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Ghsduwphqw ri Hfrqrplfv

Sulqfhwrq Xqlyhuvlw|

Pdunxv N1 Euxqqhuphlhu}

Ghsduwphqw ri Hfrqrplfv

Sulqfhwrq Xqlyhuvlw|

�uvw yhuvlrq= Rfwrehu 5333

wklv yhuvlrq= Dsulo 5:/ 5334

SUHOLPLQDU\
Frpphqwv duh zhofrph$

Devwudfw

Zh suhvhqw d prgho lq zklfk dq dvvhw exeeoh fdq shuvlvw ghvslwh wkh suhvhqfh

ri udwlrqdo duelwudjhxuv1 Wkh uhvlolhqfh ri wkh exeeoh vwhpv iurp wkh lqdelolw| ri

duelwudjhxuv wr whpsrudulo| frruglqdwh wkhlu vhoolqj vwudwhjlhv1 Wklv v|qfkurql}d0

wlrq sureohp wrjhwkhu zlwk wkh lqglylgxdo lqfhqwlyh wr wlph wkh pdunhw uhvxowv lq

wkh shuvlvwhqfh ri exeeohv ryhu d vxevwdqwldo shulrg ri wlph1 Wkh prgho surylghv

d qdwxudo vhwwlqj lq zklfk sxeolf hyhqwv/ e| hqdeolqj v|qfkurql}dwlrq/ fdq kdyh

d glvsursruwlrqdwh lpsdfw uhodwlyh wr wkhlu lqwulqvlf lqirupdwlrqdo frqwhqw1

Nh|zrugv= Exeeohv/ Fudvkhv/ Whpsrudo Frruglqdwlrq/ V|qfkurql}dwlrq/ Pdunhw

Wlplqj/ cRyhuuhdfwlrq*/ Olplwv ri Duelwudjh/ Ehkdylrudo Ilqdqfh

�Wkdqnv wr Vwhskhq Pruulv/ Mrvì Vfkhlqnpdq dqg vhplqdu sduwlflsdqwv dw wkh Orqgrq Vfkrro ri

Hfrqrplfv/ Vwdqirug Xqlyhuvlw|/ XF Ehunhoh|/ wkh Vwrfnkrop Vfkrro ri Hfrqrplfv/ Kduydug Xqlyhuvlw|/

dqg wkh Zkduwrq Vfkrro iru khosixo frpphqwv1 Wkh dxwkruv dfnqrzohgjh �qdqfldo vxssruw iurp

Qdwlrqdo Vflhqfh Irxqgdwlrq dqg Sulqfhwrq*v FHSV surjudp/ uhvshfwlyho|1
|Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|/ Sulqfhwrq/ QM 3;87704354/ h0pdlo=

gdeuhxCsulqfhwrq1hgx
}Ghsduwphqw ri Hfrqrplfv/ Ehqgkhlp Fhqwhu iru Ilqdqfh/ Sulqfhwrq Xqlyhuvlw|/ Sulqfhwrq/ QM

3;87704354/ h0pdlo= pdunxvCsulqfhwrq1hgx/ kwws=22zzz1sulqfhwrq1hgx2�pdunxv
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4 Lqwurgxfwlrq

Wklv sdshu lqyhvwljdwhv wkh delolw| ri dq dvvhw exeeoh wr vxuylyh lq wkh suhvhqfh ri

udwlrqdo duelwudjh1 Rxu frqfoxvlrqv vxjjhvw wkdw duelwudjh cxowlpdwho|* zrunv/ wkrxjk

lw pljkw eh lqh�hfwxdo ryhu vxevwdqwldo shulrgv1 Lq rxu vhwwlqj/ d exeeoh vxuylyhv hyhq

wkrxjk udwlrqdo djhqwv nqrz wkdw wkh exeeoh pxvw exuvw zlwk suredelolw| rqh lq �qlwh

wlph1

Lpdjlqh d zruog lq zklfk wkhuh duh vrph cehkdylrudo* djhqwv ydulrxvo| vxemhfw wr

dqlpdo vslulwv/ idgv dqg idvklrqv/ ryhufrq�ghqfh dqg uhodwhg sv|fkrorjlfdo eldvhv zklfk

pljkw ohdg wr prphqwxp wudglqj/ wuhqg fkdvlqj dqg wkh olnh1 Wkhuh lv e| qrz d odujh

olwhudwxuh zklfk grfxphqwv dqg prghov vxfk ehkdylru14 Zh gr qrw lqyhvwljdwh zk|

ehkdylrudo eldvhv qhhglqj udwlrqdo fruuhfwlrqv dulvh lq wkh �uvw sodfh> iru wklv zh uho|

rq wkh erg| ri zrun yhu| sduwldoo| grfxphqwhg lq irrwqrwh 41 Wkh fodvvlfdo ylhz lv

wkdw duelwudjh fruuhfwv vxfk plvsulflqj1 Rxu frqfhuq lq wklv sdshu lv wkh h{whqw wr

zklfk vxfk ghsduwxuhv iurp h!flhqw sulflqj fdq shuvlvw ghvslwh wkh suhvhqfh ri udwlrqdo

duelwudjhxuv1 Wkxv rxu prgho surylghv ixuwkhu vxssruw iru d ydulhw| ri ehkdylrudo

�qdqfh prghov ri plvsulflqj/ pdq| ri zklfk gr qrw h{solflwo| lqfrusrudwh rswlpl}lqj

wudghuv1

Vxssrvh udwlrqdo duelwudjhxuv xqghuvwdqg wkdw hyhqwxdoo| wkh pdunhw zloo froodsvh

exw phdqzkloh zrxog olnh wr ulgh wkh exeeoh dv lw frqwlqxhv wr jurz15 Lghdoo|/ wkh|

zrxog olnh wr h{lw wkh pdunhw mxvw sulru wr wkh fudvk1 Krzhyhu/ pdunhw wlplqj lv d

gl!fxow wdvn1 Rxu lqyhvwruv xqghuvwdqg wkdw wkh| zloo/ iru d ydulhw| ri uhdvrqv/ frph

xs zlwk gl�huhqw vroxwlrqv wr wklv rswlpdo wlplqj sureohp1 Wklv glvshuvlrq ri h{lw

vwudwhjlhv dqg wkh frqvhtxhqw odfn ri v|qfkurql}dwlrq duh suhflvho| zkdw shuplw wkh

exeeoh wr wkulyh dqg jurz1 Vhoolqj suhvvxuh rqo| lpsdfwv wkh exeeoh zkhq d vx!flhqw

pdvv ri wudghuv vhoov rxw1 Doo wklv lv frqvlvwhqw zlwk d zruog lq zklfk whpsrudoo|

frruglqdwhg vhoolqj e| surihvvlrqdo lqyhvwruv zrxog ohdg wr dq lpphgldwh froodsvh ri

wkh exeeoh1 Wklv vfhqdulr lv wkh vwduwlqj srlqw iru rxu zrun1

Zh suhvhqw d prgho zklfk irupdol}hv wkh deryh v|qfkurql}dwlrq sureohp dqg |lhogv

d qhz shuvshfwlyh rq wkh h{lvwhqfh/ shuvlvwhqfh/ dqg froodsvh ri exeeohv1 Zh dvvxph

wkdw wkh sulfh vxusdvvhv wkh ixqgdphqwdo ydoxh dw d udqgrp srlqw lq wlph |f1 Wkhuh0

diwhu/ duelwudjhxuv ehfrph vhtxhqwldoo| dzduh wkdw wkh sulfh h{fhhgv wkh ixqgdphqwdo

ydoxh1 Diwhu doo udwlrqdo duelwudjhxuv ehfrph dzduh ri wklv plvsulflqj/ zh frqvlghu

d exeeoh wr kdyh hphujhg1 Vlqfh duelwudjhxuv ehfrph vhtxhqwldoo| dzduh ri wkh plv0

sulflqj/ wkhlu wudglqj vwudwhjlhv duh lqlwldol}hg dw gl�huhqw udqgrp wlphv diwhu |f1
6 Lq

4Frjqlwlyh eldvhv duh looxvwudwhg lq errnv dqg duwlfohv/ vxfk dv Gdqlho/ Kluvkohlihu/ dqg Vxeudk0

pdq|dp +4<<;,/ Kluvkohlihu +5334,/ Rghdq +4<<;,/ Wkdohu +4<<4,/ Vkloohu +5333,/ dqg Vkohlihu +5333,1
5Wkh wuhqgv lq lqwhuqhw vwrfnv gxulqj wkh |hdu 5333 fdq eh ylhzhg lq wklv oljkw1 Prvw ri wkh

surplqhqw lqvwlwxwlrqdo wudghuv nqhz wkdw wkh vwrfn sulfh ri pdq| lqwhuqhw frpsdqlhv frxog qrw eh

mxvwl�hg e| wkhlu ixqgdphqwdov1 Qhyhuwkhohvv/ rqo| d ihz lqyhvwruv dfwhg dffruglqjo|/ zkloh wkhpdmrulw|

frxog qrw d�rug wr vwd| rxw ri wklv idvw jurzlqj pdunhw1
6Rxu wkhruhwlfdo iudphzrun lv uhodwhg wr wkh zrunlqj sdshu e| Pruulv +4<<8, zklfk zh ehfdph
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dgglwlrq wr lwv olwhudo lqwhusuhwdwlrq wklv dvvxpswlrq fdq eh ylhzhg dv d phwdskru iru

d ydulhw| ri idfwruv vxfk dv gl�huhqfhv ri rslqlrq dqg lqirupdwlrq zklfk/ lq sduwlfx0

odu/ �qg h{suhvvlrq lq wkh idfwru zh vhhn wr h{soruh dqg hpskdvl}h/ wkdw lv/ whpsrudo

plvfrruglqdwlrq1 Djhqwv xqghuvwdqg wkh vwuxfwxuh ri wkh prgho dqg lq wkh vlpsohvw

vhwwlqj eholhyh wkdw lw lv htxdoo| olnho| wkdw wkh| ehfdph cdzduh* ri wkh exeeoh ehiruh

ru diwhu wkh phgldq djhqw1

Duelwudjhxuv fdq cdwwdfn* wkh exeeoh dw dq| srlqw lq wlph1 Wkh| fdq vhoo wkhlu

vwrfn kroglqj dqg fdq hyhq jr vkruw lq vwrfnv1 Krzhyhu/ duelwudjhxuv idfh �qdqfldo

frqvwudlqwv zklfk olplw wkhlu vwrfn kroglqj dv zhoo dv wkhlu pd{lpxp vkruw0srvlwlrq17

Wklv olplwv wkh sulfh lpsdfw ri hdfk duelwudjhxu1 Odujh sulfh pryhphqwv fdq rqo|

rffxu li vx!flhqwo| pdq| wudghuv vhoo ru ex| dw wkh vdph wlph1 Zh prgho wklv h�hfw e|

dvvxplqj wkdw wkh exeeoh rqo| exuvwv zkhq wkh vhoolqj suhvvxuh h{fhhgv vrph wkuhvkrog

V1 Lq rwkhu zrugv/ d shupdqhqw vkliw lq sulfh ohyhov uhtxluhv d frruglqdwhg dwwdfn1 Lq

wklv uhvshfw/ rxu prgho vkduhv vrph ihdwxuhv zlwk wkh vwdwlf vhfrqg jhqhudwlrq prghov

ri fxuuhqf| dwwdfn lq wkh lqwhuqdwlrqdo �qdqfh olwhudwxuh +Revwihog 4<<9,1

Krzhyhu/ wkhvh fxuuhqf| dwwdfn prghov irfxv h{foxvlyho| rq wkh txhvwlrq ri zkhwkhu

wr dwwdfn ru qrw exw ljqruh wkh lpsruwdqw whpsrudo dvshfw ri frruglqdwlrq1 Frrugl0

qdwlqj rq d jlyhq dfwlrq lv frpsolfdwhg e| wkh qhhg wr frruglqdwh erwk wkh dfwlrq dqg

wkh wlph dw zklfk lw lv wdnhq1 Wkxv/ vshfxodwruv qhhg wr ghflgh erwk zkhwkhu ru qrw wr

dwwdfn 0 wkh sureohp wkdw lv wudglwlrqdoo| hpskdvl}hg lq wkh fxuuhqf| dwwdfn olwhudwxuh 0

dqg dovr czkhq* wr dwwdfn1 Lw zrxog eh ixwloh wr vlpso| frruglqdwh rq wkh czkhwkhu* li lw

zhuh qrw srvvleoh wr dovr frruglqdwh rq wkh czkhq*1 Wklv whpsrudo hohphqw h{dfhuedwhv

wkh xqghuo|lqj frruglqdwlrq sureohp1

Qrwlfh wkdw rxu prgho kdv hohphqwv ri erwk frrshudwlrq dqg frpshwlwlrq1 Exuvwlqj

wkh exeeoh uhtxluhv vrph frruglqdwlrq dprqj duelwudjhxuv/ zkloh duelwudjhxuv duh dovr

frpshwlwlyh lq wkh vhqvh wkdw qrerg| zdqwv wr eh wrr odwh wr ohdyh wkh pdunhw1

Rxu prgho jhqhudwhv vhyhudo lqwuljxlqj uhvxowv1 Lq rxu vhwwlqj udwlrqdo wudghuv nqrz

wkdw wkh exeeoh zloo exuvw iru h{rjhqrxv uhdvrqv e| vrph wlph |f n 7� li lw kdv qrw

vxffxpehg wr hqgrjhqrxv vhoolqj suhvvxuh sulru wr wkdw wlph1 Khuh |f lv wkh xqnqrzq

wlph dw zklfk sulfh sdwk vxusdvvhv wkh ixqgdphqwdo ydoxh dqg duelwudjhxuv vwduw jhwwlqj

dzduh ri wkh exeeoh1 Rxu dqdo|vlv vkrzv wkdw li duelwudjhxuv* rslqlrq lv vx!flhqwo|

dzduh ri diwhu wkh �uvw gudiw ru rxu sdshu zdv zulwwhq1 Pruulv* sdshu dqdo|vhv d vwdqgdug g|qdplf

frruglqdwlrq jdph xvlqj d prgho zlwk �dv|qfkurqrxv forfnv1� Klv sdshu/ lq wxuq dwwulexwhv wkh lghd ri

�dv|qfkurqrxv forfnv� wr wkh frpsxwhu vflhqfh olwhudwxuh/ lq sduwlfxodu/ wr Kdoshuq dqg Prvhv +4<<3,1

Zh zloo glvfxvv klv zrun ixuwkhu lq Vhfwlrq 51
7Wkhuh lv d jurzlqj olwhudwxuh zklfk mxvwl�hv uhvwulfwlrqv rq wkh srvvleoh sruwirolr srvlwlrqv ri

duelwudjhxuv1 Vkohlihu dqg Ylvkq| +4<<:, dujxh wkdw lqvlwxwlrqdo lqyhvwruv/ zkr lqyhvw rq ehkdoi ri

rwkhuv/ gr qrw ixoo| h{sorlw orqj0uxq duelwudjh rssruwxqlwlhv rxw ri ihdu ri ixqg zlwkgudzdo1 Wkhvh

gudz grzqv pljkw fdxvh hduo| oltxlgdwlrq ehiruh wkh duelwudjh vwudwhj| sd|v r�1 Dqrwkhu h{dpsoh

lv pdujlq uhtxluhphqwv1 Wkh| olplw wkh ghjuhh ri vkruw vdohv1 Eruurzlqj frqvwudlqwv dqg wkh vl}h ri

lqwhuqdo ixqgv uhvwulfw wkh duelwudjhxu*v vwrfn kroglqj srvlwlrq1 Udwkhu wkdq h{solflwo| prgholqj wkhvh

�qdqfldo frqvwudlqwv/ zh h{rjhqrxvo| dvvxph d uhvwulfwhg pd{lpxp sruwirolr srvlwlrq1
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glvshuvhg/ wkhuh h{lvwv dq htxloleulxp lq zklfk wkh exeeoh qhyhu exuvwv sulru wr |fn 7� 1

Hyhq orqj diwhu wkh exeeoh ehjlqv dqg diwhu doo djhqwv duh dzduh ri wkh exeeoh +7� pd|

eh duelwudulo| odujh,/ lw lv qhyhuwkhohvv wkh fdvh wkdw hqgrjhqrxv vhoolqj suhvvxuh lv qhyhu

kljk hqrxjk wr exuvw wkh exeeoh1 Pruhryhu/ wklv htxloleulxp lv xqltxh18 Wkxv wkhuh lv

d vwulnlqj idloxuh ri wkh edfnzdugv lqgxfwlrq dujxphqw zklfk zrxog |lhog lpphgldwh

froodsvh lq d vwdqgdug prgho1 Wkh shuvlvwhqfh ri wkh exeeoh lq rxu prgho uholhv rq

glvshuvlrq lq wudghuv* ylhzsrlqwv derxw zkhq wkh exeeoh hphujhg1 Suhvxpdeo|/ wklv

glvshuvlrq lv vshfldoo| kljk dw wlphv ri vljql�fdqw whfkqrorjlfdo fkdqjhv/ vxfk dv wkh

lqyhqwlrq ri wkh vwhdp erdw/ whohjudsk/ lqwhuqhw/ hwf1 Vwuxfwxudo euhdnv vxfk dv odujh

vfdoh �qdqfldo olehudol}dwlrq surjudpv fdq eh dqrwkhu euhhglqj jurxqg iru exeeohv/ dv

looxvwudwhg e| wkh hfrqrplf ghyhorsphqwv lq wkh Vfdqglqdyldq frxqwulhv gxulqj wkh odwh

hljkwlhv1

Vhfrqg/ zh vkrz wkdw zkloh duelwudjhxuv qhyhu exuvw d exeeoh li wkhlu rslqlrqv duh

vx!flhqwo| glvshuvhg ru li wkh devruswlrq fdsdflw| e| wkh ehkdylrudo prphqwxp wudghuv

