(1) = 1, where ¢ is an arbitrary scalar. Note that « (i) = 1 in turn if and only if:

11—« - B
(£2) () - =2
51/}3—5 — = (1476 L(9)7) =
A1
Z+6:w(z)

Hence, the wages coincide if and only if the wages are constant across all locations (which is
generically not the case when trade costs are positive). A similar argument also shows that
w (1) Kk (i) # ¢w (7). To complete the proof, we finally show that if @ # w, then it cannot
be the case that the competitive equilibrium distribution of the population coincides with

the social planner’s problem. Note that if distribution of population is the same in both the
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social planner problem and the competitive equilibrium problem, it has to be the case that
the following equation (derived by equating the second equiliibrum equations for the social

planner and the competitive equilibrium) holds for all i:

(R o= (R

Since % #* Z((‘Z)), the equation cannot hold. Hence we have a contradiction. m

4 Characterizing the spatial equilibrium using Fourier

series

In this section, we show how the population function in the model without spillovers can be
approximated with the help of a Fourier series when the geography of the world is a circle,
there exist two symmetric borders, and the trade cost function is the exponential functon.

We formulate the original problem with the eigenequation

\y(z) = /T(x,a:’)y (2') da’ (20)

where A is the eigenvalue of the system. We will largely follow Fabinger (2011) and adapt
the methods suggested there to provide an approximation for our model. Notice that the
resulting solution is only an approximation because there is a nonlinear relationship be-
tween parameters (such as trade costs) and the population distribution and, in addition, the
eigenvalue of the system changes as we change the parameters of the problem.

Step 0: Perturbation

Consider a small perturbation of the trade costs so that the Kernel becomes T'(z, z") —

T(xz,2") + kt (x,2’) so that equation (20) becomes
Mia) = [ (T(a') + vt 0. y () d 21)
We consider the perturbations A = A\g + kA1 + O(k?)

y(x) = yo(w) + kan (@) + O(x7) (22)

Substituting back in equation (21), completing the derivations, setting second order terms
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to zero and dividing by x we obtain

Myo(z) + Aoya(x) = /T(x,:c’)yl(x’)dx’—|—/t(x,x’)yo(:c’)da:/

We solve for the first order approximation of y(z). Notice that y;(x) can be written as

the following operator
yi(x) = (Gy) (x) + (Byo) () (23)
t A

where G = /\10 , B =5 —%G. It is easy to verify that if y;(2) is a solution, y1(x) +ayo(z)
is also a solution and thus, we focus in the space that is orthogonal to 1. This combined
with the knowledge that 1 is the largest eigenvalue of operator G that corresponds to yq since
1Yo = Gyo, so that all the other eigenvalues are strictly lower than one implies lim G"y; = 0,

and we can iterate y; in the above equation,

Y1 = Z G Byo.
m=0

The corresponding Fourier coefficient are y1, = > ~_ (G™Byo)n.

Step 1: Specifying space and trade costs

We study the example of the circle with domain (—m, 7) with country A in (—7/2,7/2)
and country B in (—m,—Z) U (%, ), the kernel is 7(0,0") = e(1=9)74=) between place
0 and 0" where d(0,0') = min(|0 — ¢'|,2m — |6 — €'|). We consider a perturbation of the
trade costs in the border of the two countries, so that after the perturbation the kernel
is (T(0,0") + kt(6,0") = T(0,0") — xb(0,0)T(0,0), ie. t(0,0) = b(0,0)T(0,0") where
b(0,0") = 14(0)1p(0") + 14(6')15(0), and 14,15 are country indicator functions so that
b(0,0') is 1 if 0 and @' are in different countries.

Step 2: Consider the solution for a constant y

First, notice that yop = 1 is a solution to 20. Replacing the solution the corresponding

eigenvalue must be

/\0:/ T(x,x")dx'

—T

_ / 6(1—0’)7’ min(|9—9'|,27r—|9—9’\)d01

+6
_ / 6(1—0)7min(\t|,27r—|t|)dt,
—m+60
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where the last equation used a change of variables setting ¢ = 8’ — 6. This function is periodic
in the interval [—27, 27| with the period being 27, so that we can evaluate it at any 6 and
thus we do so at § = 0 where min(|t], 27 — |t|) = |t|. We finally have

2(6(1—0')T7r _ 1)

R e (24)

Step 3: Specifying a Fourier series expansion for
We focus on solutions that y, is constant and we restrict y; to be orthogonal to y,. We
will compute an expansion of y; (z) with the help of Fourier expansion (that can be computed

for any square integrable function in the circle) written as

= _Z Yrne™ (25)

n=—oo

where ¢ = v/—1 is the imaginary unity and the Fourier coefficients are given by

1 [" ~
Yin =5 /7r y1 (z) e " dx.

