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1 Proof for expected time to reach a certain size

We assume that s0 = 0 and consider the time that it takes to reach sb > 0. We want to compute the
probability the �rst hitting time of an idea, conditional on that idea not being hit by an exogenous
death shock. Essentially, we want to compute P (T (s = sb) > tjNot Death) where T (s = sb) is the
�rst time that s = sb. To do that we simply have to computeZ t

0

P (T (sb) = ajNot Death by a) da =Z t

0

P (T (sb) = a) Pr (Not Death by a) da =Z t

0

P (T (sb) = a) e
��ada ,

since the probability that an idea is not dead by time a is e��a. It is well known that (see for
example Harrison 1985, p. 14):
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Using change of variables we have that
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which implies that
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which �nally gives the probability we are looking for is

P (T (s = sb) > tjNot Death) = e
sb�

�2z
�
r

s2
b

�2z

r
(�)2+2��2z

�2z �241� �
0@�

q
(�)

2
+ ��2zt+ sb

�z
p
t

1A+ e2r s2
b

�2z

r
(�)2+2��2z

�2z �

0@�sb �
q
(�)

2
+ 2��2zt

�z
p
t

1A35 .

Notice that if we simply study the case � < 0, � = 0 the probability is given by
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which is the well known hitting time for a brownian motion without the exogenous death (see for
example (Harrison 1985), p. 14).
It is worth pointing out that the derivation above refers to the expected hitting time of a

Brownian motion with a drift which is a continuous time process. When we report the sales
of �rms in the model we look at their sales at discrete points of time, t = 0; 1; 2; ::: a common
approach in this literature (see for example (Klette and Kortum 2004) and (Luttmer 2007)). If we
were reporting the probability that a �rm surpasses a sales level at discrete points of time t = 1; 2; :::
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conditional on its sales at t = 0 the numbers would be very similar, as numerical simulations imply.
In addition, this derivation can be done analytically using the cdf of the probability distribution of
productivities.

2 Additional result for the cohort survival rate

In this section we prove various results for the cohort survival rate
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First, we prove that the survival function is decreasing in a, for � < 0. To show that it su¢ ces to
show that DSij (a) < 0. Notice that the derivative with respect to a of the part of the expression
Sij (a) inside the brackets is given by
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The �rst term is always negative. To show that Sij (a) decreases in a when � < 0 it su¢ ces to

show that the term in the bracket is negative which implies that�
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Given that �2z�2+� > 0; as implied by assumption 2, and �2 > 1, we can make use of property F5.
This property implies that expression (2) is negative if
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which holds for � < 0.
Second, one can show that higher drift implies higher survival probability for a given age, a. In

order to characterize the sign of the derivative the expression Sij (a) with respect to �, I want to
characterize the sign of the following expression:
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Notice that this equation can be decomposed in three terms. The �rst and the third term of these
terms cancel out since completing the square it can be shown that:
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The remaining second term is always positive which implies the result.
Regarding the derivative wrt to �z, this derivative is negative meaning that more variability

implies smaller fraction of �rms surviving for each given time. The proof of this result is provided
upon request.

3 Additional Results for the Cohort Hazard Rates

In order to derive the expression for the cohort hazard rate, �rst compute the derivative of the
survival function Sij (a):

DSij (a) = e
��a�a

�1=2

2�z
'

�
�
p
a

�z

�
+ e��a

�
�2z
2
�22 + ��2

�
exp

�
a

�
�2z
2
�22 + ��2

��
�

�
��+ �2�

2
z

�z

p
a

�
+

��+ �2�
2
z

2�z
a�1=2 exp

�
a

�
�2z
2
�22 + ��2

��
'

�
��+ �2�

2
z

�z

p
a

�
e��a � �Sij (a)

after some manipulation this reduces to
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The cohort hazard rate is given by:
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The limit '(x)
�(�x)x as x!1 is 1 (see F5) so that the numerator in the expression is given by ���2=2.