V lv yhu| odujh/ iru vpdoohu glvshuvlrq ri rslqlrq ru iru vpdoohu V/ hqgrjhqrxv vhoolqj

suhvvxuh dgydqfhv wkh gdwh dw zklfk wkh exeeoh hyhqwxdoo| froodsvhv1 Qhyhuwkhohvv/ wkh

exeeoh jurzv iru d vxevwdqwldo shulrg ri wlph1

Wkh prgho dovr surylghv d qdwxudo vhwwlqj lq zklfk qhzv hyhqwv fdq kdyh d glvsur0

sruwlrqdwh lpsdfw uhodwlyh wr wkhlu lqwulqvlf lqirupdwlrq frqwhqw1 Wklv lv ehfdxvh qhzv

hyhqwv pdnh lw srvvleoh iru djhqwv wr v|qfkurql}h wkhlu h{lw vwudwhjlhv1 Ri frxuvh/ odujh

sulfh gursv duh wkhpvhoyhv vljql�fdqw sxeolf hyhqwv/ dqg zh lqyhvwljdwh krz dq lqlwldo

sulfh gurs pd| ohdg wr d ixoo0 hgjhg froodsvh1 Wkxv wkh prgho |lhogv d uxglphqwdu|

wkhru| ri cryhuuhdfwlrq* dqg sulfh cfdvfdghv* dqg vxjjhvwv d udwlrqdoh iru sv|fkrorjlfdo

ehqfkpdunv vxfk dv cuhvlvwdqfh olqhv*1 Lq dgglwlrq/ rxu prgho surylghv d iudphzrun iru

xqghuvwdqglqj idgv lq lqirupdwlrq vxfk dv wkh +ryhu0,hpskdvlv rq wudgh �jxuhv lq wkh

hljkwlhv dqg rq lqwhuhvw udwhv lq wkh qlqhwlhv1 Ilqdoo|/ rxu prgho vxssruwv dujxphqwv lq

idyru ri fhqwudol}hg qhzv glvvhplqdwlrq vlqfh qhzv zklfk lv uhfhlyhg vhtxhqwldoo| ryhu

d orqj lqwhuydo lv pxfk ohvv olnho| wr eh uh hfwhg lq wkh sulfh1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 looxvwudwhv krz wkh

dqdo|vlv uhodwhv wr wkh olwhudwxuh1 Lq Vhfwlrq 6 zh lqwurgxfh wkh sulplwlyhv ri wkh prgho

dqg gh�qh wkh htxloleulxp1 Vhfwlrq 7 dqdo|}hv wkh fdvh ri d �qlwh exeeoh zklfk exuvwv

diwhu 7� shulrgv iru h{rjhqrxv uhdvrqv hyhq lq wkh devhqfh ri dq| duelwudjh1 Lw looxvwudwhv

zk| d odfn ri frpprq nqrzohgjh ohdgv wr d idloxuh ri edfnzdugv lqgxfwlrq1 Vhfwlrq 8

dqdo|vhv wkh fdvh zkhuh wkh fudvk lv fdxvhg/ zlwk d srvlwlyh suredelolw|/ e| hqgrjhqrxv

vhoolqj suhvvxuh iurp duelwudjhxuv1 Vhfwlrq 9 kljkoljkwv wkh vshfldo uroh ri sxeolf hyhqwv

dqg glvfxvvhv wkh iudjlolw| ri exeeohv zlwk uhvshfw wr gl�huhqw irupv ri sxeolf hyhqwv1

Vhfwlrq : frqfoxghv wkh dqdo|vlv1 Ghwdlohg surriv duh uhohjdwhg wr wkh Dsshqgl{1

8Zh uhvwulfw dwwhqwlrq wr shuihfw Ed|hvldq htxloleuld lq zklfk zkhq dq djhqw dwwdfnv/ doo djhqwv zkr

ehfrph dzduh ri wkh exeeoh sulru wr wkh djhqw lq txhvwlrq/ dovr dwwdfn1 Zh ylhz wklv �prqrwrqlflw|�

uhvwulfwlrq dv erwk qdwxudo dqg lqqrfxrxv lq wkh frqwh{w ri wkh lvvxhv zh vhhn wr lqyhvwljdwh1
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5 Uhodwhg Olwhudwxuh

Zh duh qrw wkh �uvw wr qrwh wkdw duelwudjh pd| eh olplwhg1 Wkh h{lvwlqj olwhudwxuh

rq olplwhg duelwudjh r�huv ydulrxv mxvwl�fdwlrqv iru rxu dvvxpswlrq wkdw duelwudjhxuv

duh �qdqfldoo| frqvwudlqhg/ zkloh dovr surylglqj dowhuqdwlyh udwlrqdohv iru plvsulflqj

gl�huhqw iurp wkh rqh ghyhorshg khuh1 Lq Gh Orqj/ Vkohlihu/ Vxpphuv/ dqg Zdogpdqq

+4<<3, ulvn dyhuvh duelwudjhxuv gr qrw fruuhfw wkh sulfh ehfdxvh wkh| duh vkruw0olyhg

dqg wkxv rqo| zruu| derxw wkh qh{w shulrg*v qrlv| sulfh lqvwhdg ri wkh ulvnohvv orqj0uxq

ixqgdphqwdo ydoxh1 Lq Vkohlihu dqg Ylvkq| +4<<:,/ ixqg pdqdjhuv olplw wkhlu duelwudjh

rxw ri ihdu ri d gudzgrzq1 Ixqg pdqdjhuv duh diudlg wkdw wkhlu lqyhvwruv zloo zlwkgudz

wkhlu prqh| li wkh| vx�hu lqwhuphgldwh vkruw0whup orvvhv hyhq wkrxjk wkh duelwudjh

surylghv d ulvnohvv sd|r� lq wkh orqj uxq1 Wkhvh sdshuv exlog rq wkh lqvljkw wkdw

glvwruwhg sulfhv pljkw ehfrph hyhq pruh glvwruwhg lq wkh vkruw uxq ehiruh hyhqwxdoo|

uhwxuqlqj wr wkhlu qrupdo orqj uxq ydoxhv1 Wkh orjlf ri rxu prgho lv udwkhu gl�huhqw1 Lq

rxu prgho/ duelwudjh lv olplwhg gxh wr wkh v|qfkurql}dwlrq sureohp dqg wkh lqglylgxdo

lqfhqwlyh wr wlph wkh pdunhw1 V|qfkurql}dwlrq sureohpv qrw rqo| surylgh dq dowhuqdwlyh

uhdvrq iru shuvlvwhqw plvsulflqj exw dovr dpsoli| wkh h�hfwv ghvfulehg lq wkh hduolhu

olwhudwxuh rq olplwhg duelwudjh1

Rxu zrun lv dovr uhodwhg wr gl�huhqw eudqfkhv ri wkh olwhudwxuh rq exeeohv dqg

plvsulflqj lq jhqhudo19 Wkh fodvvlfdo dvvhw sulflqj olwhudwxuh w|slfdoo| uxohv rxw wkh

h{lvwhqfh ri exeeohv1 Wkh edvlf dujxphqw hqwdlov edfnzdugv lqgxfwlrq iurp wkh odvw

srvvleoh gdwh dw zklfk wkh exeeoh fdq vxuylyh/ jlyhq h{rjhqrxv frqvwudlqwv1 D frp0

suhkhqvlyh wuhdwphqw ri wkh qrq0h{lvwhqfh ri exeeohv xqghu v|pphwulf lqirupdwlrq lv

surylghg lq Vdqwrv dqg Zrrgirug +4<<:,1:

Wkh sulru olwhudwxuh rq fudvkhv iroorzv dssurdfkhv wkdw duh txlwh glvwlqfw iurp rxuv1

Zh eulh | qrwh vrph ri wkh nh| frqwulexwlrqv1 Lq Jurvvpdq +4<;;, d whpsrudu| fudvk

rffxuv ehfdxvh surihvvlrqdo pdunhw wlphuv gr qrw surylgh vx!flhqw oltxlglw| vlqfh wkh|

xqghuhvwlpdwh wkh ghjuhh wr zklfk rwkhu pdunhw sduwlflsdqwv* ulvn dyhuvlrq lqfuhdvhv

dv wkhlu zhdowk ghfolqhv1 Pruh vshfl�fdoo|/ wkh| xqghuhvwlpdwh rwkhu wudghuv* sruwirolr

lqvxudqfh wudglqj zklfk v|qwkhvl}hv fdoo0rswlrq sd|r�v1 Jhqqrwwh dqg Ohodqg +4<<3,

ghyhors d vwdwlf vhwwlqj lq zklfk wkh xqnqrzq h{whqw ri sruwirolr lqvxudqfh wudglqj ohdgv

wr dq clqyhuwhg* V0vkdshg djjuhjdwh ghpdqg fxuyh dqg wkxv wr pxowlsoh htxloleuld1 D

vpdoo vkliw lq wkh djjuhjdwh vxsso| fdq ohdg wr d glvfuhwh sulfh gurs1 Lq Urphu +4<<6,*v

wzr0shulrg udwlrqdo h{shfwdwlrqv prgho/ d vpdoo frpprqo| revhuyhg vxsso| vkliw fdq

ohdg wr d odujh sulfh fkdqjh1 Rxu sdshu vkduhv wkh ihdwxuh wkdw sxeolf qhzv fdq kdyh

9Dq h{whqvlyh vxyh| ri wkhvh prghov fdq eh irxqg lq Euxqqhuphlhu +5334,1
:Vrph rwkhu prghov ri exeeohv/ vwduwlqj zlwk Wluroh +4<;5,/ hqwdlo dv|pphwulf lqirupdwlrq derxw

ixqgdphqwdov1 Doohq/ Pruulv/ dqg Srvwohzdlwh +4<<6, dqg Pruulv/ Srvwohzdlwh/ dqg Vklq +4<<8, lq0

wurgxfh kljkhu rughu dv|pphwulf lqirupdwlrq derxw wkh wuxh ydoxh1 Wkh sulqflsdo0djhqw vwuxfwxuh lq

Doohq dqg Jruwrq +4<<6, lqgxfhv sruwirolr pdqdjhuv wr fkxuq exeeohv1 Hyhq wkrxjk kljkhu rughu

xqfhuwdlqw| lv d gh�qlqj ihdwxuh ri rxu vhwwlqj/ wklv xqfhuwdlqw| uhodwhv sulpdulo| wr wkh wlplqj udwkhu

wkdq wkh ixqgdphqwdo ydoxh1
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d glvsursruwlrqdwh lpsdfw1 Lq rxu vhwwlqj/ hyhq d sxeolf hyhqw zlwk qr lqirupdwlrqdo

frqwhqw fdq ohdg wr wkh exuvwlqj ri d exeeoh li wkh qhzv duulydo zdv xqh{shfwhg1 Lq

dgglwlrq wr wkh ryhuuhdfwlrq wr qhzv hyhqwv/ zh duh dovr deoh wr jhqhudwh sulfh fdvfdghv1

Rxu prgholqj dssurdfk lv pruh forvho| uhodwhg wr wkh lqwhuqdwlrqdo �qdqfh fxuuhqf|

dwwdfn olwhudwxuh1 Dv lq Revwihog +4<<9, d sulfh fruuhfwlrq rqo| rffxuv li wkhuh lv vxi0

�flhqw vhoolqj suhvvxuh1 Pruulv dqg Vklq +4<<;, holplqdwh wkh lqghwhuplqdf| ri vhfrqg

jhqhudwlrq vshfxodwlyh dwwdfn prghov e| xvlqj wkh �joredo jdphv dssurdfk� ruljlqdoo|

sursrvhg e| Fduovvrq dqg ydq Gdpph +4<<6,1 Rxu jdph lv dovr d joredo jdph lq wkh

jhqhudo vhqvh ri Fduovvrq dqg ydq Gdpph +4<<6, zkr gh�qh d joredo jdph wr eh �111

dq lqfrpsohwh lqirupdwlrq jdph zkhuh wkh dfwxdo sd|r� vwuxfwxuh lv ghwhuplqhg e| d

udqgrp gudz iurp d jlyhq fodvv ri jdphv dqg zkhuh hdfk sod|hu pdnhv d qrlv| revhu0

ydwlrq ri wkh vhohfwhg jdph1�; Wkh uhvxowv iru vwdwlf joredo jdphv gr qrw dsso| wr rxu

g|qdplf vhwwlqj ehfdxvh ohduqlqj iurp wkh h{lvwhqfh ri wkh exeeoh ghvwur|v vwudwhjlf

frpsohphqwdulw|1 Vhh irrwqrwh 47 iru d glvfxvvlrq ri wklv srlqw1

Rxu zrun lv uhodwhg wr wkh qrwlrq ri �dv|qfkurqrxv forfnv� zklfk dsshduv lq wkh

frpsxwhu vflhqfh olwhudwxuh +vhh Kdoshuq dqg Prvhv +4<<3,,1 Pruulv +4<<8, xvhv wklv

iudphzrun wr vkrz wkdw lq d uhshdwhg frruglqdwlrq jdph sod|huv qhyhu dfklhyh wkh

h!flhqw htxloleulxp/ li wkh| fdqqrw shuihfwo| v|qfkurql}h wkhlu dfwlrqv1 Wkh ghwdlov ri

rxu uhvshfwlyh dssolfdwlrqv dqg wkh vwuxfwxuh ri wkh dqdo|vlv duh vljql�fdqwo| gl�huhqw1

Lq sduwlfxodu/ lq rxu zrun dv|qfkurqlflw| lv sduwldoo| ghulyhg +rxu djhqwv kdyh dffhvv

wr v|qfkurql}hg forfnv,1 Ixuwkhupruh/ Pruulv* +4<<8, dqdo|vlv lv forvho| uhodwhg wr wkh

joredo jdphv dssurdfk/ zkhuhdv rxu prgho odfnv wkh vwudwhjlf frpsohphqwdulw| xsrq

zklfk wklv dssurdfk uholhv1

Ilqdoo| zh qrwh wkdw vrph ri wkh nh| hohphqwv ri rxu prgho hfkrwkhphv iurp Nh|qhv

+4<69,1 Wkh frqqhfwlrqv duh hoderudwhg xsrq lq wkh glvfxvvlrq iroorzlqj wkh suhvhqwd0

;Doo wkh nqrzq uhvxowv iru joredo jdphv hqwdlo vxevwdqwldo dgglwlrqdo dvvxpswlrqv1 Wkh vhplqdo

sdshu e| Fduovvrq dqg ydq Gdpph +4<<6, suhvhqwv uhvxowv iru wzr sod|hu/ wzr dfwlrq jdphv1 Wkhvh

uhvxowv kdyh ehhq dgdswhg dqg h{whqvlyho| dssolhg lq d ydulhw| ri hfrqrplf vhwwlqjv lqyroylqj frrugl0

qdwlrq sureohpv e| Pruulv dqg Vklq +4<<<,/ +5333,/ dqg rwkhuv iroorzlqj xs rq wkhlu zrun/ vxfk dv

Jrogvwhlq dqg Sdx}qhu +5333,1 Pruh uhfhqwo|/ Iudqnho/ Pruulv/ dqg Sdx}qhu +5333, h{whqg wkh uhvxowv

ri Fduovvrq dqg ydq Gdpph +4<<6, wr wkh frqwh{w ri pruh jhqhudo jdphv zlwk vwudwhjlf frpsohphqwdu0

lwlhv1 Zh duh qrw dzduh ri dq| nqrzq uhvxowv iru joredo jdphv zklfk dsso| wr rxu prgho1 Lq dgglwlrq

wr wkh uhvwulfwlrqv qrwhg deryh/ wkhlu uhvxowv duh iru vwdwlf jdphv> rxu prgho lv g|qdplf1 Ixuwkhupruh/

wkh| w|slfdoo| ohw wkh qrlvh ri wkh vljqdov jrlqj wr }hur1 Lq rxu prgho/ lw lv lpsruwdqw wkdw vljqdov duh

vx!flhqwo| glvshuvhg> lqghhg duelwudjxhuv sulfn wkh exeeoh li glvshuvlrq lv ehorz d fhuwdlq wkuhvkrog

ohyho1 Ilqdoo| zh qrwh wkh wzr sdshuv Exug}|/ Iudqnho/ dqg Sdx}qhu +5334, dqg Iudqnho dqg Sdx}qhu

+4<<;, zklfk vhhn wr holplqdwh wkh pxowlsolflw| ri htxloleuld lq g|qdplf frruglqdwlrq idloxuh jdphv/

wkh odwwhu zlwklq d wkh vshfl�f iudphzrun ri Pdwvx|dpd*v +4<<4, g|qdplf wzr vhfwru prgho1 D nh|

ihdwxuh ri wkhvh prghov lv wkdw djhqwv duh vxemhfw wr iulfwlrqv> lq sduwlfxodu wkh| fdq rqo| fkdqjh wkhlu

dfwlrqv dw udqgrp wlphv1 Wklv lqhuwld/ wrjhwkhu zlwk rwkhu dvvxpswlrqv uhjduglqj shupdqhqw sd|r�

vkrfnv jhqhudwh xqltxh htxloleulxp ehkdylru riwhq e| lwhudwlyh grplqdqfh dujxphqwv1 Dv|pphwulf

lqirupdwlrq w|slfdoo| grhv qrw sod| d uroh lq wklv erg| ri zrun1 Rxu rzq zrun uholhv rq dv|pphwulf

lqirupdwlrq> krzhyhu/ wkh dv|pphwulf lqirupdwlrq sulpdulo| frqfhuqv wkh whpsrudo vwuxfwxuh ri wkh

prgho dqg ohdgv wr d v|qfkurql}dwlrq sureohp1
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wlrq ri wkh prgho vhwxs1

6 Prgho

614 Prgho Vwhs

Zh zlvk wr ghyhors d prgho lq zklfk udwlrqdo duelwudjhxuv ehfrph vhtxhqwldoo| dzduh

ri plvsulflqj vwduwlqj dw vrph udqgrp wlph |f1 Iru vlpsolflw|/ zh dvvxph wkh iroorzlqj

h{rjhqrxv sulfh surfhvv/ ghslfwhg lq Iljxuh 41

Wklv sulfh surfhvv pd| eh prwlydwhg dv iroorzv1 Sulru wr | ' f wkh vwrfn sulfh lqgh{

frlqflghv zlwk lwv ixqgdphqwdo ydoxh zklfk jurzv dw wkh ulvn0iuhh lqwhuhvw udwh o dqg

udwlrqdo duelwudjhxuv duh ixoo| lqyhvwhg lq wkh vwrfn pdunhw1 Zlwkrxw orvv ri jhqhudolw|/

zh qrupdol}h wkh vwrfn pdunhw sulfh dw | ' f wr Rf ' �1 Iurp | ' f rqzdugv/ erwk

wkh ixqgdphqwdo ydoxh �| dv zhoo dv wkh vwrfn sulfh R| jurz dw d udwh ri } : o/ wkdw lv

R| ' e}|1 Wklv kljkhu jurzwk udwh pd| eh ylhzhg dv hphujlqj iurp d vhulhv ri xqxvxdo

srvlwlyh vkrfnv zklfk judgxdoo| pdnh lqyhvwruv pruh dqg pruh rswlplvwlf derxw ixwxuh

survshfwv1 Vxfk vkrfnv pd| eh dvvrfldwhg zlwk qhz whfkqrorjlhv/ gudpdwlf lqvwlwxwlrqdo

fkdqjhv vxfk dv �qdqfldo ru wudgh olehudol}dwlrqv/ dqg vr rq1 Iurp vrph udqgrp wlph

|f/ udwlrqdo duelwudjhxuv ehfrph vhtxhqwldoo| dzduh wkdw wkh sulfh lv wrr kljk1 Dw |f
wkh �ixqgdphqwdo ydoxh� gursv wr E�� q� e}|f +zlwk q 5 dfc�o, dqg wkhuhdiwhu jurzv dw

wkh �rog hfrqrp|� udwh o1 Zh dvvxph wkdw |f lv h{srqhqwldoo| glvwulexwhg rq dfc4�

:



zlwk glvwulexwlrq ixqfwlrq 8 E|f� ' � � e3b|f 1 Diwhu |f/ ehkdylrudo prphqwxp wudghuv

frqwlqxh wr nhhs wkh sulfh jurzlqj dw udwh }/ xqohvv d pdvv ri dw ohdvw V duelwudjhxuv

vhoo wkhlu vwrfn kroglqj1 Dq| vhoolqj suhvvxuh ehorz d fhuwdlq wkuhvkrog ohyho V pd| eh

ylhzhg dv xvxdo gd|0wr0gd|  xfwxdwlrqv lq rughu0 rz zklfk lv devruehg e| ehkdylrudo

prphqwxp wudghuv1 Hyhq li wkh vhoolqj suhvvxuh qhyhu h{fhhgv V zh dvvxph wkdw wkh

exeeoh exuvwv iru h{rjhqrxv uhdvrqv dw |f n 7� 1 Qrwh wkdw wklv dvvxpswlrq ri d �qdo

gdwh lv dujxdeo| wkh ohdvw frqgxflyh wr wkh shuvlvwhqfh ri exeeohv1 Lq d fodvvlfdo prgho

lw zrxog ohdg wr dq lpphgldwh froodsvh iru wkh xvxdo edfnzdugv surjudpplqj uhdvrqv1

Dqrwkhu lpsruwdqw hohphqw ri rxu dqdo|vlv lv wkdw udwlrqdo duelwudjhxuv ehfrph

vhtxhqwldoo| lqiruphg wkdw wkh ixqgdphqwdo ydoxh kdv qrw nhsw xs zlwk wkh jurzwk ri

wkh vwrfn sulfh lqgh{1 Pruh vshfl�fdoo|/ d qhz frkruw ri udwlrqdo duelwudjhxuv ri pdvv �
w

ehfrphv dzduh ri wkh plvsulflqj lq hdfk lqvwdqw | iurp |f wloo |fnw1 Vlqfh |f lv udqgrp/

dq lqglylgxdo duelwudjhxu grhv qrw nqrz zkhwkhu rwkhu duelwudjhxuv kdyh uhfhlyhg wkh

vljqdo ehiruh ru diwhu wkhp1 Wkxv/ wkh prgho frqwdlqv wzr qryho hohphqwv1 Iluvw/ djhqwv

ehfrph dzduh ri wkh exeeoh vhtxhqwldoo|1 Vhfrqg/ djhqwv gr qrw nqrz krz pdq| rwkhu

udwlrqdo duelwudjhxuv douhdg| nqrz ri wkh exeeoh*v h{lvwhqfh1 Frqvhtxhqwo|/ dq djhqw

zkr ehfrphv dzduh ri wkh exeeoh dw |� kdv d srvwhulru glvwulexwlrq iru |f zlwk vxssruw

d|� � wc |�o1 Hdfk djhqw ylhzv wkh pdunhw iurp wkh uhodwlyh shuvshfwlyh ri khu rzq |�1

Ylhzhg pruh devwudfwo|/ duelwudjhxuv* w|shv duh jlyhq e| |� 5 dfc4�/ wkh gdwh zkhq

wkh| ehfrph dzduh ri wkh exeeoh1 Qdwxuh*v fkrlfh ri |f ghwhuplqhv wkh cdfwlyh* w|shv

|� 5 d|fc |f n wo lq wkh hfrqrp|1 Dv qrwhg hduolhu/ zh ylhz wklv vshfl�fdwlrq dv d prgholqj

ghylfh zklfk fdswxuhv whpsrudo plvfrruglqdwlrq dulvlqj iurp gl�huhqfhv ri rslqlrq dqg

lqirupdwlrq1 Wkh gdwh |� dw zklfk djhqw � ehfrphv cdzduh* ri wkh plvsulflqj pd| eh

pruh jhqhudoo| wkrxjkw ri dv wkh gdwh dw zklfk d sod|hu*v vwudwhj| lv clqlwldol}hg*1

Jlyhq vxfk dq hqylurqphqw/ zh zdqw wr lghqwli| wkh ehvw vwudwhj| ri d udwlrqdo

sod|hu |�1 Vkh nqrzv |�/ wkh wlph zkhq vkh �uvw ehfdph dzduh ri wkh plvsulflqj1 Ohw

xv ghqrwh wkh devroxwh wlph vfdoh e| | dqg wkh +uhodwlyh, wlph hodsvhg vlqfh wudghu |�
ehfdph dzduh ri wkh exeeoh e| � � ' | � |�1 Zh zloo gurs wkh vxevfulsw �/ li � � lv wkh

vdph iru doo duelwudjhxuv1

Diwhu wudghu |� ehfrphv dzduh ri wkh exeeoh/ vkh fdq vhoo doo ru sduw ri khu vwrfn

kroglqj ru hyhq jr vkruw wloo vkh uhdfkhv d fhuwdlq olplw zkhuh khu �qdqfldo frqvwudlqw

lv elqglqj1 Hdfk wudghu fdq dovr ex| edfn vkduhv1 Zlwkrxw orvv ri jhqhudolw|/ zh

fdq qrupdol}h wkh dfwlrq vsdfh wr eh wkh frqwlqxxp ehwzhhq dfc �o/ zkhuh f lqglfdwhv

wkh pd{lpxp orqj srvlwlrq dqg � wkh pd{lpxp vkruw srvlwlrq hdfk duelwudjhxu fdq

wdnh rq1 Wr dyrlg whglrxv whfkqlfdo txdol�fdwlrqv/ zh dvvxph wkdw dq| fkdqjh lq d

wudghu*v sruwirolr kroglqjv lv pdlqwdlqhg iru vrph plqlpdo shulrg ohqjwk { : f dqg zh

fkdudfwhul}h wkh olplw htxloleuld dv {$ f1 Rxu prgho lv wkhuhiruh wkh frqwlqxrxv wlph

olplw ri d pruh qdwxudo glvfuhwh wlph prgho1 Zh zloo qrw lqyrnh wkh {0txdol�fdwlrq

h{solflwo| ehorz/ exw lw vkrxog eh xqghuvwrrg wkdw lw xqghuolhv rxu dqdo|vlv1<

<Devhqw vxfk txdol�fdwlrqv rxu frqwlqxrxv wlph prgho zrxog dffrpprgdwh kljko| glvfrqwlqxrxv

vwudwhjlhv dqg ehvw uhvsrqvh zrxog eh xqltxh rqo| xs wr phdvxuh }hur1 Htxlydohqwo|/ zh frxog dovr

;



Wkh vwudwhj| ri d wudghu zkr ehfdph dzduh ri wkh exeeoh dw wlph |� lv d ixqfwlrq

j|�
G d|�c4� :$ dfc �o/ zkhuh

�
�� j|�

E|�
�
fdq eh ylhzhg dv wudghu |�*v fxuuhqw kroglqj

diwhu vkh ehfrphv dzduh ri wkh exeeoh1 D wudghu pd| h{lw iurp dqg uhwxuq wr wkh pdunhw

pxowlsoh wlphv1 Jlyhq wkh vwuxfwxuh ri wkh jdph/ wkh dfwlrqv ri wkh rwkhu wudghuv d�hfw

wudghu |�*v sd|r� rqo| li wkhvh dfwlrqv fdxvh wkh exeeoh wr exuvw1 Udwkhu wkdq vshfli|lqj

wkh sd|r� iru hdfk srvvleoh vwudwhj|/ lw vx!fhv iru rxu sxusrvhv wr frqvlghu wkh sd|r�

gl�huhqfh ehwzhhq vhoolqj +ex|lqj, %|3{ vkduhv voljkwo| hduolhu dw | �{ lqvwhdg ri dw

wlph | dvvxplqj wkdw sod|huv dgrsw lghqwlfdo vwudwhjlhv ehiruh |�{ dqg diwhu |1 Vxssrvh�
� � j|�

E|�{�
�
�%|3{ � f1 Vhoolqj %|3{ vkduhv dw |�{/ |lhogv d uhyhqxh ri %|3{R|3{/

zklfk lqyhvwhg lq wkh prqh| pdunhw dffrxqw jurzv wr %|3{
�
eo{R|3{

�
dw wlph |1 Vhoolqj

%|3{ vkduhv dw |/ |lhogv d uhyhqxh ri %|3{R|1 Wkxv wkh gl�huhqfh ehwzhhq erwk cfdvk

sd|r�v* lv jlyhq e| %|3{ wlphv �
eo{R|3{ � R|

�
1

Wkh dfwxdo sulfhv ghshqg rq zkhq wkh exeeoh exuvwv1 Li wkh exeeoh exuvwv zlwklq

wkh lqwhuydo E|�{c |�/ wkhq wkh uhyhqxh gl�huhqfh lv jlyhq e| %|3{ wlphv eo{e}E|3{�
�

e}|fnoE|3|f� E� � q�1 Qrwh wkdw rqh dovr kdv wr gh�qh wkh sd|r�v iru wkh fdvh zkhuh wkh

exeeoh exuvwv h{dfwo| dw wkh wlph zkhq wkh duelwudjhxu vxeplwv khu vhoo rughu/ wkdw lv

hlwkhu dw |�{/ ru |1 Lq wklv fdvh doo rughuv duh vxeplwwhg dw wkh suh0fudvk sulfh e}| dv

orqj dv wkh dffxpxodwhg vhoolqj suhvvxuh lv vpdoohu wkdq V1 Li wkh dffxpxodwhg vhoolqj

suhvvxuh h{fhhgv V/ wkhq rqo| wkh �uvw udqgrpo| fkrvhq rughuv zloo eh h{hfxwhg dw e}|

zkloh wkh uhpdlqlqj rughuv duh h{hfxwhg dw wkh srvw0fudvk sulfh e}|fnoE|3|f� E�� q�1 Lq

rwkhu zrugv/ wkh h{shfwhg h{hfxwlrq sulfh

k|e
}| n E� � k|� e

}|fnoE|3|f� E�� q�

lv d frqyh{ frpelqdwlrq ri erwk sulfhv1 k 	 � li wkh vhoolqj suhvvxuh lv vwulfwo| odujhu

wkdq V/ dqg k ' � li wkh vhoolqj suhvvxuh lv h{dfwo| V dw wkh wlph ri wkh exuvwlqj ri wkh

exeeoh1

Lq dgglwlrq/ zh lqwurgxfh d uhsxwdwlrqdo shqdow| iru duelwudjhxuv zkr ghflgh wr

+sduwldoo|, vwd| rxw ri wkh pdunhw lq wkh fdvh zkhuh wkh exeeoh grhv qrw exuvw1 Wkhuh

duh ydulrxv udwlrqdohv iru wklv shqdow|1 Iru h{dpsoh/ lqvwlwxwlrqdo lqyhvwruv zkr duh qrw

ixoo| lqyhvwhg lq wkh pdunhw kdyh d orzhu uhwxuq rq wkhlu sruwirolr dqg wkhuhiruh wkhlu

folhqwv pljkw zlwkgudz wkhlu prqh|1 Lq wklv fdvh wkh| kdyh wr oltxlgdwh sur�wdeoh orqj0

uxq duelwudjh rssruwxqlwlhv1 Wkh uhsxwdwlrqdo shqdow| ohdgv wr dq dgglwlrqdo gl�huhqfh

lq sd|r� ri SR|{%|3{ li wudghu |� vhoov %|3{ vkduhv dw |�{ lqvwhdg ri dw | dqg wkh exeeoh

grhv qrw exuvw1 Wkdw lv/ zh dvvxph wkdw wkh shqdow| lv sursruwlrqdo wr wkh vwrfn pdunhw

lqgh{ R|/ wkh wlph ohqjwk { dqg wkh qxpehu ri vkduhv %|3{ vkh vhoov hduo|143

dvvxph wkdw wkhuh duh %0frvwv shu xqlw wudgh dqg irfxv rq wkh fdvh zkhuh % jrhv wr }hur1
43Wrq| G|h*v fdvh surylghv d ylylg looxvwudwlrq ri wklv shqdow|1 Kh zdv iru pdq| |hduv wkh vxffhvvixo

<



615 Glvfxvvlrq ri wkh Prgho

Zh qrz glvfxvv dqg sxw lqwr shuvshfwlyh vrph nh| hohphqwv ri rxu prgho1 Wkh ixq0

gdphqwdo txhvwlrq zkhwkhu surihvvlrqdo duelwudjhxuv fruuhfw plvsulflqjv lv d yhu| rog

rqh dqg jrhv edfn wr dw ohdvw Nh|qhv* �Jhqhudo Wkhru| ri Hpsor|phqw/ Lqwhuhvw dqg

Prqh|� +4<69, lq zklfk kh zurwh=

Lw pljkw kdyh ehhq vxssrvhg wkdw frpshwlwlrq ehwzhhq h{shuw surihv0

vlrqdov/ srvvhvvlqj mxgjphqw dqg nqrzohgjh eh|rqg wkdw ri wkh dyhudjh

sulydwh lqyhvwru/ zrxog fruuhfw wkh ydjdulhv ri wkh ljqrudqw lqglylgxdo ohiw

wr klpvhoi1 +lwdolfv dgghg,

Rxu prgho vhwxs uholhv fuxfldoo| rq wzr hohphqwv/ zklfk fdq dovr eh wudfhg edfn

wr Nh|qhv +4<69,1 Iluvw/ surihvvlrqdo duelwudjhxuv zdqw wr ulgh wkh exeeoh dv orqj dv

srvvleoh jlyhq wkdw wkh exeeoh jurzv dw d udwh } odujhu wkdq wkh ulvniuhh udwh o1 Hdfk

lqglylgxdo wudghu*v remhfwlyh lv wr ohdyh wkh pdunhw mxvw sulru wr wkh fudvk1 Surihvvlrqdo

wudghuv gr qrw zdqw wr iruhjr wkh fdslwdo jdlqv dv orqj dv wkh exeeoh jurzv/ exw/ ri

frxuvh/ vhhn wr h{lw ehiruh wkh fudvk1 Uhihuulqj edfn wr Nh|qhv=

Wkh dfwxdo/ sulydwh remhfw ri wkh prvw vnloohg lqyhvwphqw wr0gd| lv �wr

ehdw wkh jxq�/ dv wkh Dphulfdqv vr zhoo h{suhvv lw/ wr rxwzlw wkh furzg/ dqg

wr sdvv wkh edg/ ru ghsuhfldwlqj/ kdoi0furzq wr wkh rwkhu ihoorz1 +lwdolfv

dgghg,

Wkh vhfrqg hohphqw lv wkdw odujh sulfh fkdqjhv uhtxluh d fhuwdlq ghjuhh ri frrugl0

qdwlrq1 Lq rxu prgho wkh exeeoh rqo| exuvwv li pruh wkdq V wudghuv dwwdfn wkh exeeoh

dw wkh vdph wlph1 Wkhuhiruh/ hdfk surihvvlrqdo duelwudjhxu rqo| dwwdfnv dw wlphv zkhq

vkh eholhyhv wkdw wkh rwkhu duelwudjhxuv dwwdfn dv zhoo1 Khqfh/ lw lv pruh lpsruwdqw wr

irfxv rq rwkhu duelwudjhxuv* wudglqj wkdq rq wkh ixqgdphqwdov ri dq dvvhw1 Wklv lv lq

wkh vdph vslulw dv �Nh|qhv* Ehdxw| Frqwhvw�=44

fklhi lqyhvwphqw r!flhu ri Skloolsv dqg Guhz/ Orqgrq1 Qlfnqdphg �Gu1 Grrp� kh uhixvhg wr erz wr

wkh idvklrq ri lqyhvwlqj lq lqwhuqhw vwrfnv ihdulqj dq lpplqhqw voxps lq wkh pdunhwv1 Kh orvw klv mre

lq Pdufk 5333 0 mxvw gd|v ehiruh klv zduqlqjv wkdw wkh whfk exeeoh zrxog exuvw fdph wuxh1 Lq pdunhw

klvwruldq Gdylg Vfkzduw}*v zrugv �Wkh lurq| lv kh ^Wrq| G|h` pd| zhoo eh uljkw/ exw dw wkh zurqj

wlph1� Hyhq wkrxjk wklv shqdow| lv yhu| uhohydqw lq wrgd|*v �qdqfldo pdunhwv/ rxu dqdo|vlv grhv qrw

uho| rq lw1 Doo uhvxowv dovr krog iru f @ 31
44Rwkhu dxwkruv dovr kdyh irxqg lqvsludwlrq lq wklv idprxv txrwh lq Nh|qhv +4<69,1 Iurrw/ Vfkdui0

vwhlq/ dqg Vwhlq +4<<5, irfxv rq wkh hqgrjhqrxv lqirupdwlrq dftxlvlwlrq ghflvlrq ri wudghuv1 Wkhlu

dqdo|vlv uholhv rq wkh idfw wkdw wudghuv duh vkruw0olyhg dqg pljkw eh irufhg wr xqzlqg wkhlu srvlwlrq

ehiruh wkh froohfwhg lqirupdwlrq lv uh hfwhg lq wkh sulfh1 Frqvhtxhqwo|/ wudghuv kdyh dq lqfhqwlyh wr

froohfw lqirupdwlrq zklfk rwkhu wudghuv zloo dovr froohfw1 Lq frqwudvw/ zh irfxv rq wkh shuvlvwhqfh ri

exeeohv lq wkh suhvhqfh ri udwlrqdo duelwudjhxuv zlwkrxw uhvwulfwlqj wkhlu krul}rqv1
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111 surihvvlrqdo lqyhvwphqw pd| eh olnhqhg wr wkrvh qhzvsdshu frpshwl0

wlrqv lq zklfk wkh frpshwlwruv kdyh wr slfn rxw wkh vl{ suhwwlhvw idfhv iurp

d kxqguhg skrwrjudskv/ wkh sul}h ehlqj dzdughg wr wkh frpshwlwru zkrvh

fkrlfh prvw qhduo| fruuhvsrqgv wr wkh dyhudjh suhihuhqfhv ri wkh frpshwl0

wruv dv d zkroh> vr wkdw hdfk frpshwlwru kdv wr slfn/ qrw wkrvh idfhv zklfk

kh klpvhoi �qgv suhwwlhvw/ exw wkrvh zklfk kh wklqnv olnholhvw wr fdwfk wkh

idqf| ri wkh rwkhu frpshwlwruv/ doo ri zkrp duh orrnlqj dw wkh sureohp iurp

wkh vdph srlqw ri ylhz1 +lwdolfv dgghg,

Lqghhg/ lq rxu uhodwlylvwlf iudphzrun/ hdfk wudghu orrnv dw wkh sureohp iurp wkh

vdph srlqw ri ylhz/ krzhyhu/ uhodwlyh wr wkh gdwh/ zkhq vkh ehfdph dzduh ri wkh exeeoh*v

h{lvwhqfh1 Frpelqlqj wkhvh wzr hohphqwv zlwk rxu hduolhu dvvxpswlrq wkdw wudghuv

ehfrph dzduh ri wkh exeeoh lq d vhtxhqwldo udqgrp rughu ohdgv wr rxu uhvxowv1

Lq rxu prgho/ zh kdyh h{rjhqrxvo| dvvxphg wkdw wkh exeeoh rqo| exuvwv zkhq

wkh vhoolqj suhvvxuh h{fhhgv V1 Lq jhqhudo/ zh wklqn wkdw vpdoo vhoolqj suhvvxuh kdv d

qhjoljleoh sulfh lpsdfw/ lq sduwlfxodu li wklv vhoolqj suhvvxuh lv ri d whpsrudu| qdwxuh1