Step 4: Computing Fourier series coefficients of

We now compute the Fourier coefficients of y;.

i) For n = 0 : From step 2 we have yy = 1 and we restrict y; to be orthogonal to v, the
first Fourier coefficient for n =0, y10 =0

ii) For n # 0 : The operator G(6,6') could be represented by G(0 — ). We can make use
of the convolution theorem and (G * F'),, = 27G,, F,,, we thus have

00 [es) " \ 00
D= DG, (B = S (27G,) () — 1 D (27G,)" o),
m=0 m=0 m=0

Notice however that the Fourier coefficients of yy for n # 0 are all 0 by assumption (since it

considered to be a constant). Thus,

= = 1 t
Yin = mz::()(%G (Byo)n mE::O (27Gy) yo) m(% Yo)n, (26)
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and we do not need to consider \;. In addition, by the definition of ¢,
t
()\—yo)n = —(bGYo)n,
0

so that

Yin = (bGyO)n

1-27G,,
We can now focus on computing 1) 27G,, and 2) (bGyo)s,.

For the first term, we substitute for the operator for G and compute the Fourier coefficient

21 " —inf
27TGn = % - G(Q)e do
L T(0)e~™dp
Ao J_n
_ 1 " ((I—J)T—in)edg ‘ ((c=1)T—in)0

In the appendix, we show that completing the integration and using the value for \ obtained

in (24) we finally have

(1 — o) r?[(=1) e~ — 1

216Gy, = [(1— 0)272 + n2] (el — 1)

(28)

For the second term, notice

(bGyo) (6) = / b(6,0)G (0, 6')yo(6')

- / 14(0)15(0)G(0,0')do’ + / 14(0)15(0)G(0,0')dd’

Using Fourier series expansion of the last two terms, also provided in the appendix we finally
obtain
0 nodd

4 n (oo 1 ’
—-S5(=1)z2> >, T 27Gomi1  neven

(bGyo)n = (29)

Step 5: Combining the terms

We now combine all the terms of the epxansion. Notice that for even and nonzero n,
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using (28) we have

1 (1 —=o)pr?4n?
1-27G, n2 )

(30)

Additionally, using (28) we can compute (bGyp), for n even using

A1 = o) el + 1)2 & [(1—0)%7%+n% "

—(0Gyo)n = — 72 (e(=0)rm 7;) 2m+1)2 — n?][(1 — 0)?72 + (2m + 1)?]
A =0T ] (1) & 1 B 1
(1 0)?r2 4 n2)(elm)mT — Z { [(2m+1)2=n?]  [(1-0)°72+ (2m + 1)?] }
A1 = o) e U>T”+ 1 B 1
= PR Z { o @mi )y [@m+ 12— (}%1)

m=

Combining these two equations y; , = 0 when n is odd or zero and
o0

A1 = o)l 1] ez 1 B 1
Yin = m2n2(e(l-o)mm — 1) (=1) Z { (1—0)?2+(2m+ 1)  [2m+1)? —n?] } '

m=0

and based on the mathematical identity 1.421-1 found in Jeffrey and Zwillinger (2007):

whereby letting £k = m + 1, x = 2k, and using the fact that tannk =0 for k = 1,2, ...,

4(1 — )72 [e(t=o)Tm 4 1] - 1
m2n2(e(l-o)mm — 1) (=1) Z [(1—0)2T2+ (2m +1)?]