For � < 0 I have to use De l�Hospital to compute the same limit for the denominator. It is
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4 More derivations regarding proposition 5 of the paper

Here we describe in more detail the derivations of proposition 5 of the paper. First, notice the
de�nitions (for simplicity of notation supress subscript notation for sija): h (s) = es(��1)�es(��1)=~�

, h0 (s) = (� � 1) es(��1) � (��1)
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We present results for � 2 (0; 1)[ (1;+1). Results for � = 0; 1 can be derived by taking limits.
We have that,
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5 An Extension: Multivariate Brownian Motion

In this section I develop a multi-country generalization of the model with universal productivity
advances outlined in the previous section. The extension allows for the productivity of producing
the good in di¤erent markets to be imperfectly correlated. The purpose of this section is to lay
out the theoretical foundations of a generalized framework useful for future research planning to
use this �rm-level panel data information.1 Thus, the objective is to simply facilitate future related
work given that the paper operates at a more shallow level, i.e. moments of this �rm-level data.
The modeling of the �rm�s optimization problem is similar to the one introduced in the paper.

The di¤erence will be the stochastic process for the productivity of the �rm in each country. I will
thus now consider directly the process for the logarithm of the productivity of each idea the process
for the proxy of �rm size,

sa = �si + (gI � gE) a+ �zWa , (4)

to a process that will be potentially di¤erent across di¤erent countries.
De�ne the processW (a)

T
= [W1a; :::;WNa] composed of independent simple Brownian Motions

where the superscript T denotes the transpose of the matrix. Let ~V an N �N covariance matrix
that is symmetric and positive de�nite. Given that ~V is positive de�nite it can be written as
~V = V V T where V = fvjkg is an N �N nonsingular matrix (the reverse statement is also true, see
theorem 23.18 (Simon and Blume 1994)). �sTi = [�si1; :::; �siN ] is a matrix of the logarithm of initial
productivity sizes of the ideas in each destination country and �Ti = [�i1; :::; �iN ].
Consider the process of the logarithms of the productivity of a given idea from i selling to

di¤erent destination markets,
Sia = �si + �ia+ VW

where STia = [si1a; :::; siNa]. This means that

sija = �sij + �ija+ vj1W1a + :::+ vjNWNa for j = 1; :::; N . (5)

Standard results for the normal distribution imply that sij is normally distributed as sija �
N
�
�sij + �ija;

h
(vj1)

2
+ :::+ (vjN )

2
i
a
�
as long as it is considered independent from the other si�s.

1As shown in (Luttmer 2007), and extending the reasoning to multiple countries, the only di¤erence that
this will imply is that the sales of the �rm will be depending on the product of the country speci�c demand
shock to the productivity shock. I denote this product with a single term.
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Using the moment generating function of the distribution (see (Serfozo 1994) p. 345) the joint
distribution at time a is given by a multivariate normal

f (si1a; :::; siNa) =
1r

(2�)
n
��� ~V ��� exp

(
� (Sia ��si � �ia)

T
~V �1

2
(Sia ��si � �ia)

)

where
��� ~V ��� is the determinant, and ~V �1 the inverse of matrix ~V .

Extending the analysis to more general correlation matrices ~V might require respecifying the
model in order to solve for the balanced growth path. To simplify the analysis, and create a direct
generalization of the previous results consider that V is of the form

V =

2664
x �x ::: �x
�x x ::: �x
::: ::: ::: :::
�x �x ::: x

3775 = V T ,
x; �x 2 (�1;+1), which is nonsingular if x 6= �x. Since V is nonsingular for x 6= �x, ~V is positive
de�nite for all x 6= �x. Its diagonal elements are given by x2 + �x2 (N � 1), while the o¤-diagonal
ones are equal to 2x�x+ �x2 (N � 2).
To create a simple correspondence with the previous model I now set

(x)
2
+ (N � 1) (�x)2 = �2z

and �ij = �, �sij = �si, 8i; j. Given the covariance matrix ~V the correlation of sija�s with N � 2 will
be given by

2x�x+ �x2 (N � 2)
(x)

2
+ (N � 1) (�x)2

2 [�1; 1) .