Pdunhw pdnhuv dqg ulvn0qhxwudo gd| wudghuv45 ylhz whpsrudu| vhoolqj suhvvxuh dv d

fkhds ex|lqj rssruwxqlw| dqg pdnh h{fhvv sur�wv dv orqj dv wkh exeeoh frqwlqxhv

wr jurz1 Ehkdylrudo prphqwxp wudghuv pd| devrue dq| shupdqhqw vhoolqj suhvvxuh

ruljlqdwlqj iurp udwlrqdo duelwudjhxuv* wudglqj dfwlylw|1 Zh kdyh qrw prghoohg wkh

ehkdylru ri erxqghgo| udwlrqdo wudghuv1 Wklv ohdyhv pdq| prghoolqj dowhuqdwlyhv rshq

dqg dovr doorzv iru pxowlsoh lqwhusuhwdwlrqv ri V1 Iru h{dpsoh/ zh frxog lqwurgxfh

zhdowk0frqvwudlqhg ulvn0qhxwudo prphqwxp wudghuv lq rxu prgho1 Lpdjlqh d vlwxdwlrq

zkhuh wkh prphqwxp wudghuv* hvwlpdwh ri wkh ydoxh ri wkh vwrfn lqfuhdvhv h{srqhqwldoo|

dw d udwh ri }1 Vlqfh wkh| duh ulvn0qhxwudo/ wkh| ghwhuplqh wkh sulfh surfhvv dv orqj dv

wkh| fdq devrue wkh vkduhv vrog e| wkh duelwudjhxuv1 Zkhq wkh udwlrqdo duelwudjhxuv*

vhoolqj suhvvxuh vxusdvvhv V/ wkh| duh xqdeoh wr wdnh rq odujhu srvlwlrqv dqg uhdol}h

wkhlu plvshufhswlrq1 Lq wklv vhwxs/ V kdv d qlfh lqwhusuhwdwlrq vlqfh lw uh hfwv wkh pdvv

ri prphqwxp wudghuv1

Rqh srwhqwldo fulwlflvp lv wkdw e| dvvxplqj wkdw wkh exeeoh rqo| exuvwv zkhq wkh

vhoolqj suhvvxuh h{fhhgv V/ zh lpsolflwo| dovr dvvxph wkdw udwlrqdo djhqwv gr qrw ehfrph

dzduh ri vhoolqj suhvvxuh e| rwkhu udwlrqdo djhqwv xqwlo lw furvvhv d fhuwdlq wkuhvkrog1

Rxu uhvsrqvh lv wkdw zh ylhz wkh prgho dv ehlqj d vw|ol}hg/ rqh0glphqvlrqdo/ ghslfwlrq

ri d idu pruh frpsoh{ vhwwlqj zlwk qrlv| sulfhv dqg djhqwv gl�hulqj lq wkh pdqqhu lq

zklfk wkh| lqwhusuhw qrlv| vljqdov1 Wklv ohdgv wkhp wr kdyh gl�huhqw shufhswlrqv ri wkh

suredelolw| zlwk zklfk wkh exeeoh lv olnho| wr exuvw qrz dqg lq wkh ixwxuh1 Lqlwldoo|/

wkh wkuhvkrog dw zklfk djhqwv ehfrph dzduh ri wkh vhoolqj suhvvxuh lv wdnhq wr eh wkh

srlqw dw zklfk wkh exeeoh dfwxdoo| exuvwv1 Zh uhod{ wklv vwurqj dvvxpswlrq lq Vhfwlrq

91 Wklv shuplwv xv wr dqdo|}h sulfh fdvfdghv1 Vpdoohu vhoolqj suhvvxuh pljkw douhdg|

45Gd| wudghuv gr qrw hqjdjh lq ixqgdphqwdo dqdo|vlv1 Wkh| vroho| uho| rq lqirupdwlrq lqihuuhg iurp

sdvw dqg fxuuhqw sulfhv1
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ohdg wr d plqru sulfh ghfolqh/ zklfk lq wxuq pljkw eh xvhg dv d v|qfkurql}dwlrq ghylfh1

Jlyhq wkh uljkw flufxpvwdqfhv/ wklv pljkw ghyhors lqwr d ixoo eorzq fudvk1

616 D Suholplqdu| Uhvxow 0 Dwwdfn Frqglwlrq

Ohw �E|m|�� ghqrwh wudghu |�*v xqfrqglwlrqdo fxpxodwlyh glvwulexwlrq ixqfwlrq wkdw wkh

exeeoh exuvwv sulru wr wlph |1 Qrwh wkdw �E|m|�� ri wudghu |� ghshqgv rq wkh vshfl�fv ri

wkh prgho vwuxfwxuh dv zhoo dv rq wkh htxloleulxp frqmhfwxuh e| wudghu |�1 Zh vxssuhvv

wkh odwwhu dujxphqwv iru vlpsolflw|1 Wkhuhiruh/ wkh h{shfwhg sd|r� gl�huhqfh iurp

vhoolqj rqh vkduh dw |�{ lqvwhdg ri dw |/ lv jlyhq e|�
�E|m|����E|�{m|��

���E|�{m|��

��
k|3{e

}E|3{�no{
� k|3{e

}|fnoE|3|f� E� � q�
�
n

n

�
� �

�E|m|����E|�{m|��

� ��E|�{m|��

��
e
o{e}E|3{�

�

�
k|e

}| n E� � k|� e
}|fnoE|3|f� E�� q�

��
1

Vxssrvh �E|m|�� dgplwv ghqvlw| Z E|m|��/ wkdw lv/ �E|m|�� '
U |

3"
Z E|�m|�� _|

�1 Ohw

ZS E|m|�� '
ZE|�|��

�3�E|�|��
ghqrwh wkh fruuhvsrqglqj frqglwlrqdo ghqvlw|/ jlyhq wkdw wkh exeeoh

vwloo h{lvwv dw |1

Ohppd 4 +Dwwdfn frqglwlrq, Vxssrvh �E|m|�� dgplwv ghqvlw| Z E|m|��1 Wkhq li

ZS E|m|�� 	
} � o n S

�� E�� q�. de3E}3o�E|3|f�m|�c |o

wudghu |� zloo fkrrvh wr wudgh wr wkh pd{lpxp orqj srvlwlrq1 Frqyhuvho|/ li ZS E|m|�� :
}3onS

�3E�3q�.de3E}3o�E|3|f��|�c|o
vkh zloo wudgh wr wkh pd{lpxp vkruw srvlwlrq1

Surri1 Lq wkh fdvh zkhuh wkh ghqvlw| Z� E|m|�� lv zhoo gh�qhg/ wkh exeeoh exuvwv lq

hdfk lqvwdqw zlwk }hur suredelolw|1 Wkhuhiruh/ zh fdq ljqruh wkh }hur0suredelolw| fdvhv

zkhuh wkh vhoolqj suhvvxuh vwulfwo| h{fhhgv V h{dfwo| dw |�{ ru | dqg ohdgv wr d exuvwlqj

ri wkh exeeoh= Zh fdq/ zlwkrxw orvv ri jhqhudolw|/ vhw k|3{ ' k| ' �1

Wkh sd|r� gl�huhqfh ehwzhhq vhoolqj %|3{ vkduhv dw | �{ lqvwhdg ri |/ lv wkhq jlyhq

e| %|3{ wlphv

�] |

|3{

Z
S
E|
�
m|�� _|

�

���
e
}|
� E�� q�.

�
e
E}3o�|f

m|�c |
�
e
o|
�
E� n {S�

�
n

n
��

e}E|3{�eo{ � e}|
�
�{Se}|

�
Xvlqj d �uvw rughu Wd|oru h{sdqvlrq durxqg |/ +l1h1 { ' f, wkh h{shfwhg sd|r� gl�hu0

hqfh vlpsol�hv wr %|3{e
}| wlphv

{ZS E|m|��
�
� � E� � q�.

�
eE}3o�|f m|�c |

�
e3E}3o�|

�
E� n {S�� E} � o�� S1
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Iru { $ f zh fdq ljqruh whupv ri rughu E{�
2
dqg khqfh wudghu |� vkrxog vhoo %|3{

vkduhv douhdg| dw | li

ZS E|m|�� :
E} � o� n S

�� E�� q�. de3E}3o�E|3|f�m|�c |o
+-,

dqg krog wkhp dw |/ zkhq wkh lqhtxdolw| lv uhyhuvhg1 Vlqfh vhoolqj +kroglqj, %|3{ vkduhv

d�hfwv wkh sd|r� olqhduo|/ lw lv rswlpdo wr jr wr wkh pd{lpxp vkruw +orqj, srvlwlrq1

Wkh dwwdfn frqglwlrq +-, lv hdvlhu wr lqwhusuhw li zh lqwurgxfh {0whupv ri kljkhu

rughu1

{Z
S
E|m|��

�
e
}|
� E� � q�.

�
e
E}3o�|f

m|�c |
��

: E��{Z
S
E|m|��� dE} � o� n So e

}|
{

Wkh ohiw kdqg vlgh uh hfwv wkh h{shfwhg ehqh�wv ri ehlqj rxw ri wkh vwrfn pdunhw1

Wkh exeeoh ri hvwlpdwhg vl}h
�
e}| � E�� q�.

�
eE}3o�|f

m|�c |
��

exuvwv zlwk d suredelolw|

{ZS E|m|�� gxulqj wkh vpdoo lqwhuydo {1 Wkh uljkw kdqg vlgh fdswxuhv wkh frvwv ri ehlqj

rxw ri wkh pdunhw iru d vkruw lqwhuydo { lq wkh fdvh wkdw wkh exeeoh grhv qrw exuvw1

Qrw rqo| grhv wkh duelwudjhxu orvh rxw rq wkh dssuhfldwlrq E} � o�/ wkh duelwudjhxu

dovr vx�huv d uhsxwdwlrqdo shqdow| S1 Wkh ohppd dovr dvvhuwv wkdw wudghu |� hlwkhu

zkrohkhduwhgo| dwwdfnv ru krogv wkh pd{lpxp orqj srvlwlrq1 H�hfwlyho|/ wkh uhohydqw

dfwlrq vsdfh uhgxfhv wr ifc�j1 Wkh duelwudjhxu*v ulvn qhxwudolw| hqdeohv xv wr wdnh wklv

vlpsoli|lqj vwhs1

Ehiruh surfhhglqj wr wkh dqdo|vlv ri vshfl�f prghov/ ohw xv gh�qh wkh htxloleulxp

frqfhsw dqg glvfxvv wkh xqghuo|lqj dvvxpswlrqv ri wkh prgho1

Gh�qlwlrq 4 D wudglqj htxloleulxp lv gh�qhg dv d Shuihfw Ed|hvldq Qdvk Htxlole0

ulxp lq zklfk d wudghu zkr dwwdfnv dw wlph | +fruuhfwo|, eholhyhv wkdw doo wudghuv zkr

ehfdph dzduh ri wkh exeeoh sulru wr khu dovr dwwdfn dw |1

Wklv uhvwulfwlrq rq eholhiv lv yhu| qdwxudo lq rxu vhwwlqj vlqfh lq doo yduldwlrqv ri wkh

prgho wkdw zh frqvlghu/ lw ehfrphv hdvlhu wr vxffhvvixoo| dwwdfn wkh exeeoh wkh orqjhu

lw shuvlvwv1 Qrwh wkdw zh duh qrw uhvwulfwlqj dwwhqwlrq wr wuljjhu vwudwhjlhv lq zklfk dq

djhqw zkr dwwdfnv dw | frqwlqxhv wr dwwdfn dw doo wlphv wkhuhdiwhu1

7 Shuvlvwhqfh ri Exeeohv

714 Dqdo|vlv

Wr frqwudvw rxu dqdo|vlv zlwk wkh vwdqgdug edfnzdugv lqgxfwlrq rxwfrph/ zh dvvxph

wkdw lq wkh devhqfh ri udwlrqdo duelwudjh wkh exeeoh exuvwv suhflvho| 7� shulrgv diwhu wkh

plvsulflqj hphujhg1 Wkdw lv/ wkh exeeoh exuvwv dw 7| ' |f n 7� iru h{rjhqrxv uhdvrqv lq

wkh hyhqw wkdw vhoolqj suhvvxuh sulru wr |fn7� qhyhu h{fhhgv wkh wkuhvkrog V1 Wklv idfw lv
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frpprq nqrzohgjh1 Lq d prgho lq zklfk doo duelwudjhxuv ehfdph dzduh ri wkh exeeoh

dw |f/ doo wudghuv zrxog dwwdfn wkh exeeoh dqg lw zrxog exuvw lpphgldwho|1 Wklv lv d

frqvhtxhqfh ri wkh xvxdo edfnzdugv lqgxfwlrq dujxphqw1 Lq rxu prgho/ duelwudjhxuv

ehfrph dzduh ri wkh exeeoh vhtxhqwldoo| lq d udqgrp rughu dqg ixuwkhupruh kdyh

d qrq0ghjhqhudwh srvwhulru glvwulexwlrq ryhu |f1 Uhfdoo wkdw wudghuv ehfrph cdzduh*

ri wkh exeeoh gxulqj wkh lqwhuydo d|fc |f n wo/ zkhuh zh kdyh lqwhusuhwhg w wr eh d

phdvxuh ri gl�huhqfhv lq rslqlrq dqg rwkhu khwhurjhqhlwlhv dfurvv sod|huv1 Iroorzlqj

wkh whuplqrorj| xvhg lq Doohq/ Pruulv/ dqg Srvwohzdlwh +4<<6,/ wkh plvsulflqj ehfrphv

d exeeoh diwhu lw lv nqrzq wr doo duelwudjhxuv/ wkdw lv dw |f n w1

Zh vkrz wkdw li w lv qrw wrr vpdoo/ wkdw lv/ li w : �
V

3 *?E�3 b
}3onS�

b
/ wkhq wkh wudglqj

htxloleulxp lv xqltxh dqg wkh exeeoh exuvwv suhflvho| dw |fn7� iru doo |f1 Lq wklv fdvh wkh

hqgrjhqrxv vhoolqj suhvvxuh ri wkh udwlrqdo duelwudjhxuv kdv devroxwho| qr lq xhqfh rq

wkh wlph dw zklfk wkh exeeoh exuvwv1 Lw lv zruwk qrwlqj wkdw wklv uhvxow krogv ghvslwh

wkh idfw wkdw lw lv srvvleoh zlwklq rxu prgho iru wudghuv wr frruglqdwh rq sduwlfxodu

gdwhv/ vd| Iulgd|/ 46wk ri Dsulo 5334/ e| dgrswlqj vwudwhjlhv zklfk duh qrw v|pphwulf

lq � �1

Sursrvlwlrq 4 Vxssrvh wV : � *?

�
� � b

}3onS

� �
�
b

�
/ } � o n S : b1 Wkhq wkhuh h{lvwv

d xqltxh wudglqj htxloleulxp1 Lq wklv htxloleulxp doo wudghuv ehjlq dwwdfnlqj � W ' 7� ��
�
b

� �
� *?

�
��

bE�3E�3q�e3E}3o�7��
}3onS

��
	 7� shulrgv diwhu wkh| ehfdph dzduh ri wkh exeeoh

dqg frqwlqxh dwwdfnlqj wkhuhdiwhu1 Qhyhuwkhohvv/ iru doo |f/ wkh exeeoh exuvwv suhflvho|

dw |f n 7� 1

Iru d jlyhq wudglqj htxloleulxp/ zh gh�qh wkh ixqfwlrq � zklfk vshfl�hv iru hdfk

| wkh plqlpxp � � dw zklfk vrph duelwudjhxu dwwdfnv dw |1 Jlyhq rxu gh�qlwlrq ri d

wudglqj htxloleulxp dq| wudghu |�� zlwk � �� � � E|� dovr dwwdfnv dw |/ dqg d wudglqj

htxloleulxp lv frpsohwho| fkdudfwhul}hg e| lwv dvvrfldwhg �0ixqfwlrq1 Lqghhg/ zh zloo

vrphwlphv uhihu wr dq htxloleulxp �1 Iru d jlyhq |f wkh wrwdo pdvv ri wudghuv dwwdfnlqj

dw | � |f lv

r|fc| � 4�?

+] |3�E|�

|f

�

w
_|�c �

,

' 4�?