Yin =
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Finally, using these coefficients in (25)

@) = > yae™

n=—oo

D
2ikx —2ikx
= ) yra(e¥ 4 e
k=1

= 22y12kcos(2kx)
k=1
2 2((1 = o)1) (e > 1
- S e Y jcos(2ka)
—~ k2m?(eam — — (1—0)7)"+ (2m+1)
(1—0)r & (=DF
= 2k 32
o 2 5 cos(2kx) (32)

and the last equality by using identity 1.421-2 from Jeffrey and Zwillinger (2007)

Ar 1
tanhﬂ—x:—m

2 w2k 1) a2

Letting again k = m + 1, z = (1 — o) 7 and noting that by definition, tanhy = zzliiz
4(1-0)T 1 T B o L |
Z 2 2 — tanh = Txl-o)r -0)r  n(l—o)
™ :1(2m+1) +((1—U)T) 2 e 2 —e T 2 ertt=o)m 41

Although the form for y; () given in equation 32 looks quite complex, the first six Fourier
coefficients y; o1 are 47.1239 -11.7810 5.2360 -2.9452 1.8850 -1.3090, so that it is rather safe to
say that the first component dominates, i.e ; will be related to the cos (2x) function, similarly
to what happens in the line example of our paper. Taken together, our approximation of
the population function using y (x) ~ yo () + ky; (x) is the sum of a constant function and
a function that is roughly approximated by the cos (2x) function.

Additionally, note that the expression for y;(z) can be further simplified with one more
transformation, using identity 1.443-4 from Jeffrey and Zwillinger (2007)

0 2 2

klcoslm s x
; & ST 1 for [-m < x <7,
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and setting z = 2z or x = —2z and substituting out in equation 32 we finally obtain
-1 2
yi(z) = % (% - x2> for [-7/2 < x < 7m/2],
or | )
y1(7) = (o ;ﬁ )7 (% —|—x2) for [x < —% and § < 1]

5 Multiple sectors

In this section, we extend the model in the paper to a world in which there are two sectors.
We first prove that an equilibrium (without spillovers) exists and is unique when there are
two sectors. We then examine how trade costs affect the distribution of economic activity

on the line.

5.1 Existence and Uniqueness

Consider two sectors [ = 1,2 in the setup of the main paper. The price index of the consumer
is a Cobb-Douglas aggregate of the price indices of each sector, with weights equal to the
consumption shares, P (i) = (P (1)) (P2 (7)) where v; + 72 = 1 and

P (i) = /S Ty (5,07 A () w (s)" ds.

The CES assumption implies that the welfare of living in a particular location can be written

as an indirect function of the real wage and the amenity value:

W) = “’“)2. w (i), (33)

where welfare is said to be equalized if for all i € S there exists a W > 0 such that W (i) < W,
with the equality strict if L (i) > 0. That is, welfare is equalized if the welfare of living in
every inhabited location is the same and the welfare of living in every uninhabited location
is no greater than the welfare of the inhabited locations. In addition, markets are said to
clear if for all © € S:

w (i) L (i) = zl:/sxl (i, s) ds. (34)
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Given a regular geography with parameters o, o, and (3, we define a spatial equilibrium
as a distribution of economic activity such that (i) trade is balanced; (ii) welfare is equalized;

and (iii) the aggregate labor market clears:

/S (L1 (5) + Lo (s)) ds — / L(s)ds—L. (35)

s
We now discuss sufficient conditions for the existence and uniqueness of regular spatial
equilibria in our equilibrium system, i.e. equilibria where L (i) > 0 and W (i) = W for all 7.
We start by using the market clearing equation 35. Substituting out for trade flows and the

indirect utility function (33), we can write the balanced trade condition (34) for all i € S as:

, 1—o
L) :Xl:%/s (%) w (i) w (s) L (s) ds (36)
where notice that the price index is a function of wages alone.

It is straightforward to notice that from the two equilibrium conditions, equation 33 only
involves wages whereas 36 involves wages and labor. Now, notice that the latter one, given
wages, forms an equilibrium system with a positive kernel that is linear on L (i) so that
following the arguments in Allen and Arkolakis (2013) given wages there exists a unique
function L (7) that satisfies it. Thus, it suffices to prove that welfare equalization, given 33
is satisfied by a unique function w (7). We provide the proof of the following result below

which completes the argument.!

Proposition 3 Consider the system of equations formed by 33 and W (i) = W for all i.

There exists a unique function w (i) and a unique W that satisfies this system.