Obsviously for x = �x we are back to the model with perfect correlation of productivity shocks. In
the simple example constructed above the analysis of the previous sections carries out intact for the
more general case when productivities are imperfectly correlated: Given (5) and the assumption
about the covariance matrix the new process will have identical implications to the one studied up
to now for the cross-section and the growth of sales of ideas and �rms in a given destination country.
Thus, the mapping to the dynamic and static version of Chaney (2008) and Arkolakis (2008) is
essentially intact. In addition, the correlation of sales, can be estimated by future researchers using
panel data for the sales of �rms to individual markets, ideally including the domestic economy.
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6 Quantitative Results for the CES Benchmark

In this section I present the quantitative results for the CES benchmark (marked as � = 0) in the
main paper. The results for the CES demand (� !0) are illustrated with black dots while the
results for the calibrated model of the paper with red dots. The pictures that I include are the ones
where the two models give di¤erent predictions (the predictions of the model for �rm entry and
exit are independent of �). In particular the large di¤erences in the initial market shares of new
entrants that the model with � = 0; 1 imply (�gures 1, 2) are explained by the fact that the model
with � = 0 implies counterfactually large size and lower growth rates for new �rms (�gure 4).

Figure 1: Market share of Cohort Survivors and new entrants in US manufacturing Census and
Model. Data: (Dunne, Roberts, and Samuelson 1988)
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Figure 2: Market share of Cohort Survivors and new entrants into individual destinations for
Colombian exporters. Data kindly provided by (Eaton, Eslava, Kugler, and Tybout 2008).

Figure 3: Average sales of Cohort Survivors and all census �rms in US manufacturing Census and
Model. Data: (Dunne, Roberts, and Samuelson 1988), combining table 9 and 10. (Numbers may
contain small aproximation error 1%-2% due to rounding).
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Figure 4: Average sales of �rms that are new compared to starting Cohort Survivors and average
sales of all census �rms in US manufacturing Census and Model. Data: (Dunne, Roberts, and
Samuelson 1988), combining table 9 and 10. (Numbers may contain small aproximation error
1%-2% due to rounding).

7 Appendix: Properties of the Normal

In the various proofs and derivations of the paper and the appendix I am going to use the following
de�nitions and well known facts for the Normal distribution quoted as properties F.

F 1 The simple normal distribution with mean 0 and variance 1 is given by ' (x) = e�x
2
=2p

2�
.

F 2 The cdf of the normal is given by �
�
x��
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�
= 1

�z
p
2�

R x
�1 exp

n
� (~x��)2

2�2z

o
d~x. Using change of

variables � = (~x� �) =�z which implies d� = d~x=�z it is also true that
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�
x� �
�z
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1p
2�

Z x��
�z

�1
e�

(~x)2

2 d~x

F 3 Because of the symmetry of the normal distribution, ' (x) = ' (�x) and � (x) = 1� � (�x).

F 4 The inverse mill�s ratio of the Normal, ' (x) =� (�x), is increasing in x, 8x 2 (�1;+1).

F 5 ' (x) =� (�x) =x is decreasing in x, 8x 2 (0;+1) with limx!1 ' (x) =� (�x) =x = 1. This
implies that ' (x) = (1� � (x)) > x for 8x 2 (�1;+1)

F 6 � (x+ ~c) =� (x), with ~c > 0, is decreasing in x; 8x 2 (�1;+1).

F 7 The error function is de�ned by: erf(x) = 2p
�

R x
0
e�(~x)

2

d~x.
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F 8 �(x) = 1
2

h
1 + erf

�
xp
2

�i
, where �(x) is the cdf of the standard normal cdf

F 9 The error function is odd: erf(�x) = � erf(x). Also limx!+1 erf (x) = 1.

F 10
R
e�~c1x

2+~c2xdx = e(~c2)
2=4(~c1)

p
� erf

�
2~c1x�~c2
2
p
~c1

�
=
�
2
p
~c1
�
, for some constants ~c1; ~c2 > 0
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