�
�

w
E|� � E|�� |f� c �

�
1

Ohppd 4 vkrzv wkdw doo wudghuv dozd|v hlwkhu krog wkhlu pd{lpxp ru wkhlu plqlpxp

srvlwlrq1 Wkdw lv/ lq htxloleulxp j|�
pxvw htxdo f ru �/ uhvshfwlyho|1 Frqvhtxhqwo|/ r|f c|

dovr fruuhvsrqgv wr wkh djjuhjdwh vhoolqj suhvvxuh1

Wkh iroorzlqj wzr Ohppdv duh xvhixo lq hvwdeolvklqj Sursrvlwlrq 41 Zh irfxv rq

wkh dwwdfnlqj wudghuv |� ' | � � E|�/ zkrvh wlph odj ehwzhhq dzduhqhvv dqg dfwlrq lv

vkruwhvw dw d jlyhq wlph |1
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Ohppd 5 +Suhhpswlrq Ohppd, Frqvlghu iru hdfk | d wudghu |� ' | � � E|� zkr

�uvw dwwdfnv dw wlph | : |�1 Lq htxloleulxp wudghu |� fdqqrw eholhyh zlwk vwulfwo| srvlwlyh

suredelolw| wkdw r|f c| : V1

Surri1 Vxssrvh wudghu |� dwwdfnv wkh �uvw wlph | zkhq �h� E|fmr|c|f : V� : f1 Wkdw

lv/ zlwk vwulfwo| srvlwlyh suredelolw| wkh exeeoh zloo exuvw dqg vlqfh r|c|f vwulfwo| h{fhhgv

V/ wkh vhoolqj sulfh lv douhdg| uhgxfhg e| d iudfwlrq k 	 �1 Frqvhtxhqwo|/ wkhuh h{lvwv

d vpdoo { : f vxfk wkdw dwwdfnlqj dw | �{ ohdgv wr d vwulfwo| odujhu h{shfwhg sd|r�

iru wudghu |�1

Wkh prwlyh wr suh0hpsw d srvvleoh fudvk uxohv rxw htxloleuld lq zklfk d pdvv ri

cdzduh* duelwudjhxuv vwduw dwwdfnlqj rq d vshfl�f gdwh/ vd| Iulgd|/ Dsulo 46wk ri 53341

Ohppd 5/ wrjhwkhu zlwk wkh idfw wkdw hdfk dwwdfnlqj wudghu eholhyhv wkdw wudghuv

zkr ehfdph dzduh ri wkh exeeoh ehiruh khu dovr dwwdfn/ doorzv xv wr ghulyh d qhfhvvdu|

frqglwlrq iru wkh htxloleulxp eholhiv ri duelwudjhxu |� zkrvh wlph odj ehwzhhq dzduhqhvv

dqg dwwdfnlqj lv vkruwhvw1 Irupdoo|/ wudghu |�*v � � G' 4�?| � E|�1 Wkh irupdo surri lv

uhohjdwhg wr Dsshqgl{ D141

Ohppd 6 Vxssrvh duelwudjhxu |� �uvw dwwdfnv dw vrph | : |�/ wkhq lw pxvw eh wkh fdvh

wkdw sod|hu |� eholhyhv wkdw wkh vxssruw ri |f lv d4@ i|� � wVc |� 7�j c |� o1

Htxlsshg zlwk wkhvh wzr ohppdv zh surylgh wkh surri ri Sursrvlwlrq 4 lq wkh

Dsshqgl{ D151 Wkh lqwxlwlrq iru wklv uhvxow lv suredeo| ehvw surylghg e| d ohvv jhqhudo

exw pruh lqwxlwlyh dujxphqw1

Vxssrvh wkdw iru d jlyhq vwudwhj| sur�oh/ hqgrjhqrxv vhoolqj suhvvxuh zrxog hyhqwx0

doo| exuvw wkh exeeoh dw vrph |fn	� / zkhuh 	� 	 7� 1 Wkhq 	� lv pxwxdo nqrzohgjh dprqj

doo duelwudjhxuv/ zkloh |f/ ri frxuvh/ lv qrw nqrzq1 Dw hdfk gdwh |/ hdfk duelwudjhxu

|� wulhv wr suhglfw wkh olnholkrrg wkdw wkh exeeoh pljkw exuvw lq wkh qh{w lqvwdqw1 Iru

| 	 |� � w n 	� / wudghu |� fdq uxoh rxw wkh srvvlelolw| wkdw wkh exeeoh exuvwv lq wkh

qh{w lqvwdqw1 Iru | � |� � w n 	� / wudghu |� eholhyhv wkdw wkh gdwh |f n 	� dw zklfk

wkh exeeoh exuvwv lv xqlirupo| glvwulexwhg ehwzhhq wkh qh{w lqvwdqw | dqg |� n 	� 1 Wkh

odwwhu lv wkh fdvh li wudghu |� ehfdph dzduh ri wkh exeeoh suhflvho| dw |f1 Wkdw lv/ wkh

frqglwlrqdo ghqvlw| wkdw wkh exeeoh pljkw exuvw dw lqvwdqw | lv ZS E|m|�� '
b

�3e3bE|�n	�3|�

iru | � |�� wn	� dqg }hur rwkhuzlvh1 Wkh dwwdfn frqglwlrq Ohppd 4 vwdwhv wkdw wudghu

|� zloo rqo| dwwdfn li ZS E|m|�� '
b

�3e3bE|�n	�3|�
�

E}3o�nS

�3E�3q�.de3E}3o�E|3|f� �|�c|o
1 Vlqfh wkh uljkw

kdqg vlgh lv dozd|v vpdoohu wkdq E}3o�nS

�3E�3q�e3E}3o�7� / hdfk duelwudjhxu |� dwwdfnv hduolhvw iurp

| � |� n 	� �

� *?

�
��

bE�3E�3q�e3E}3o�7��
}3onS

�
b

rqzdugv1 Qrwh wkdw 	� � � *?

�
��

bE�3E�3q�e3E}3o�7��
}3onS

��
�
b

�
/ vlqfh qr wudghu dwwdfnv eh0

iruh vkh lv dzduh ri wkh exeeoh1 Wkh pdvv ri wudghuv zkr duh dzduh ri wkh exeeoh dw
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wlph | lv jlyhq e| 4@ 
�
�
w
E|� |f� c �

�
1 Jlyhq wkdw hdfk duelwudjhxu qhyhu dwwdfnv ehiruh

	��
�
�
b

� �
� *?

�
��

bE�3E�3q�e3E}3o�7��
}3onS

��
shulrgv/ wkh wrwdo vhoolqj suhvvxuh dw wlph | lv ohvv

wkdq4@ 

�
�
w

�
|� 	� n

�
�
b

� �
� *?

�
� �

bE�3E�3q�e3E}3o�7��
}3onS

��
� |f

�
c �

�
1 Iru | ' |fn	� wkh

wrwdo vhoolqj suhvvxuh lv dw prvw �
w

�
�
b

��
� *?

�
��

bE�3E�3q�e3E}3o�7��
}3onS

��
zklfk lv vpdoohu

wkdq wkh wkuhvkrog V1 Wklv frqwudglfwv wkh lqlwldo dvvxpswlrq wkdw 	� 	 7� 1 Wkhuhiruh/

zh fdq uxoh rxw dq| htxloleulxp zkhuh 	� lv lqghshqghqw ri |f1 Lq sduwlfxodu/ wkh surri

vkrzv wkdw wkhuh grhv qrw h{lvw d v|pphwulf htxloleulxp lq zklfk wkh exeeoh exuvwv

sulru wr 7� 146

Krzhyhu/ wkhuh pljkw h{lvw htxloleuld iru zklfk 	� lv d ixqfwlrq ri |f1 Iru h{dpsoh/

dwwdfnlqj rq d sduwlfxodu gdwh/ vd| Iulgd|/ 46wk ri Dsulo 5334 +ghqrwhg e| |��, ohdgv wr

	�
��
'

�
	� li |f : |�� � wV

|�� � |f li |f � |�� � wV

zklfk lv qrw uxohg rxw dv d srvvleoh htxloleulxp e| wkh deryh dujxphqw1 Krzhyhu/

jlyhq wklv vwudwhj| sur�oh/ d srvlwlyh pdvv ri wudghuv vwduwv dwwdfnlqj dw |��1 Wkdw

lv/ wkh exeeoh exuvwv zlwk d vwulfwo| srvlwlyh suredelolw| iurp wkh lqglylgxdo wudghu*v

ylhzsrlqw1 E| Ohppd 5 wudghuv kdyh dq lqfhqwlyh wr dwwdfn hduolhu dqg khqfh lw lv

qrw dq htxloleulxp vwudwhj|1 Wkh surri lq wkh Dsshqgl{ jhqhudol}hv wklv uhvxow wr dq|

srvvleoh wudglqj vwudwhj| sur�oh1

Dw |f n 7� wkh exeeoh exuvwv iru h{rjhqrxv uhdvrqv1 Lq htxloleulxp hdfk duelwudjhxu

vwduwv ohdylqj wkh vwrfn pdunhw dw | � |� n 7� �
�
�
b

� �
� *?

�
��

bE�3E�3q�e3E}3o�7��
}3onS

��
1

Qrwlfh/ krzhyhu/ wkdw dw wkh wlph ri wkh fudvk |f n 7� / wkh hqgrjhqrxv vhoolqj suhvvxuh

lv ohvv wkdq V dqg wkxv/ wkh exeeoh exuvwv sxuho| iru h{rjhqrxv uhdvrqv1 Wklv lv lq

frqwudvw wr wkh vwdqgdug edfnzdugv lqgxfwlrq uhdvrqlqj zkhuh wkh dqwlflsdwlrq ri d

fudvk suhsrqhv wkh sulfh gurs1

Zh qrwh khuh wkdw wkh vwdqgdug lwhudwlyh grplqdqfh surri ri joredo jdphv fdqqrw

eh dssolhg lq rxu vhwwlqj/ vlqfh rxu jdph grhv qrw h{klelw vwudwhjlf frpsohphqwdulwlhv1

Wkh uhdvrq lv wkdw wudghuv lqihu lqirupdwlrq iurp wkh idfw wkdw wkh exeeoh vwloo h{lvwv147

46Qrwh wkdw iru � $ 3/ wkh sulru glvwulexwlrq ri w3 lv dq +lpsurshu, xqlirup glvwulexwlrq1 Lq wklv fdvh

wkh frqglwlrqdo glvwulexwlrq iru wudghu wl wkdw wkh exeeoh exuvwv lq wkh qh{w lqvwdqw lv �
f
+wmwl, @

4
wl.a��w

dqg wkh whup � oq

�
4�

�+4�+4��,h�+j�u,��
,

j�u.f

��
4
�

�
frqyhujhv wr

4�+4��,h�+j�u,��

+j�u,.f
11

47Wklv lv suredeo| ehvw looxvwudwhg e| phdqv ri dq h{dpsoh/ zkhuhlq zh uhvwulfw wkh vwudwhj| vsdfh

wr wuljjhu vwudwhjlhv1 Frqvlghu d wudghu wl zkr vwduwv dwwdfnlqj wkh exeeoh dw w
46

@ wl . � l/ surylghg

wkdw doo rwkhu wudghuv dwwdfn lpphgldwho| zkhq wkh| ehfdph dzduh ri wkh exeeoh1 Jlyhq wklv vwudwhj|

sur�oh/ wudghu wl fdq lqihu d orzhu erxqg iru w3 iurp wkh idfw wkdw wkh exeeoh vwloo h{lvwv1 Frpsduh

wklv zlwk d vlwxdwlrq zkhuh rwkhu wudghuv gr qrw vwduw dwwdfnlqj lpphgldwho| zkhq wkh| ehfrph dzduh
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715 Odfn ri Frpprq Nqrzohgjh

Lq vwdqgdug prghov/ dq| �qlwh exeeoh fdq eh holplqdwhg e| wkh fodvvlf edfnzdugv

lqgxfwlrq uhdvrqlqj1 Krzhyhu/ wkh vwdqgdug edfnzdugv lqgxfwlrq dujxphqw uhtxluhv d

vwduwlqj srlqw zklfk lv frpprq nqrzohgjh dprqj wkh duelwudjhxuv1 Wr jdlq d ehwwhu

xqghuvwdqglqj iru zk| d exeeoh shuvlvwv hyhq wkrxjk wkh olih vsdq ri wkh exeeoh lv

�qlwh/ lw lv xvhixo wr wdnh d forvhu orrn dw duelwudjhxuv* nqrzohgjh ri wkh exeeoh dv

wlph hyroyhv1 Sursrvlwlrq 5 ehorz vkrzv wkdw lw lv qhyhu frpprq nqrzohgjh wkdw dw

ohdvw V wudghuv duh dzduh ri wkh exeeoh> wklv edvlf revhuydwlrq surylghv dq dowhuqdwlyh

shuvshfwlyh rq wkh gl�huhqfh ehwzhhq rxu prgho dqg wkh fodvvlfdo olwhudwxuh rq exeeohv1

Sursrvlwlrq 5 Lw lv qhyhu frpprq nqrzohgjh wkdw dw ohdvw V wudghuv duh dzduh ri wkh

exeeoh1

Surri1 Lw lv vx!flhqw wr orrn dw wkh �uvw V wudghuv1 Dw |f n wV/ dw ohdvw V wudghuv

nqrz ri wkh exeeoh1 Wkdw lv/ lw lv pxwxdo nqrzohgjh dprqj V wudghuv dw |f n wV1

Krzhyhu wudghuv/ lq sduwlfxodu duelwudjhxuv zkr rqo| ehfdph dzduh dw |fn wV/ duh qrw

vxuh zkhwkhu wkh rwkhu duelwudjhxuv duh dzduh ri wkh exeeoh wrr1 Dw |f n 2wV/ wkh �uvw

V wudghuv nqrz wkdw d exeeoh h{lvwv dqg wkdw dw ohdvw d iudfwlrq V ri wkh duelwudjhxuv

nqrzv ri wkh exeeoh1 Krzhyhu/ wkh| gr qrw nqrz zkhwkhu d iudfwlrq V nqrzv wkdw d

iudfwlrq V nqrzv wkdw wkh exeeoh h{lvwv/ hwf1 Wklv lv rqo| wkh fdvh dw |f n �wV1 Pruh

jhqhudoo|/ ohw ? eh d srvlwlyh lqwhjhu/ wkhq dw |fn?wV/ wkh Vwk wudghu nqrzv wkdw dw ohdvw

V wudghuv nqrz wkdw dw ohdvw V nqrz wkdw 111 dqg vr rq dw prvw ?0wlphv1 Lw zloo qhyhu

eh frpprq nqrzohgjh dprqj V wudghuv wkdw wkhuh duh dw ohdvw d iudfwlrq V wudghuv zkr

nqrz ri wkh exeeoh1

Dv wlph jrhv wr lq�qlw| wkh idfw wkdw dw ohdvw V duelwudjhxuv nqrz ri wkh exeeoh

ehfrphv �doprvw frpprq nqrzohgjh� lq wkh fdvh zkhuh wkh exeeoh qhyhu exuvwv iru

h{rjhqrxv uhdvrqv/ wkdw lv 7� $4 1 Krzhyhu/ lw lv qhyhu frpprq nqrzohgjh dprqj dw

ohdvw V wudghuv1 Wkxv/ rxu v|qfkurql}dwlrq sureohp prgho lv dqrwkhu h{dpsoh ri wkh

vwulnlqj gl�huhqfh ehwzhhq frpprq nqrzohgjh dqg doprvw frpprq nqrzohgjh148

8 Hqgrjhqrxv Fudvkhv

Wkh suhylrxv vhfwlrq kljkoljkwv wkh fhqwudo ihdwxuhv ri rxu prgholqj dssurdfk dqg

hpskdvl}hv wkh gl�huhqw srlqwv ri ghsduwxuh iurp wudglwlrqdo prghov1 Zkloh wkh exeeoh

exuvwv h{dfwo| diwhu 7� shulrgv iru h{rjhqrxv uhdvrqv lq wkh suhylrxv vhfwlrq/ zh vkrz

lq wklv vhfwlrq wkdw udwlrqdo duelwudjhxuv exuvw wkh exeeoh li duelwudjhxuv* glvshuvlrq ri

ri wkh exeeoh exw rqo| dw/ vd| w
461 Lq wklv fdvh wudghu wl fdqqrw ghulyh d orzhu erxqg iru w3 iurp wkh

h{lvwhqfh ri wkh exeeoh1 Frqvhtxhqwo|/ vkh kdv d juhdwhu lqfhqwlyh wr dwwdfn wkh exeeoh dw w461 Wklv lv

h{dfwo| wkh rssrvlwh ri zkdw vwudwhjlf frpsohphqwdulw| zrxog suhvfuleh1
48Wklv glvwlqfwlrq zdv �uvw lqwurgxfhg lq wkh hfrqrplfv olwhudwxuh e| Uxelqvwhlq +4<;<,1
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rslqlrq dqg2ru prphqwxp wudghuv* devruswlrq fdsdflw| duh vx!flhqwo| odujh1 Khqfh/

wklv dqdo|vlv frxog eh ylhzhg dv d eulgjh ehwzhhq wkh �uvw sduw ri rxu sdshu/ zkhuh

wkh exeeoh rqo| exuvwv iru h{rjhqrxv uhdvrqv/ dqg wkh vwdqgdug cqr exeeoh* olwhudwxuh/

zkhuh exeeohv duh uxohg rxw vlqfh duelwudjhxuv zrxog exuvw lw uljkw dzd|1

Zh irfxv rq wkh wudglqj htxloleulxp zklfk pdnhv lw kdughvw wr vxvwdlq d exeeoh1

Wkdw lv/ zh irfxv rq wkh htxloleulxp/ zkhuh duelwudjhxuv dwwdfn hduolhvw1 Wklv udlvhv

wkh edu iru rxu dqdo|vlv vlqfh rxu sulpdu| remhfwlyh lv wr vkrz wkdw exeeohv pd| h{lvw

ghvslwh wkh suhvhqfh ri udwlrqdo duelwudjhxuv1 Vlqfh hdfk htxloleulxp fdq eh fkdudfwhu0

l}hg e| lwv �0ixqfwlrq/ wkh pruh irupdo vwdwhphqw lv wkdw zh irfxv rq wkh htxloleulxp

�
WW zlwk wkh surshuw| wkdw �WW E|� � � E|� iru doo | iru dq| srvvleoh htxloleulxp ixqfwlrq

�1 Lw lv qrw reylrxv wkdw d �
WW0htxloleulxp h{lvwv1 Sursrvlwlrq 6 ehorz vkrzv wkdw

lw grhv/ dqg ixuwkhupruh wkdw wkh �prvw djjuhvvlyh� htxloleulxp �WW lv d v|pphwulf

wuljjhu0vwudwhj| htxloleulxp1 Wkh fkrvhq vhwxs dovr doorzv xv wr ghulyh wkh hqgrjhqrxv

olih vsdq ri wkh exeeoh dqg wkh h{dfw wudglqj vwudwhjlhv lq forvhg irup1

Sursrvlwlrq 6 Vxssrvh wV 	
�
�
b

� k
� *?

�
� �

b3bE�3q�e3E}3o�7�

}3onS

�l
1 Wkhq wkhuh h{lvwv d

v|pphwulf wuljjhu vwudwhj| htxloleulxp/ lq zklfk wkh wudghuv ohdyh wkh pdunhw �WW '

4@ 

q
fc� *?

�
E}3onS�e3bwV

3E}3onS�nb

bE�3q�

��
�

}3o

�
� wV

r
shulrgv diwhu wkh| ehfrph dzduh ri

wkh exeeoh1 Khqfh/ wkh exeeoh exuvwv h{dfwo| dw

|f n4@ 

;AA?
AA=wVc

� *?