Proof: Consider the welfare equalization equation 33 and substitute the definition of

the price index and consider welfare equalization W (i) = W, so that

2

w(i) =W ] ( /S Ty (5, 1)" 7 u(i)” Ay (5)7 1w (5)° ds) K

=1

It can be represented with the following simpler form

Af(i) = (Kvf ()™ (K2f (i)™ (37)

"'We thank Xiangliang Li for suggesting the main outline of this proof.
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where A = W77l f(i) = w(i)'"7, K, f(i) = [ K(s,i)f(s)ds (I = 1,2) in which K;(s,i) =
Ty (s,3) 7 w(i)” YA, (s)° " f(s). Our task is to solve equation 37. In the following, we will
successively prove the solution existence, uniqueness. The results are similar to the linear
integral equation case.

Before we get into the details, we introduce two operators, T" and T™ where

Tf(i) = (Ko f(@)" (Kaf (i)™,

and
(K1f(@)™ (Kaf (i)™
(K f (@)™ (Kaf (1) di-

The proof proceeds in three steps. We first illustrate the existence of a solution for the

T f(i) = f

operator T, then argue that this solution implies existence for the operator T, and finally
prove uniqueness for the operator 7.

Step 1: Existence of a solution for the operator 7™ In this section, we employ the
Shauder’s Fixed Point Theorem (see, e.g. Agarwal, Meehan, and O'Regan (2001), p.38) to
prove the existence of a solution for 7™, i.e T* f = f has a solution. First, we introduce the
space of functions C= {f € C': f >0, fis bounded, fis continuous, [ f(i)di = 1}, where
we solve the system and show that is closed, and convex; One may think that we could avoid
considering the function to be continuous and bounded as there may be discountinous or
unbounded solutions. However, in the proof, this is not possible under the current model
setting and thus we restrict attention to such functions. Second, we show that T« a) maps C
to C, b) continuous, and ¢) compact. After proving those, we can use Schauder Fixed Point
Theorem - which requires a continuous compact operator that maps a space closed convex
space C' into itself - to prove existence of a fixed point.

a) T* maps C to C.

Let C' be the space of functions that are nonnegative, continuous, bounded and [ f(i)di =
1. Define the norm ||f|| = max|f(¢)]. It is straightforward that C' is closed (by Lebesgue’s

Dominated Convergence Theorelm) and convex.

From the assumption of the model, it is easy to show that Kj(s,i) and Ks(s,i) are
positive and bounded, say 0 < N < K(s,1), Ka(s,i) < M. Then N < K, f(i), Kof (i) < M,
so T* f is positive and bounded. Furthermore, 7% f is also continuous. At first, it is easy
to show that K f is continuous. In closed set S, K(s,i) is uniformly continuous, i.e there

exists 0 so that ||a — b||] < § means |K(s,a) — K(s,b)] < € for any s € S and € > 0.
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Thus |Kif(a) — Kif(b)| = | [(Ki(s,a) — Ki(s,b))f(s)ds| < €, Kif is continuous. It is
the same with Kyf. As a result, T*f = (K1 f(:))" (K2f(i))™ /P is also continuous, where
P = [(Kif(i))" (Kof (i)™ di (for a specific f, P is constant). The above derivation does
not use the condition that f is continuous or bounded, which also means the restriction in
last section that we only search the solution in continuous and bounded function space C' is
reasonable.

b) T*is continuous

To prove T'xis continuous, it is equivalent to show that for any given f, € C and arbitrary
e > 0, there exists § such that for any f, satisfying ||fo — fol| <9, ||T*fa — T* fo|| <€ .

Then, |K;f.(i) — K1 fp(i)] < 0M % mes(S). Repeatedly using this inequality combined
with some basic algebral transformation, one can make |T*f,(i) — T* f,,(i)| < € by changing
the value of 4.

c) T*is compact

By definition, to show T'x is compact, we only need to confirm 7%(C') is compact. To
prove this, we employ Ascoli-Arzela Theorem (see e.g. Aliprantis and Burkinshaw (1998),
p.75). Thus, we need to show T * (C') is closed, bounded, and equicontinuous.

First, it is bounded. From the above, N x mes(S) < P < M *x mes(S), so T*f(i) <
M/P < M * (N xmes(S))"!. For any given f € C, ||[T*f|| < M * (N % mes(S))™!, which
means 7*(C) is bounded.

Second, it is equicontinuous.

T f(a) =T"f ()] = |(Kif(a)™ (K2f(a))™ — (Kif(0))™ (K2f(0))™|/P

< MM (Kaf(a)™ — (Ko f ()™ |+ M| (K1 f(a)™ — (K1 f ()" ] /P
= [Mya(mg)2 Ky f(a) = Ko f (0)] + M2y, (my) YK f(a) — Kaf(b)]] /P
< ex@G

where G = [y M7 N"272 4+ v M2 N"72] /mes(S) is constant unrelated with f, and m,
is some value between K f(a) and Kjf(b)(the result of using the mean value theorem),
mesimilarly . Thus, the function set 7%(C') is equicontinuous.

Third, as C' is closed and T is continuous , so T * (C') must be closed.

Having proved a)-c) for T we can thus apply the Schauder Fixed Point Theorem. Thus,
there is a fixed point fy satistying T'x f = f.

Step 2: Existence for the operator T Step 1, also means that fj is also the solution
of Tf = A\f and the corresponding X is A\g = [ (K7 fo(i))™ (K2fo(7))™ di. Having proven the
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existence for T we can now turn to show that the solution fj is the unique one.

Step 3: Uniqueness for the operator T

In this section, we show the uniqueness of the solution for the operator T'. First, \g is the
only eigenvalue with positive eigenfunction. Suppose there is another A;and corresponding
eigenvector fisatisfying T'f; = A\;fi. Considering lim ||T™ fo|[*/™ = lim [|AZ fo||*/™ = Ao, simi-

\1/ "™ = )\;. From the above section, fpand f; are positive continuous

larly we have lim ||T™ fi |
function. As S is compact, both fy and fimust have positive lower and upper bounds. Thus
there must be pp > 0 so that f1(2) > pofo(?) for every i € S. Then, T" f1(i) > poT™ fo(i), fur-
thermore lim | |77 f1|[*/™ > lim || T f||/™. Similarly, we have lim || f;||*/™ < lim ||T™ fo||*/™.
The above means that A\g = ;.

Second, fy is the unique positive eigenvector(up to scale) corresponding Ag. Suppose
not, fo is another positive eigenvector. Set a proper value ofy (it can be found) so that

fo(s) — pufa(s) >0 for all s € S, and there is somei € S fo(i) — pufa(i) = 0.

Ao(fo(i) — pfa(7)) T fo(i) — pT fo(i)

= ([Ki(fo— pufo+ pf2)](0)" ([Ko(fo — pufa + pf2)](3)™
— (Kypfa(i)" (Kapfa(i))™

As fo # fo, for a nonzero measure fo—pufo > 0, thus it can be shown that K (fo—puf2)(i) >

0, [K1(fo — pfo + pf2)](i) > Kipfo(i), similarly [Ko(fo — pufo + pf2)|(é) > Kaopfa(i). In all,
Mo(fo(i) — pfa(i)) > 0 which contradicts fo(i) — pufe(i) = 0. QED.

5.2 Distribution of economic activity on the line with two sectors

In this subsection, we calculate the equilibrium distribution of economic activity on the line
with two sectors. As far as we are aware, there is no analytical characterization of the
solution, so we rely on computational methods.

Suppose that our space is a finite interval, i.e. S = [—1,1] and trade costs for each
sector are constant across the line, so that T (i,s) = exp (7;]i — s|) for sectors j € {1,2}.
Suppose too that there are no spillovers, and let the distribution of exogenous amenities and
productivities be uniform. Finally, set 0 = 4 and v, = 7, = % Then we can solve for the
equilibrium distribution of wages and population using equations (33) and (36) above.