�
b3E}3onS�E�3e3bwV�

bE�3q�

�
E} � o�

<AA@
AA> 1

Ixuwkhupruh � WW � � E|� iru doo | iru dq| srvvleoh htxloleulxp � E|�1

Wkh surri ri wklv sursrvlwlrq lv suhvhqwhg lq Dsshqgl{ D161 Qrwh wkdw iru q ' f/

wV � � *?

�
b3E}3onS�E�3e3bwV�

bE�3q�

��
�

}3o

�
dqg khqfh/ wkh exeeoh dozd|v exuvwv dw |f �

*?

�
b3E}3onS�E�3e3bwV�

bE�3q�

��
�

}3o

�
1

Wkh suhylrxv vhfwlrq kljkoljkwv wkh srlqw wkdw wkh xvxdo edfnzdugv lqgxfwlrq du0

jxphqw euhdnv grzq vlqfh dw qr srlqw lv lw frpprq nqrzohgjh wkdw d exeeoh h{lvwv1

Krzhyhu/ wkh deryh htxloleulxp fdq eh rewdlqhg yld wkh iroorzlqj +edfnzdug, surfh0

gxuh zklfk hqwdlov �lwhudwlyh uhprydo ri qrq0ehvw0uhvsrqvh v|pphwulf wuljjhu vwudwh0

jlhv1� Vlqfh wkh exeeoh xowlpdwho| exuvwv iru h{rjhqrxv uhdvrqv/ hyhqwxdoo| dwwdfnlqj

d exeeoh ehfrphv d grplqdqw vwudwhj| hyhq zkhq lw lv dvvxphg wkdw qr rwkhu wudghu

hyhu dwwdfnv1 Ohw |� n � � +' |� n � W, eh wklv gdwh1 Xqghu wkh frqmhfwxuh wkdw hdfk

wudghu |�� vwduwv dwwdfnlqj iurp |�� n � � rqzdugv/ wudghu |�*v ehvw +wuljjhu, uhvsrqvh lv

wr dwwdfn hyhq hduolhu iurp |� n � 2 rqzdugv1 Lwhudwlqj wklv dujxphqw |lhogv wkh v|p0

phwulf wuljjhu0vwudwhj| htxloleulxp ghvfulehg deryh1 Lqwxlwlyho|/ dv � � dssurdfkhv 7�
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duelwudjhxu |� ehfrph vx!flhqwo| cqhuyrxv* wkdw wkh exeeoh pljkw exuvw/ zklfk ohdgv

wr dq hqgrjhqrxv uhvsrqvh1 Wklv hqgrjhqrxv uhvsrqvh ihhgv rq lwvhoi1 Qhyhuwkhohvv/

wkh exeeoh shuvlvwv wloo |f n � WW n wV1

Wkh forvhg irup vroxwlrq hqdeohv xv wr frqgxfw vrph frpsdudwlyh vwdwlfv1 Wkh

hqgrjhqrxv olih0vsdq ri wkh exeeoh lqfuhdvhv dv wkh glvshuvlrq ri rslqlrqv dprqj duel0

wudjhxuv w lqfuhdvhv1 Wdnlqj rxu prgho olwhudoo|/ w ghvfulehv wkh wlph vsdq +zlqgrz,

ryhu zklfk wudghuv ehfrph vhtxhqwldoo| dzduh ri wkh exeeoh1 Lw lv dovr hvvhqwldo iru rxu

dujxphqw wr zrun wkdw lqglylgxdo wudghuv gr qrw nqrz zkhq wkh| ehfdph dzduh ri wkh

exeeoh uhodwlyh wr rwkhuv= lqglylgxdo wudghuv ehfrph dzduh ri wkh exeeoh lq d vhtxhq0

wldo/ udqgrp rughu1 Wkh odujhu wkh zlqgrz w/ wkh pruh xqfhuwdlq lv hdfk duelwudjhxu

derxw zkhq rwkhu wudghuv ehfdph dzduh ri wkh exeeoh1 Dowhuqdwlyh prgho irupxodwlrqv

vkrz wkdw wkh glvshuvlrq ri wkh wlplqj lv fuxfldo iru wkh hphujhqfh ri wkh exeeoh dqg

qrw wkh gl�huhqfh lq wkh hvwlpdwh ri wkh ixqgdphqwdo ydoxh1 Wkh frpsdudwlyh vwdwlf ri

wkh devruswlrq fdsdflw| V ri wkh prphqwxp wudghuv lv wkh vdph dv iru w1 D odujhu V

uhtxluhv pruh frruglqdwlrq dprqj duelwudjhxuv dqg wkxv surorqjv wkh exeeoh1 Dv rqh

zrxog h{shfw wkh uhsxwdwlrqdo shqdow| S pdnh lw pruh frvwo| wr vwd| rxw ri wkh pdunhw

dqg/ khqfh/ h{whqg wkh olih0vsdq ri wkh exeeoh1 D fkdqjh lq wkh h{fhvv jurzwk udwh ri

wkh exeeoh E} � o� fdxvhv wzr rssrvlqj h�hfwv1 Rq wkh rqh kdqg/ lw lv pruh frvwo| wr

qrw sduwlflsdwh lq wkh dssuhfldwlrq ri wkh exeeoh1 Wklv h�hfw lv vlplodu wr wkh uhsxwd0

wlrqdo shqdolw| S h{whqglqj wkh odujhu olih0vsdq ri wkh exeeoh1 Rq wkh rwkhu kdqg/ d

kljkhu +sdvw, h{fhvv jurzv udwh dovr lqfuhdvhv wkh fxuuhqw vl}h ri wkh exeeoh1 Wkh odujhu

wkh exeeoh/ wkh pruh lqfhqwlyh wkh duelwudjhxu kdv wr ohdyh wkh vwrfn pdunhw1 Ryhudoo/

wkh frpsdudwlyh vwdwlf lv dpelydohqw1 Iru vpdoo E} � o� dq lqfuhdvh lq wkh h{fhvv jurzwk

udwh lqfuhdvhv wkh olih0vsdq ri wkh exeeoh/ zkloh wkh rssrvlwh lv wuxh iru odujh E} � o�1

Qrwlfh wkdw d vxusulvh lqwhuhvw udwh lqfuhdvh e| wkh Ihghudo Uhvhuyh Edqn pljkw lqgxfh

duelwudjhxuv wr ohdyh wkh vwrfn pdunhw1 Lw lv qrw zruwk ulvnlqj wr eh fdxjkw e| d fudvk

lq h{fkdqjh iru d vpdoohu h{fhvv uhwxuq E} � o�1 Krzhyhu/ li wkh fudvk grhv qrw rffxu/

wkh exeeoh jurzv dw d orzhu udwh zklfk pljkw ohqjwkhq wkh olih0vsdq ri wkh exeeoh1

Wkh surriv ri Sursrvlwlrq 6 dqg Ohppd 7 lq wkh dsshqgl{ doorz xv wr uhsodfh wkh

vx!flhqw frqglwlrq ri Sursrvlwlrq 4 zlwk d qhfhvvdu| dqg vx!flhqw frqglwlrq1

Sursrvlwlrq 7 Iru d jlyhq 7� / wV :
�
�
b

� k
� *?

�
� �

b3bE�3q�e3E}3o�7�

}3onS

�l
lv wkh qhfhvvdu|

dqg vx!flhqw frqglwlrq wkdw wkh exeeoh exuvwv iru h{rjhqrxv uhdvrqv dw |fn7� 1 Ixuwkhu0

pruh/ wklv rxwfrph lv xqltxh1

Surri1 Lw lv hdv| wr fkhfn wkdw iru wV '
�
�
b

� k
� *?

�
��

b3bE�3q�e3E}3o�7�

}3onS

�l
wkh wlph

zkhq wkh exeeoh exuvwv iru hqgrjhqrxv uhdvrqv |f n � WW n wV frlqflghv zlwk wkh wlph

|f n 7� / zkhq lw zrxog exuvw iru h{rjhqrxv uhdvrqv1 Vlqfh Y�WW

YwV
: f/ wkh exeeoh exuvwv

iru h{rjhqrxv uhdvrqv iru wV :
�
�
b

� k
� *?

�
� �

b3bE�3q�e3E}3o�7�

}3onS

�l
1
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E| Ohppd 7 wkhuh h{lvwv qr rwkhu htxloleulxp zkhuh wkh exeeoh exuvwv ehiruh |f n

� WW n wV iru hqgrjhqrxv uhdvrqv1 Khqfh/ wkh exuvwlqj dw |f n 7� lv xqltxh rxwfrph1

9 V|qfkurql}lqj Sxeolf Hyhqwv

Iru vlpsolflw|/ zh zloo uhvwulfw rxu irupdo dqdo|vlv wr vxqvsrwv zklfk vhuyh dv sxuh

frruglqdwlrq ghylfhv dqg zloo qrw frqvlghu vljqdov zklfk uhyhdo lqirupdwlrq derxw |f1

Wklv lv frqvlvwhqw zlwk rxu hpskdvlv rq lvvxhv ri v|qfkurql}dwlrq1 Lqirupdwlyh sxeolf

vljqdov zrxog qrw hqwdlo txdolwdwlyh fkdqjhv wr wkh dqdo|vlv suhvhqwhg ehorz1

Lqwhuhvwlqjo|/ dqwlflsdwhg sxeolf hyhqwv gr qrw dowhu wkh dqdo|vlv lq dq| zd|1 Wr vhh

wklv/ revhuyh wkdw �Iulgd| 46wk ri Dsulo 5334� lv suhflvho| vxfk dq dqwlflsdwhg sxeolf

hyhqw dqg zh kdyh dujxhg lq wkh suhfhglqj vhfwlrq wkdw dq dqwlflsdwhg fudvk rq d vshfl�f

gdwh fdqqrw rffxu1 Wkh uhdvrq lv wkdw hdfk lqglylgxdo wudghu kdv dq lqfhqwlyh wr suh0

hpsw d sursrvhg v|qfkurql}hg dwwdfn rq Dsulo 46wk1 Krzhyhu/ wudghuv fdqqrw iurqw0uxq

xqdqwlflsdwhg sxeolf hyhqwv dqg khqfh/ vxfk hyhqwv fdq ohdg wr d v|qfkurql}hg dwwdfn1

Lqghhg/ hyhq dq +xqdqwlflsdwhg, lqfuhdvh lq wkh olnholkrrg ri d sxeolf hyhqw dorqh pd|

dovr wuljjhu d fudvk1

Wkurxjkrxw zh zloo dvvxph wkdw wudghuv zkr duh qrw douhdg| dzduh ri wkh exeeoh gr

qrw revhuyh wkh sxeolf hyhqw1 Li wkh sxeolf hyhqw vhuyhv wr pdnh doo duelwudjhxuv dzduh

ri wkh exeeoh dqg wklv idfw lv frpprq nqrzohgjh wkhq wkh prgho ehfrph ghjhqhudwh=

zh duh edfn lq d zruog ri v|pphwulf lqirupdwlrq lq zklfk wkh exeeoh fdqqrw srvvleo|

vxuylyh diwhu wkh sxeolf hyhqw1

914 Xqdqwlflsdwhg Sxeolf Hyhqwv

Zh frqvlghu wkh fdvh zkhuh sxeolf vljqdov duulyh dw d frqvwdqw duulydo udwh bR1 Ohw

bR eh vx!flhqwo| vpdoo vxfk wkdw wkh xqfhuwdlqw| derxw srvvleoh ixwxuh sxeolf hyhqwv

dorqh grhv qrw wuljjhu dq lpphgldwh fudvk1 Duelwudjhxuv zkr duh dzduh ri wkh exeeoh

ehfrph pruh dqg pruh zdu| dv wlph jrhv e|1 Wkhuhiruh/ wkh| lqfuhdvlqjo| orrn rxw

iru vljqdov zklfk pljkw fdxvh wkh exeeoh wr exuvw hyhq wkrxjk wkhvh vljqdov duh wrwdoo|

xquhodwhg wr wkh ixqgdphqwdov1 Zh wu| wr fdswxuh wklv lghd e| dvvxplqj wkdw sxeolf

vljqdov duh rqo| revhuyhg e| wudghuv zkr ehfdph dzduh ri wkh exeeoh pruh wkdq �R

shulrgv djr1 Wudghuv zkr duh hlwkhu xqdzduh ri wkh exeeoh ru rqo| uhfhqwo| ehfdph

dzduh ri lw gr qrw revhuyh sxeolf vljqdov1 Dowhuqdwlyho|/ rqh fdq dovr hqylvlrq d pruh

jhqhudo vhwwlqj zkhuh xqdzduh wudghuv revhuyh wkh sxeolf vljqdo +vxqvsrw, exw gr qrw

dwwulexwh pxfk lpsruwdqfh wr lw1 Wklv pruh jhqhudo ylhzsrlqw zrxog ohdg xv wr d

wkhruhwlfdo glvfxvvlrq ri zkdw frqvwlwxwhv wkh �sxeolfqhvv� ri d sxeolf hyhqwB Wr dyrlg

wkhvh lqwhuhvwlqj uhodwhg wkhruhwlfdo sx}}ohv/ zh pdnh rxu dvvxpswlrq derxw �R1 Qrwh

wkdw wkh fdvh �R ' f fdswxuhv wkh vshfldo fdvh zkhuh doo dzduh wudghuv revhuyh wklv

sxeolf hyhqw1
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Hyhq mxvw wkh srvvlelolw| wkdw d sxeolf hyhqw pljkw rffxu dowhuv wudghuv* vwudwhjlhv

dqg wklv lq wxuq dowhuv wkh olnholkrrg wkdw wkh exeeoh zloo exuvw lq wkh qh{w lqvwdqw1

Lqvwhdg ri dwwdfnlqj dw |�n� WW/ duelwudjhxuv douhdg| dwwdfn dw |�n� WWW/ zkhuh � WWW 	 � WW1

Doo wudghuv zkr gluhfwo| revhuyh wkh sxeolf hyhqw fdq wudgh frqglwlrqdo rq lw1 Wkdw

lv/ wkh| fdq v|qfkurql}h wkhlu dfwlrqv1 Li doo wudghuv zkr revhuyh wkh vljqdo dwwdfn wkh

exeeoh/ wkh exeeoh exuvwv zlwk d vwulfwo| srvlwlyh suredelolw| iurp wkh ylhzsrlqw ri hdfk

lqglylgxdo wudghu1 Vlqfh wkh frvw ri dq lqvwdqwdqhrxv dwwdfn lv }hur/ lw lv rswlpdo iru doo

duelwudjhxuv zkr revhuyh wkh sxeolf vljqdo wr vhoo wkhlu dvvhwv149 Li wkh vhoolqj suhvvxuh

vxusdvvhv V/ wkh exeeoh exuvwv hyhq wkrxjk wkh sxeolf hyhqw fduulhv qr ixqgdphqwdo

qhzv1 Lq Zdoo Vwuhhw mdujrq/ wkh sxeolf hyhqw vhuyhv dv d �vprnhvfuhhq� iru wkh sulfh

fruuhfwlrq1 Li wkh vhoolqj suhvvxuh lv ohvv wkdq V/ wkh dwwdfn idlov1 Wklv uhyhdov wr wkh

dwwdfnlqj wudghuv wkdw wkh exeeoh lv qrw ulsh |hw dqg hyhq wudghuv zkr vwduwhg dwwdfnlqj

wkh exeeoh sulru wr wkh sxeolf hyhqw lqyhvw lq wkh pdunhw djdlq/ wkhuhe| vwuhqjwkhqlqj

wkh exeeoh1

Dqdorjrxv wr wkh suhylrxv vhfwlrqv zh gh�qh wkh ixqfwlrq � E|m�|� iru dq| htxlole0

ulxp � wr lqglfdwh dw dq| wlph | dqg iru dq| klvwru| ri sdvw sxeolf hyhqwv �|/ �?u |� E|� |��

zkhuh wkh lq�qlpxp lv wdnhq zlwk uhvshfw wr vhw ri duelwudjhxuv zkr dwwdfn dw wlph |1

Dv lq wkh suhylrxv vhfwlrq zh irfxv rq wkh htxloleulxp/ zkhuh vxvwdlqhg exeeohv duh

ohdvw olnho|1 Wkdw lv/ rqh iru zklfk �
WWW

E|m�|� � � E|m�|� iru doo |/ d jlyhq klvwru| �| ri

sxeolf hyhqwv dqg dq| htxloleulxp �1 Iru � R � � WW/ sxeolf hyhqwv fdq eh qhjohfwhg dv

wkh dqdo|vlv lv lghqwlfdo wr wkh rqh lq Vhfwlrq 81 Wkhuhiruh/ zh irfxv rxu dqdo|vlv rq

wkh fdvh/ zkhuh � R 	 � WW1

Sursrvlwlrq 8 Lq wkh �
WWW

0htxloleulxp dv gh�qhg deryh duelwudjhxu |� dozd|v dwwdfnv

dw wkh lqvwdqfhv ri sxeolf hyhqwv |R � |�n� R1 Ixuwkhupruh/ vkh dwwdfnv dw doo | � |�n� WWW

h{fhsw lq wkh hyhqw wkdw wkh odvw dwwdfn idlohg lq zklfk fdvh vkh uh0hqwhuv wkh pdunhw

iru wkh lqwhuydo | 5 E|Rc |R n � WWW � � R� _ E|Rc |� n � �cR� xqohvv d qhz sxeolf hyhqw rffxuv

lq wkh lqwhulp ru diwhu |� n � �cR1 Dw wkh odwwhu wlph wkh ghqvlw| wkdw wkh exeeoh exuvwv

iru h{rjhqrxv uhdvrqv ru gxh wr dqrwkhu sxeolf hyhqw lv vx!flhqwo| kljk wr zduudqw h{lw

+hyhq li rwkhu wudghuv gr qrw dwwdfn,1

Diwhu d idlohg dwwdfn dw wkh odwhvw sxeolf hyhqw |R/ hyhq wudghuv zkr vwduwhg dwwdfnlqj

sulru wr |R/ wkdw lv/ wudghuv zlwk |� 	 |R� �WWW/ ex| edfn vkduhv1 Wkxv/ wkh| vwuhqjwkhq

wkh exeeoh1 Qrerg| dwwdfnv wloo |R n � WWW � �R diwhu d idlohg dwwdfn dw |R h{fhsw li

| � |� n �Rc�/ lq zklfk fdvh wkh shufhlyhg ghqvlw| wkdw wkh exeeoh exuvwv iru h{rjhqrxv