We are interested in how changes in the level of trade costs affect the concentration of



THE TOPOGRAPHY OF THE SPATIAL ECcoNOMY 21

economic activity. The top panel of Figure 2 shows that increasing trade costs in either or
both sector leads to increased concentration of the population near the center of the line
when trade costs in both sectors are positive. In contrast, the bottom panel of Figure 2
shows that when trade in the second sector is costless, increasing trade costs in the first
sector actually reduces economic concentration. Intuitively, there are two effects: on the
one hand, as the trade costs in either sector increase, the sector’s price index will become
more unequal between the center of the line and its edges, which will provide a force for
concentration. On the other hand, as the trade costs in the first sector increase relative to
the second sector, a greater fraction of workers will be employed in the second sector, where
the price index is relatively equal across space, providing a force of dispersion. If the trade

costs in the second sector are sufficiently low, the latter effect will dominate the former.
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Figures

Figure 1: Estimated composite amenities and productivities allowing for commuting when
commuting costs are ten times larger than the trade costs

',;r

gy

Composite productivities

Composite amenities
Notes: This figure shows the spatial distribution of estimated composite productivities A
and amenities u when we allow workers to commute. The commuting costs are assumed
to be ten times larger (in ad valorem terms) than the trade costs. The color of the county
indicates the decile of the productivity /amenity distribution: red indicates higher deciles,
blue indicates lower deciles.
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Figure 2: Two sectors and the effect of trade

Two sectors; positive trade costs in each sector
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Notes: This figure shows the equilibrium distribution of economic activity on the line when
there are two sectors. In the top figure, the second sector is assumed to have positive
trade costs. In this case, increasing the trade costs in either sector is associated with greater
economic concentration. In the bottom figure, the second sector is assumed to have zero trade
costs. In this case, increasing trade costs in the first sector reduces economic concentration.
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Appendix

In this Appendix we provide the details of the derivations of expressions 28 and 29 in the
main text.

For the first one, notice that we have

/'ﬂ‘ 6((170)T7in)0d0 _ 6(170')77r67in7r _ 1 _ 6(170-)T7TCOS<TL7T? -1 _ (_1)n€(170')7'7r ._ 1
0 (1—0)r —in (1 —0)T —in (1—0)T —in

Similarly,

0 l—o)rm jinm l—o)rm l—0o)rm n
(o= Dr=imt g _ 1—ell=mmeinm ] — (=) eo5(nm) 1 — el (1)

/7T (c—Dr—in  (6c—-D7—in (0 —1)T—1n

Below we denote (1 — )7 —in by ¢, then (0 — 1)7 —in = —((1 — 0)7 + in) = —¢ where
¢ stands for the complex conjugate of ¢ it can be. The conjugate pairs have the following
properties c+¢ = 2Re(c) = 2(1 —0)7, c¢ = Re(c)? + Img(c)? = (1 —0)?7% +n?, where Re(c)
stands for the real part of a complex conjugate and I'mg(c) for the imaginary part. Adding

the two terms we obtain

(—Drelt=alm —1 1 —elt=dm(—n (=)l — 11— (=1)nellmo)m
(1—-0)r —in (c — D1 —in c a ¢
(-1t — g — 4 ¢(—1)netmo)m
N cc

2(1 — o)r[(—1)ret=o)m™ 1]
(1—0)%72 +n? '

Substituting)o from equation 24 and the expression for the two terms in equation to (27)
using the above derivations, we finally obtain equation (28) in the main text.

Now we want to compute

(bGyo) (6) = / b(6,0)G (6, 6')yo(6') O

= / 14(0)15(0)G(0,0))d0 + / 14(0')15(0)G(0,6')d6 .
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For the first term

/ LAO)15(0)G0.0)d0 = 14(6) / L (0)G(0, 0') 0!
= 14(0)(G % 15)(0)

o0

= ( Z ]-A,n—mei(n_mw)( i 27TGmlB,m6im0)

(n—m)=—o00 m=—00

o0

— Z ( f: 1A,n_mljg;’mzﬁ(;m)eme7

n=—oo0 Mm=—0o0

with
(1
5 n = 0
lan=140 nis even and nonzero
"z
" n odd,
and )
% n=>0
1gn =140 nis even and nonzero
("
— nodd,
\

(39)

are the Fourier coefficients of the indicator function and where third equality is simply the

Fourier series expansion of the indicator functions, and the fourth equation cross-multiplies

all the terms. Combining the results for the two integrals, we obtain the Fourier coefficients

for all n :

(bGyO)n = Z 27TGm<1A,n—mlB,m + 1B,n—m1A,m)7

m=—00

and using expressions 38 and 39 we finally obtain

nodd
(bGyo)n = PR X
7wGodon — p(—l)f Zm:() mQﬂ'sz_H neven

where for our example Gy which finally implies equation 29.
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