49Pdq| pdunhw wlphuv iroorz wklv vwudwhj|1 Iru h{dpsoh/ Ulfkdug Exfk ri wkh Vhdwwoh0edvhg Phu0

ulpdq Fdslwdo Pdqdjhphqw looxvwudwlyho| qrwhv= �Lw lv olnh uxvklqj rxw ri d exloglqj zkhq |rx wklqn

wkhuh*v d �uh1 Zkhq wkhuh lvq*w/ |rx jr edfn lq udwkhu vkhhslvko| dqg hyhu|rqh dvnv cZk| duh |rx

vr qhuyrxvB* Exw/ rqfh lq d zkloh/ hyhu|rqh vwd|v lq wkh exloglqj dqg wkhuh dfwxdoo| lv d �uh1 Wkh

uhdo ydoxh ri pdunhw wlplqj lv jhwwlqj rxw ehiruh d elj fudvk1� Ilqdqfldo Wlphv/ Zhhnhqg Qryhpehu

58259wk/ 53331
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uhdvrqv ru gxh wr wkh duulydo ri d qhz sxeolf hyhqw lv wrr kljk1 Lq vkruw/ Sursrvlwlrq 8

looxvwudwhv krz pdunhw vhqwlphqw erxqfhv edfn diwhu d idlohg dwwdfn1

Wklv vhfwlrq kljkoljkwv wkh srlqw wkdw lw lv pxfk pruh lpsruwdqw wr irfxv rq qhzv

hyhqwv wkdw rwkhu wudghuv frqvlghu dv srvvleoh sulfh pryhuv wkdq wr irfxv rq ixqgdphq0

wdov1 Dv srlqwhg rxw hduolhu/ rxu dqdo|vlv iroorzv d pruh qrq0fodvvlfdo ylhz zklfk fdq

eh wudfhg edfn wr Nh|qhv +4<69,1

Wkh dqdo|vlv dovr looxvwudwhv wkdw lqfuhdvhg xqfhuwdlqw| e| lwvhoi fdq ohdg wr vljql�0

fdqw sulfh vzlqjv1 Wklv idoov lq olqh zlwk wkh vwdwhphqw wkdw Zdoo Vwuhhw lv pruh diudlg

ri xqfhuwdlqw| wkdq ri wkh zruvw rxwfrph shu vh14: Dq lqfuhdvh lq wkh olnholkrrg bR

wkdw d sxeolf hyhqw pljkw rffxu lq lwvhoi fdq wuljjhu odujh sulfh pryhphqwv1 Vxgghqo|/

lw ehfrphv rswlpdo iru duelwudjhxuv wr dwwdfn wkh exeeoh hyhq wkrxjk wkhuh zdv qr

qhzv hyhqw vr idu1 Wkh xqfhuwdlqw| derxw wkh wlplqj ri d sxeolf hyhqw fdq kdyh d

pxfk eljjhu lpsdfw wkdq dq dqwlflsdwhg sxeolf hyhqw1 Wkh rxwfrph ri wkh 5333 XV0

suhvlghqwldo hohfwlrqv fdq eh ylhzhg lq wklv oljkw1 Vrph shrsoh kdyh dujxhg wkdw wkh

xqfhuwdlqw| vxuurxqglqj zkhwkhu Jruh ru Exvk zrq wkh hohfwlrq dqg zkhq lw zloo eh

uhvroyhg vhuyhg dv d �vprnhvfuhhq� iru wkh sulfh fruuhfwlrq lq kljk0whfk vwrfnv wkdw zdv

dq|zd| qhfhvvdu|1 Lq rxu prgho wklv xqfhuwdlqw| derxw wkh wlplqj doorzv duelwudjhxuv

wr v|qfkurql}h wkhlu dfwlrqv1 Wklv fdq ohdg wr odujh sulfh pryhphqwv/ zkloh dq dqwlf0

lsdwhg dqqrxqfhphqw ri wkh zlqqhu rq Qry :wk/ 5333 grhv qrw1 Wkh qhz hohphqw lv

wkdw duelwudjhxuv fdq gh0idfwr dovr frruglqdwh rq xqfhuwdlqw| derxw qhzv1

Rxu dqdo|vlv dovr vkhgv vrph oljkw rq wkh idfw wkdw wkhuh duh idgv dqg idvklrqv

lq lqirupdwlrq1 Iru h{dpsoh/ wudgh �jxuhv guryh wkh pdunhw gxulqj wkh 4<;3*v1 Lq

frqwudvw/ lq wkh odwh 4<<3*v Dodq Juhhqvsdq*v vwdwhphqwv pryhg vwrfn sulfhv/ zkloh

wudgh �jxuhv zhuh ljqruhg1

915 Sulfh Fdvfdghv dqg Uherxqgv

Wkh prvw ylvleoh sxeolf hyhqwv rq Zdoo Vwuhhw duh suredeo| odujh sdvw sulfh pryhphqwv

ru d euhdn wkurxjk sv|fkrorjlfdo uhvlvwdqfh olqhv1 Lq wkh prgho vhwxs vr idu/ zh kdg

holplqdwhg dq| sulfh lpsdfwv e| dvvxplqj wkdw dq| vhoolqj suhvvxuh vpdoohu wkdq V grhv

qrw d�hfw wkh sulfh sdwk1 Zh qrz uhod{ wklv dvvxpswlrq lq rughu wr ylhz sulfh gursv dv

sxeolf hyhqwv1 Wklv hqdeohv xv wr looxvwudwh krz d odujh sulfh ghfolqh hlwkhu ohdgv wr d

ixoo eorzq fudvk ru wr d uherxqg1 Lq wkh odwwhu hyhqw wkh exeeoh lv vwuhqjwkhqhg lq wkh

vhqvh wkdw doo duelwudjhxuv duh clq wkh pdunhw* iru vrph lqwhuydo/ lqfoxglqj wkrvh zkr

kdg suhylrxvo| h{lwhg sulru wr wkh sulfh vkrfn1

Pruh irupdoo|/ ohw d sulfh gurs e| d iudfwlrq � eh ylhzhg dv d v|qfkurql}dwlrq

ghylfh e| doo duelwudjhxuv1 Zh dvvxph wkdw wklv h{rjhqrxv sulfh gurs rffxuv zlwk d

Srlvvrq ghqvlw| b�R dw wkh hqg ri d udqgrp wudglqj urxqg |14; Wkh sulfh gurs vkdnhqv

4:Vlplodu vwdwhphqwv= �Zdoo Vwuhhw kdwhv d ydfxxp 111� dv vwdwhg lq wkh Hfrqrplvw/ Iulgd|/ Qryhpehu

4:wk/ 53331
4;Wklv h{rjhqrxv sulfh gursv duh qrw h{solflwo| prgho dqg fdq iru h{dpsoh eh gxh wr udqgrp prrg
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prphqwxp wudghuv* prrg whpsrudulo| dqg wkh| duh rqo| zloolqj wr wdnh rq vkduhv li

wkh sulfh lv ohvv wkdq sulfh diwhu wkh sulfh gurs E�� �� e}|1 Li wkh exeeoh grhv qrw exuvw

lq wkh vxevhtxhqw wudglqj urxqg/ prphqwxp wudghuv uhjdlq wkhlu frq�ghqfh dqg duh

zloolqj wr vhoo dqg ex| dw d sulfh ri e}| xqwlo wkhlu devruswlrq fdsdflw| V lv uhdfkhg1

Frqvhtxhqwo|/ duelwudjhxuv zkr h{lw wkh pdunhw diwhu d sulfh gurs uhfhlyh ' E� � �� e}|

shu vkduh1 Vkrxog wkh v|qfkurql}hg dwwdfn diwhu d sulfh gurs idlo/ duelwudjhxuv fdq rqo|

ex| edfn wkhlu vkduhv dw sulfh ri e}|1 Lq rwkhu zrugv/ ohdylqj wkh pdunhw hyhq rqo|

iru dq lqvwdqw lv yhu| frvwo|1 Khqfh/ rqo| wudghuv zkr duh vx!flhqwo| fhuwdlq wkdw wkh

exeeoh zloo exuvw diwhu wkh sulfh gurs zloo ohdyh wkh vwrfn pdunhw1 Pruh vshfl�fdoo|/

Sursrvlwlrq 9 vkrzv wkdw rqo| wudghuv zkr ehfdph dzduh ri wkh plvsulflqj pruh wkdq

� �R/ zloo fkrrvh wr ohdyh wkh pdunhw dqg dwwdfn wkh exeeoh diwhu d sulfh gurs1 Qrwlfh/

dowkrxjk � �R lv ghulyhg hqgrjhqrxvo| iru wkh vxejdph diwhu d sulfh gurs/ lw vhuyhv wkh

vdph uroh dv � R lq Vxevhfwlrq 9141 Frqvhtxhqwo|/ Sursrvlwlrq 9 kdv wkh vdph vwuxfwxuh

dv Sursrvlwlrq 81

Sursrvlwlrq 9 Wkhuh h{lvwv d xqltxh v|pphwulf wuljjhu vwudwhj| htxoleulxp
�
� �Rc �

WWWW

�
�

Lq wklv htxloleulxp duelwudjhxu |� h{lwv wkh pdunhw diwhu d sulfh gurs dw |�R li |�R �

|� n � �R1 Ixuwkhupruh/ vkh lv rxw ri wkh pdunhw dw doo | � |� n �WWWW h{fhsw lq wkh

hyhqw wkdw wkh odvw dwwdfn idlohg lq zklfk fdvh vkh uh0hqwhuv wkh pdunhw iru wkh lqwhuydo

| 5
�
|�Rc |

�

R n �WWWW � � �R

�
_

�
|�Rc |� n � ��cR

�
xqohvv d qhz sxeolf hyhqw rffxuv lq wkh lqwhulp

ru diwhu |� n � ��cR1 Dw wkh odwwhu wlph wkh ghqvlw| wkdw wkh exeeoh exuvwv iru h{rjhqrxv

uhdvrqv ru gxh wr dqrwkhu sxeolf hyhqw lv vx!flhqwo| kljk wr zduudqw h{lw +hyhq li rwkhu

wudghuv gr qrw dwwdfn,1

Sursrvlwlrq 9 vkrzv wkdw d sulfh gurs zklfk lv qrw iroorzhg e| d fudvk ohdgv wr d

vxgghq uherxqg dqg whpsrudulo| vwuhqjwkhqv wkh exeeoh1 Lq wklv fdvh doo duelwudjhxuv

fdq uxoh rxw/ wkdw wkh exeeoh zloo exuvw zlwklq
�
|�Rc |

�

R n � WWWW � � �R
�
_

�
|�Rc |� n � ��cR

�
1

Zlwklq wklv wlph lqwhuydo/ wkh sulfh jurzv dw udwh ri } zlwk fhuwdlqw|1 Frqvhtxhqwo|/ doo

duelwudjhxuv uh0hqwhu wkh pdunhw diwhu d idlohg dwwdfn dqg ex| edfn vkduhv dw d sulfh ri

e}|/ hyhq li wkh| kdyh vrog wkhp dq lqvwdqw hduolhu iru E� � �� e}|1 Dv qrwhg hduolhu wkh

vwuxfwxuh ri Sursrvlwlrq dqg surri lv wkh vdph dv ri Sursrvlwlrq 81 Lq wkh frpsdudeoh

fdvh lq zklfk b
�

R ' bR dqg � �R ' � R/ �
WWWW 	 � WWW vlqfh diwhu d sulfh gurs wkh �uvw

udqgrpo| vhohfwhg rughuv duh rqo| h{hfxwhg dw wkh sulfh ri E� � �� e}| lqvwhdg ri e}| lq

wkh fdvh ri d cuhjxodu* sxeolf hyhqw1

Qrwh wkdw lw lv lpsruwdqw wkdw sulfh gursv fdq dovr rffxu sulru wr wlph |f1 Rwkhu0

zlvh/ lpphgldwho| diwhu d sulfh gurs lw lv frpprqo| nqrzq wkdw d exeeoh h{lvwv dqg d

edfnzdugv lqgxfwlrq dujxphqw vwduwlqj iurp |�Rn7� zrxog ohdg wr dq lpphgldwh froodsvh

ri wkh exeeoh1

fkdqjhv e| qrlvh wudghuv1
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: Frqfoxvlrq

Zh frq�qh rxuvhoyhv wr d ihz eulhi uhpdunv zkloh uhihuulqj wkh uhdghu wr wkh lqwurgxfwlrq

iru prwlydwlrq dqg ghvfulswlrq ri rxu prgho dqg lwv pdlq uhvxowv1

Zh kdyh ghyhorshg d qhz prgho zklfk vhuyhv erwk dv d jhqhudo phwdskru iru gli0

ihuhqfhv ri rslqlrq/ lqirupdwlrq dqg eholhi dprqj wudghuv/ dqg/ pruh olwhudoo|/ dv d

uhgxfhg0irup prgholqj ri wkh whpsrudo h{suhvvlrq ri khwhurjhqhlwlhv dprqjvw wudghuv1

Zkloh lw lv zhoo xqghuvwrrg wkdw dssursuldwh ghsduwxuhv iurp frpprq nqrzohgjh zloo

shuplw exeeohv wr shuvlvw/ zh eholhyh wkdw rxu sduwlfxodu irupxodwlrq lv erwk qhxwudo

dqg sduvlprqlrxv1 Ixuwkhupruh/ vlqfh exeeohv kdyh wr dulvh lq dq| srvvleoh wudglqj

htxloleulxp iru d zlgh udqjh ri sdudphwhu ydoxhv zh frqvlghu/ rxu uhvxowv vxjjhvw wkdw

ghsduwxuhv iurp udwlrqdo sulfhv duh shuvlvwhqw/ dqg wkdw exeeohv duh d urexvw skh0

qrphqrq1 Wkh prgho surylghv d vhwwlqj lq zklfk cryhuuhdfwlrq* dqg vhoi0ihhglqj sulfh

gursv/ ohdglqj wr ixoo0 hgjhg fudvkhv/ zloo qdwxudoo| dulvh1 Lw dovr surylghv d iudph0

zrun zklfk doorzv rqh wr udwlrqdol}h skhqrphqd vxfk dv cuhvlvwdqfh olqhv* dqg idgv lq

lqirupdwlrq jdwkhulqj1

Ilqdoo| zh qrwh khuh wkdw pdq| ri wkh dvvxpswlrqv ri rxu vlpsoh prgho pd| eh

ylhzhg dv ehlqj frqgxflyh wr duelwudjh1 Lq sduwlfxodu/ zh dvvxph wkdw doo surihvvlrq0

dov duh lq djuhhphqw wkdw dvvhwv duh ryhuydoxhg/ zkloh dujxdeo| wkhuh duh vxevwdqwldo

gl�huhqfhv lq rslqlrq hyhq dprqjvw surihvvlrqdov uhjduglqj wkh srvvlelolw| wkdw fxuuhqw

ydoxdwlrqv lqghhg uh hfw d qhz hud ri kljkhu surgxfwlylw| jurzwk/ orzhu zdjhv dqg

lq dwlrq hwf1 Suhvxpdeo| lqfrusrudwlqj wkhvh uhdolvwlf frpsolfdwlrqv zrxog uhlqirufh

rxu frqfoxvlrqv1

D Dsshqgl{

D14 Surri ri Ohppd 6

Ohw xv ghqrwh wkh xsshu dqg orzhu erxqg ri wkh vxssruw ri wudghu |�*v eholhiv derxw |f

e|
k
|
vxss

f c |
vxss

f

l
1

xsshu erxqg

|f � |� ' |
vxss

f G Ehfdxvh wudghuv ehfrph dzduh ri wkh exeeoh diwhu lwv hphujhqfh1

orzhu erxqgv

+l, |f� |���� ' |
vxss

f iru |� � Vw : |� 7�

Vxssrvh |
vxss

f 	 |� � Vw/ wkhq zlwk d vwulfwo| srvlwlyh suredelolw| wkh pdvv ri wudghuv

dwwdfnlqj dw | lv r|fc| jlyhq rxu eholhi uhvwulfwlrq wkdw doo wudghu |�� � |� dovr dwwdfn dw |1

Wklv fruuhvsrqgv wr wkh djjuhjdwh vhoolqj suhvvxuh r|fc| : V1 Lq wklv fdvh/ wudghuv zrxog

h{shulhqfh d +vwulfw, sulfh ghfolqh dw | dqg wkxv wudghu |� kdv dq lqfhqwlyh wr dwwdfn dq

lqvwdqw hduolhu1 Wkxv |
vxss

f � |� � Vw li � E|� : f1

Lq wkh vshfldo fdvh � E|� ' f/ wudghu |� fdqqrw dwwdfn hduolhu wkdq |� dqg wkxv dq do0
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whuqdwlyh dujxphqw kdv wr eh hpsor|hg1 Lq wklv fdvh wkh exeeoh fdq rqo| vwloo h{lvw

sulru wr |� dqg r|fc|� : V li dw |� vx!flhqwo| forvh wr |�/ qrw doo cdzduh* duelwudjhxuv zhuh

dwwdfnlqj wkh exeeoh/ l1h1 � E|� : f14< Krzhyhu/ wklv lv qrw rswlpdo iru wkhp vlqfh doo

ri wkhp kdyh dq lqfhqwlyh wr suhhpsw wkh srvvleoh fudvk dw |� 1

Vxssrvh |
vxss

f : |� � Vw/ wkhq wkh pdvv ri wudghuv dwwdfnlqj dw | dqg wkxv wkh fruuh0

vsrqglqj vhoolqj suhvvxuh lv r|fc| 	 V zlwk suredelolw| rqh1 Khqfh/ lw sd|v iru wudghu |�
wr ghod| khu dwwdfn1 Wklv lv wkh fdvh/ vlqfh iru wudghu |� lw lv qrw srvvleoh wkdw r|fc|�n� �

zloo mxps wr V lq wkh qh{w lqvwdqw1 Iru wudghu |� wkh pd{lpxp lqfuhdvh lq r|f c|n_| lv dw

prvw _|1 Frqvhtxhqwo|/ |� � Vw ' |
vxss

f 1

+ll, |f� |� 7� ' |
vxss

f iru |� � Vw 	 |� 7�

Vlqfh wkh exeeoh exuvwv dw |fn7� / hdfk wudghu fdq lpphgldwho| lqihu iurp wkh h{lvwhqfh

ri wkh exeeoh dw wlph | wkdw |f � |� 7� 1

D15 Surri ri Sursrvlwlrq 4

iru |� |�� 7� � ��

Vlqfh wudghu |� nqrzv wkh htxloleulxp � E|� ixqfwlrq/ vkh lv dzduh wkdw khu wlph odj

ehwzhhq dzduhqhvv dqg dwwdfnlqj wkh exeeoh lv wkh vkruwhvw1 Jlyhq wkh deryh Ohppd/

zkhq djhqw |� frqvlghuv dwwdfnlqj wkh �uvw wlph/ vkh wklqnv wkdw |f lv glvwulexwhg ryhu

d|� � wVc |� o1 Jlyhq wkdw wkh sulru lv h{srqhqwldoo| glvwulexwhg zlwk 8 E|f� ' � � e3b|f /

wkh sulru suredelolw| wkdw |f 5 d|� � wVc |�o lv e3bE|�3wV� � e3b|� 1 Vlqfh duelwudjhxuv

ehfrph dzduh ri wkh plvsulflqj lq d xqlirup pdqqhu wkh frqglwlrqdo ghqvlw| ri |f lv

wkhuhiruh jlyhq e| be3b|f

e
3bE|�3wV�E�3e3bwV�

1 Iru |f ' |� � wV wkh ghqvlw| lv b

�3e3bwV 1 Iru

wudghu |�/ wkh ghqvlw| wkdw wkh exeeoh exuvwv lq wkh qh{w lqvwdqw lv wkhuhiruh dozd|v

vpdoohu ru htxdo wr b

�3e3bwV 1 E| Ohppd 4/ lw lv qhyhu rswlpdo wr dwwdfn dw wklv srlqw li

b

�3e3bwV : } � o n S1 Vlqfh wV :
3 *?E�3 b

}3onS�
b

/ wklv qhfhvvdu| htxloleulxp frqglwlrq lv

ylrodwhg1

iru |� |�: 7� � ��

Dv � � ' |� |� dssurdfkhv 7� / wudghu |�*v shufhlyhg ghqvlw| wkdw wkh exeeoh exuvwv lq wkh

qh{w lqvwdqw lv dw ohdvw b

�3e
3bE|�3|n7��

' b

�3e
3bE7�3���

/ zklfk lv lqfuhdvlqj lq � �1 E| Ohppd

4/ wudghu |� dwwdfnv qhyhu dwwdfnv ehiruh � � zkhuh b

�3e
3bE7�3���

� } � o n S/ wkdw lv

Vlqfh wkh pdvv ri wudghuv dwwdfnlqj dw |f n 7� lv vpdoohu wkdq �
w

3 *?E�3 }3onS

b �
b

dqg khqfh

vpdoohu wkdq V wkh exeeoh grhv qrw exuvw iru hqgrjhqrxv uhdvrqv1

4<Wklv dujxphqw uholhv rq wkh vhqlrulw| frqglwlrq lpsolhg e| wkh gh�qlwlrq ri d �wudglqj htxloleulxp1�

Lw dvvxphv wkdw hdfk dwwdfnlqj wudghu eholhiv wkdw doo wudghuv zkr ehfdph dzduh ri wkh exeeoh ehiruh

khu dovr dwwdfn wkh exeeoh1
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D16 Surri ri Sursrvlwlrq 6

Surri1 Ohw xv frqmhfwxuh wkdw doo udwlrqdo duelwudjhxuv ohdyh wkh pdunhw dw |� n � WW1

Jlyhq wklv v|pphwulf wuljjhu vwudwhj| sur�oh/ wkh exeeoh zloo exuvw dw | ' |fn� WWnwV1

Vlqfh wklv lv nqrzq e| doo duelwudjhxuv/ wkh| dovr nqrz wkdw zkhq wkh exeeoh exuvwv

lwv vl}h lv e}|
�
�� E� � q� e3E}3o�E�

WWnwV�
�
1 Frqvhtxhqwo|/ zh fdq irfxv rq wkh dwwdfn

frqglwlrq

b

� � e3bE|�n�WWnwV3|�
�

E} � o� n S

� � E� � q� e3E}3o�E�WWnwV�

Uhduudqjlqj dwwdfn iru

| � |� n �WW n wV�
� *?

E}3o�3bnbE�3q�e3E}3o�E�WWnwV�

E}3o�nS

b

surylghg wkdw �WW � f1 Vroylqj iru wkh fulwlfdo � WW ' � WWnwV�
3 *?

E}3o�3bnbE�3q�e
3E}3o�E�WWnwV�

E}3o�

b
/

|lhogv

� WW '
� *?

q
E}3onS�e3bwV

3E}3onS�nb

bE�3q�

r
E} � o�

� wV

Khqfh wkh exeeoh exuvwv dw |f �
�

}3o
*?

�
b3E}3onS�d�3e3bwVo

bE�3q�

�
li � WW � f dqg dw |f n wV

rwkhuzlvh1 Wkdw lv/ wkh exeeoh exuvwv dw

|f n4@ 

;AA?
AA=wVc

� *?

�
b3E}3onS�d�3e3bwVo

bE�3q�

�
E} � o�

<AA@
AA> 1

Wkh exuvwlqj wlph lv zhoo gh�qhg/ vlqfh wkh lqlwldo frqglwlrq wV 	
�
�
b

� k
� *?

�
��

b3bE�3q�e3E}3o�7�

}3onS

�l
jxdudqwhhv wkdw

b3E}3onS�d�3e3bwVo
bE�3q�

� f1 Qrwlfh wkdw iru q ' f/ � *?

�
b3E}3onS�d�3e3bwVo

bE�3q�

� q
�

}3o

r
�

wV iru dq| wV vlqfh +d, iru wV ' f/ |fn wV ' |f� *?

�
b3E}3onS�d�3e3bwVo

bE�3q�

� q
�

}3o

r
dqg +e,

Y

+
3 *?

%
b3E}3onS�d�3e3bwVo

bE�3q�

&
i

�
}3oj

,

YEwV�
: � iru doo uhohydqw wV1

Iru � � : E	� �WW dq| duelwudjhxu |� kdv d vwulfw lqfhqwlyh +qrw, wr dwwdfn1 E| lqvshf0

wlrq ri wkh dwwdfn frqglwlrq +-, ZS E|m|�� :
E}3o�nS

�3E�3q�.de3E}3o�E|3|f��|� c|o
/ rqh fdq vhh wkdw iru

| ' |f n wV n �WW/ doo duelwudjhxuv zkr ehfdph dzduh ri wkh plvsulflqj ehiruh +diwhu,

|�/ lw lv rswlpdo wr eh rxw ri +lq, wkh pdunhw1
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Ohppd 7 Wkhuh grhv qrw h{lvw dq htxloleulxp lq zklfk dq djhqw dwwdfnv sulru wr

|� n � WW/ wkdw lv/ iru dq| htxloleulxp ��/ 4�?|
�� E|� 	 � WW1

Surri1 Vxssrvh wkhuh h{lvwv dq htxloleulxp �� zlwk 4�?| ��E|� 	 � WW1 Frqvlghu

wkh wudghu dw zklfk ixqfwlrq �� E|� dfklhyhv lwv plqlpxp ryhu | dqg fdoo khu |�1 Wkh

dujxphqw fdq eh h{whqghg wr wkh fdvh zkhuh 4�?| �� E|� grhv qrw h{lvw1 Ohw xv ghqrwh

wkh @h}4�?| �� E|� e| �| dqg �� � wkh wlph odj diwhu zklfk wudghu |� dwwdfnv wkh �uvw wlph1

Vwhs 4= Wkhuh h{lvwv d vhtxhqfh |? $ �| ' �|� n �� � v1w1 �� E|�$ ��
�
�|
�
1

Ohppd 6 vkrzv wkdw wkh vxssruw ri duelwudjhxu �|�*v srvwhulru ri |f kdv wr eh
�
�|� � wVc �|�

�
/

l1h1 �h��

�
|f 5

�
�|� � wVc �|�

�
m �8|c �|� c |

�
' � lq dq| htxloleulxp1 Uhfdoo �8| ghqrwhv wkh hyhqw

zkhuh wkh exeeoh grhv qrw exuvw sulru wr |1 Vxssrvh wkdw *�4 �?u ��E|�<��E|��
' �� �c| n #/

wkhq wudghu �|�*v vxssruw iru wkh glvwulexwlrq ri |f zrxog eh
�
�|� � wV� s E#� c |�

�
/ zlwk

s E#� : f1 Wkdw lv/ kh frxog qrw lqihu iurp wkh h{lvwhqfh ri exeeohv wkdw |f � �|� � wV/

zklfk frqwudglfwv Ohppd 61

Vwhs 5= Uhfdoo wkdw � E|� uhihuv wr wkh dwwdfnlqj wudghu zkr lv wkh odvw wr ehfrph dzduh

ri wkh exeeoh1 Ohw xv ghqrwh khu h{0dqwh sd|r� iurp dwwdfnlqj dw r : | e| T| Erm�� dqg

wkh pdujlqdo sd|r� fkdqjh iurp ghod|lqj wr dwwdfn e|/

� E|m�� '
_T| Erm��

_r

����
r'|

Lqvwhdg ri irfxvlqj rq wkh lqwhulp h{shfwdwlrqv .|f dT|m|�c 8|o frqglwlrqdo rq wkh h{lv0

whqfh ri wkh exeeoh/ lw lv pruh frqyhqlhqw wr irfxv rq wkh h{0dqwh h{shfwdwlrqv T|1 Wklv

fdq eh grqh zlwkrxw orvv ri jhqhudolw| vlqfh iru wkh hyhqw 8 S
| / wkdw lv/ iru wkh fdvh wkdw

wkh exeeoh kdv douhdg| exuvw/ wkh ghflvlrq lv luuhohydqw ehfdxvh wkh sd|r� lv d frqvwdqw

}hur1

�WW E|� ' �WW iru doo |/ fruuhvsrqgv wr wkh htxloleulxp zkhuh doo wudghuv dwwdfn diwhu � WW1
�� E|� fruuhvsrqgv wr srwhqwldo dowhuqdwlyh htxloleulxp zklfk lv ghvfulehg e| wkh dwwdfn

vwudwhjlhv �j1

Dw | G' @h}4�?|
�� E|�/ wudghu �|� dwwdfnv diwhu d wlph odj ri � G' � � ' 4�?|

�� E|� shulrgv1

Li hyhu| wudghu zhuh wr dwwdfn diwhu � / wkhq wkh ixqfwlrq � E|� ' � iru doo |/ ghvfulehv

wkh fruuhvsrqglqj rxwfrph1

Vlqfh �WW E|� ghvfulehv dq htxloleulxp +dqg dvvxplqj gl�huhqwldelolw|,/ wkh pdujlqdo

sd|r� ri zdlwlqj frqglwlrqdo rq wkh hyhqw 8| wkdw wkh exeeoh vwloo h{lvwv/ lv }hur1 Wkdw

lv � E|m�WW� �h�WWE|� E8|� ' f1 Vlqfh �h�WWE|� E8|� : f/ wkh h{0dqwh pdujlqdo sd|r� lv dovr

� E|m�
WW

� ' f1

Vxssrvh hdfk duelwudjhxu zhuh wr dwwdfn � shulrgv diwhu vkh ehfrphv dzduh ri wkh exe0

eoh1 Lq wklv fdvh wkh hqgrjhqrxv vhoolqj suhvvxuh dw | lq wkh �0vwudwhj| sur�oh zrxog

frlqflgh zlwk wkh hqgrjhqrxv vhoolqj suhvvxuh lq wkh �WW0htxloleulxp dw | n � WW � � 1

Krzhyhu dw |n � WW � � hdfk duelwudjhxuv hvwlpdwh ri wkh vl}h ri wkh exeeoh lv vwulfwo|

5:



odujhu wkdq wkh hvwlpdwhv dw |1 Wkxv �
�
|m�
�
�h�E|� E8|� : � E|m�

WW
� �h�WWE|� E8|� ' f1

Wkdw lv �
�
|m�
�
: f1

Vwhs 4 ri wkh surri vkrzhg wkdw wkh fdqglgdwh htxloleulxp ghvfulehg e| �� E|� kdv wkh

surshuw| wkdw wkhuh h{lvwv d vhtxhqfh |? ( |/ �� E|?�) �� E|� ' � E|� ' � 1

Iru dq| vhtxhqfh |? ( | dqg �� E|?�) �� E|�/ �
�
|?m��

�
$ �

�
|m��

�
1

Khqfh/ wkhuh h{lvwv d 0 : f/ v1w1 iru doo | 5 E|� 0c |�/ �
�
|m��

�
: f1 Lq zrugv/ lq wkh sr0

whqwldo htxloleulxp �j/ wudghu |� kdv d vwulfw lqfhqwlyh wr ghod| dwwdfnlqj1 Frqvhtxhqwo|/

wkhuh grhv qrw h{lvw dq| �j htxloleulxp/ zlwk � 	 �WW1

D17 Surri ri Sursrvlwlrq 8

Surri1

Dwwdfn dw sxeolf hyhqwv

Iurp hdfk duelwudjhxu*v srlqw ri ylhz/ d exeeoh exuvwv zlwk vwulfwo| srvlwlyh suredelolw|

dw hdfk |R li rwkhuv dwwdfn dw |R/ wrr1 Jlyhq wklv eholhi dqg wkh idfw wkdw dq lqvwdqwd0

qhrxv dwwdfn lv frvwohvv/ lw lv dozd|v dq htxloleulxp wkdw hdfk wudghu zkr revhuyhv wkh

sxeolf hyhqw dwwdfnv wkh exeeoh dw |R1

Sulru wr duulydo ri sxeolf hyhqwv

Sulru wr |fnwVn� R wkh sxeolf hyhqw lv rqo| revhuyhg e| ohvv wkdq V wudghuv dqg wkxv lw

kdv qr lpsdfw rq wkh exeeoh1 Iurp |f n wVn � R rqzdugv hdfk sxeolf hyhqw exuvwv wkh

exeeoh1 Wkdw lv/ wkh exeeoh fdq dovr exuvw gxh wr sxeolf hyhqwv zlwk dq dgglwlrqdo Srlv0

vrq ghqvlw| ri bR iurp |fnwVn� R rqzdugv1 Qr duelwudjhxu |� nqrzv |f dqg wkh shufhlyhg

ghqvlw| wkdw sxeolf hyhqw rffxuv zklfk exuvwv wkh exeeoh lv bR8 E| � |f n wVn � Rm|�c |�1

Uhfdoo wkdw 8 E| � |f n wVn � Rm|�c |� lv wkh suredelolw| wkdw | � |fnwVn� R1 Wkh dwwdfn

frqglwlrq jhqhudol}hv wr

b

�� e3bE|�n�WWWnwV3|�

�
� � E�� q� e3E}3o�E�WWWnwV�

�
n

nbR8 E| � |f n wVn � Rm|�c |�
�
�� E� � q�.

�
e
3E}3o�E|3|f�

m|�c |
��
E� � kRc|c|f�

� E} � o� n S�

Li wkh exeeoh exuvwv dw �WW n wV rqo|/ wkhq lwv vl}h lv e}|
�
� � E�� q� e3E}3o�E�WWWnwV�

�
zklfk lv uh hfwhg lq wkh �uvw whup1 Li rq wkh rwkhu kdqg wkh exeeoh exuvwv sulru

wr wklv gdwh/ gxh wr wkh duulydo ri d sxeolf hyhqw wudghu |�*v h{shfwhg vl}h lv e}|d� �

E� � q�.de3E}3o�E|3|f�
m|�c |oo1 Wkh dgydqwdjh ri dwwdfnlqj sulru wr wkh sxeolf hyhqw kdv

wr eh pxowlslhg e| E� � kRc|�/ vlqfh d wudghu fdq vwloo ohdyh wkh pdunhw dw wkh suh0fudvk

sulfh zlwk suredelolw| kRc| hyhq diwhu wkh sxeolf hyhqw1 Qrwlfh wkdw kRc| lv wkh +h{shfwhg,

iudfwlrq ri rughuv h{hfxwhg dw wkh suh0fudvk sulfh V�.
�
�
w
E|� |f � � WWW� m|�c |

�
ryhu doo

rughuv vxeplwwhg lpphgldwho| diwhu d sxeolf hyhqw �
w
E� WWW � � R�1

Udwkhu wkdq dwwhpswlqj wr vroyh iru � WWW lq forvhg irup/ zh vkrz wkdw � WWW h{0

lvwv dqg � WWW 	 �WW1 Frqvlghu wkh iroorzlqj surfhgxuh ri lwhudwlyh uhprydo ri wuljjhu

5;



vwudwhjlhv1 Vxssrvh dwwdfnlqj iurp |�n �� rqzdugv lv d ehvw uhvsrqvh wr wkh frqmhfwxuh

wkdw rwkhu djhqwv qhyhu dwwdfn1 Qrwh wkdw � � 	 4 vlqfh wkh exeeoh exuvwv odwhvw dw

|fn 7� iru h{rjhqrxv uhdvrqv1 Vxssrvh dwwdfnlqj iurp |� n �? lv d wuljjhu ehvw uhvsrqvh

wr wkh frqmhfwxuh wkdw doo rwkhu djhqwv dwwdfn iurp |� n �?3� rqzdugv1 E| uhvwulfw0

lqj duelwudjhxuv eholhiv derxw rwkhuv* vwudwhjlhv wr v|pphwulf wuljjhu vwudwhjlhv/ wkh

vwudwhjlhv ehfrph vwudwhjlf frpsohphqwv1 Wkhuhiruh wkh vhtxhqfh E�?� lv zhdno| gh0

fuhdvlqj1 Ohw � WWW G' *�4?<" �?1 Vlqfh djhqwv* sd|r� duh frqwlqxrxv lq wkh wlphv dw
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R vxfk wkdw iru doo duelwudjxhuv

zlwk |� � |�R � � �R wkh dwwdfn frqglwlrq lv vdvwl�hg dqg iru doo |� : |�R � � �R qrw/ wkhuhe|

ydolgdwlqj wkh frqmhfwxuh1

Surri ri Sursrvlwlrq 91
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Doohq/ I1/ dqg J1 Jruwrq +4<<6,= �Fkxuqlqj Exeeohv/� Uhylhz ri Hfrqrplf Vwxg0
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Lqirupdwlrqdo Lqh!flhqflhv lq d Pdunhw zlwk Vkruw0Whup Vshfxodwlrq/� Mrxuqdo ri

Ilqdqfh/ 7:/ 4794�47;71
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+4<<<,= �Frruglqdwlrq Ulvn dqg wkh Sulfh ri Ghew/� plphr1
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+5333,= �Uhwklqnlqj Pxowlsoh Htxloleuld lq Pdfurhfrqrplf Prghoolqj/�

plphr1

Revwihog/ P1 +4<<9,= �Prghov ri Fxuuhqf| Fulvhv zlwk Vhoi0ixo�oolqj Ihdwxuhv/� Hx0
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Vkohlihu/ D1/ dqg U1 Z1 Ylvkq| +4<<:,= �Wkh Olplwv ri Duelwudjh/� Mrxuqdo ri

Ilqdqfh/ 85+4,/ 68�881

Wkdohu/ U1 K1 +4<<4,= Txdvl Udwlrqdo Hfrqrplfv1 Uxvvhoo Vdjh Irxqgdwlrq/ Qhz
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Wluroh/ M1 +4<;5,= �Rq wkh Srvvlelolw| ri Vshfxodwlrq xqghu Udwlrqdo H{shfwdwlrqv/�
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